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ABSTRACT. It is shown that any g-complete Banach lattice, with an order semi-
continuous norm containing an isomorphic copy of /. , contains an almost
isometric copy of / . It is also proved that any Fenchel-Orlicz space (resp. the
subspace of finite elements of any Fenchel-Orlicz space) generated by an Orlicz
function not satisfying the suitable A,-condition contains an almost isometric
copy of /e (resp. cp) .

1. INTRODUCTION

Two Banach spaces X, Y are said to be (1 + ¢)-isometric provided there
exists a linear isomorphism 7 : X — Y such that ||T|||T7'|| < 1 +¢. By
scaling we can arrange that 7 is a (1 + ¢)-isometry if

lxlle < NTxlly < (1+¢&)llxllx

for any x € X. We say that a Banach space X contains an almost isometric
copy of Y if for any & > O there exists a subspace Z in X suchthat Z, Y
are (1 + ¢)-isometric.

Note that Krivine [Kr] proved that if a Banach space X contains /J'’s (1+¢)-
uniformly for some ¢ > 0, 1 < p < oo, then it also contains them almost
isometrically. For p = 1 or p = oo, this result goes back to James and for
p = 2 to Dvoretzky. Let us recall that the well-known result of James [J]
shows that a Banach space X contains an almost isometric copy of ¢y (or /;)
whenever it contains an isomorphic copy of ¢y (resp. /;).

In this paper we show a similar result for /,-copies; however, we restrict
ourselves only to special Banach spaces.

Note also that, as far as we know, for 1 < p < oo it is unknown whether or
not any Banach space isomorphic to /, contains a subspace almost isometric to
lp . This is known as the “distortion problem” [LP].

In the sequel X denotes a Banach space; R, R, , and RS stand for the
reals, nonnegative reals, and extended (by +oo) nonnegative reals. In what
follows (2, X, u) denotes an arbitrary o-finite measure space. For the sake
of simplicity we will consider only nonatomic and purely atomic (the counting)
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measure. L%u, X) denotes the space of all (equivalence classes of) strongly
Z-measurable functions defined on Q with values in X .

Amap ®: X — R, is said to be an Orlicz function if ®(0) = 0, & is
continuous at 0, lower semicontinuous on X , even, and

(%) ® is bounded on any ball in X,
(*x) inf{®(x) :||x||=r} -0 as r—oc.

Given an arbitrary Orlicz function ® we define a functional I : Lo(u, X) —
RS by

Io(f) = /Q O(f(1)) du.,

which is even and convex, Io(0) =0, and for any f € L%u, X) the condition
Ip(Af) =0 forany 4> 0 yields f=0.

The Fenchel-Orlicz space L®(u, X) generated by an Orlicz function ® is
defined as the set of all functions f € L%u, X) such that Ip(Af) < oo for
some A > 0 depending on f (cf. [T2] and in the scalar case also [KR, Lu, M]).

The subspace E®(u, X) of L%®(u, X) (called the subspace of finite ele-
ments) is defined by

E®u, X)={feL®u, X): Ip(Af) < x for any A > 0}.
The spaces L? and E?® can be equipped with the Luxemburg norm
|/l = inf{e > 0: Io(f/e) < 1}

as well as with the Orlicz norm
10 =sup { [ (0, g0 du: g € Lo, X°). Tor() < 1},

where X* denotes the dual space of X and ®* is the complementary function
to @ in the sense of Young, i.c.,

O*(x*) = sup{(x, x*) —D(x) : x € X}

for any x* € X*. It is well known (cf. [N] and in the scalar case also [KR,
RR]) that
(/10 = inf{k~'(1 + Io(k f)) : k > 0}.

Furthermore, (L®(u, X), || -||) is a Banach space (cf. [T2] and in the scalar
case also [KR, Lu, M]).

We say that an Orlicz function @ satisfies the A,-condition for all x € X (at
infinity) [at zero] if there are positive constants K and C such that ®(2x) <
K®(x) forall x € X (for x € X satisfying ®(x) > ¢) [for x € X satisfying
d(x) <c].

An Orlicz function @ satisfies the suitable A,-condition if it satisfies the
A,-condition for all x € X when u is nonatomic infinite, the A,-condition
at infinity if u is nonatomic finite, and the A,-condition at zero if u is the
counting measure (cf. [RR]).

It is known (cf. [H] and in the scalar case also [K, T1, T2]) that any Fenchel-
Orlicz space L®(u, X), with the Luxemburg norm, containing an isomorphic
copy of I/, contains also an isometric copy of /. .
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However, the Orlicz space (L®(u, R), ||-||°) need not contain an isometric
copy of I, whenever it contains an isomorphic copy of /., (this follows from
the criteria for rotundities of L%®(u, R) equipped with the Orlicz norm (cf.
[T1, RR]). It will be proved in this paper that in the case of the Orlicz norm
the Fenchel-Orlicz space L®(u, X) contains an almost isometric copy of /s
whenever it contains an isomorphic copy of /. .

Recall that a Banach lattice X is said to be ag-complete if every order
bounded sequence in X has a supremum. A o-complete Banach lattice X
is said to have an order continuous norm (an order semicontinuous norm) when-
ever x, | 0 implies ||x,|| = O (resp. 0 < x, 1 x, x € X, implies || x,| — ||x]).

2. RESULTS
We start with the following

Theorem 1. Let E be a o-complete Banach lattice with an order semicontinuous
norm. If E contains an isomorphic copy of l., then it contains an almost
isometric copy of | .

Proof. From the well-known result of Lozanovskii [L] it follows that the norm
in E is not order continuous whenever E contains an isomorphic copy of
l. Since E is o-complete (by the assumption), in virtue of the result of
Ando [A] (cf. also [KA, p. 382; LT, p. 7]) it follows that there exists an order
bounded sequence (u#;) of mutually disjoint positive elements in E satisfying
¢ =inf, |u,]| > 0.

Assume that 0 < u, < x € X holds for all » € N and put

m
K,,=sup{ Zui :meN}
i=n

for n € N. Since (K,) is a nonincreasing sequence satisfying ¢ < K, < ||x||,
it is convergent and ¢ < K = lim,_ K, < ||x]|| .

Let 0 <& < 1 be fixed. Take 0 < 8 < 1 < n such that 6/n > 1 —¢. Now
pick k; in such a way that K; < nK. It follows from the definition of K,
that for a certain k, > k;, we get

ky—1
Zu,‘ >0Kk| ZBK
i=k,

We can construct, by the induction, an increasing sequence (k,) in N such that

kn+l'_l

(1) > il > 6K,
i=ky

(2) Ky, <nK.

Now consider the sequence (x,) of positive and pairwise disjoint elements,
where

kn+l_l

Xn= Y (nK)'u;.

i=kp
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For each 0 <¢ = (&) € [, we put

T (&) = sup {ié,xi /RS N} .

i=1
The supremum exists because E is og-order continuous and

Zé,x, < (1K) ™' x1€lloo -

Since T : I} — E* and T is linear, it extends uniquely to a linear operator
T from [/, into E.
If £ =(&,) € I, then the order semicontinuity of the norm and (2) yield

ITEN < ITEDI I—IIT(IéI)II

= lim i1xi|| < |I€]loo SUP
n—oo n

n
2%
i=1

< (1K) Ky lloo < 11€llco -
Furthermore, by (1)

ITEN > 1Enl 1Xall = On~"[En] > (1 — &)|&nl
for all n € N. Consequently,

(1=&)l€lloo < NITEN < Elloo
for any €& € I, . This finishes the proof.

Note that Fenchel-Orlicz spaces are not isomorphic to Banach lattices in
general. Because of this we are interested in the problem of almost isometric
copies of /., as well as ¢y in these spaces. In order to present our results we
first need to prove some auxiliary lemmas.

Lemma 1. If an Orlicz function ® does not satisfy the suitable A,-condition,
then there exists a sequence (f,) of functions with pairwise disjoint supports and
such that ||f»)|° =1 forany n€N and Ip(f) — 0 as n — co.

Proof. Tt is known (cf. [H, K, T1]) that if ® does not satisfy the suitable
A,-condition, then there exists a sequence (g,) in L®(u, X) with pairwise
disjoint supports and such that Iy(g,) — 0 and ||g,|| =1 forany n € N. We
have ||gx||° > 1, whence defining f, = g,/lg.||° we obtain ||f,||° = 1 and
0 < Io(fa) < Io(gn) — 0, ie., Io(fu) = 0.

Lemma 2. For any f € L®(u, X) and 6 > 0 we have ||f||° < 1 +6 whenever

Ip(f) <d.
Proof. Under the assumptions we have

I1£1° = infk™!(1+ Io(kf)) < 1+ Io(/) S 1+,

Theorem 2. If ® is an Orlicz function on X not satisfying the suitable A,-
condition, then for any ¢ > 0 there exists a (1 + ¢&)-isometry T of l. into
(L°(”a X) s " : "0) such that TCO ¢ Eq)(#’ X) .

Proof. Take an arbitrary ¢ > 0. Let (f,) be the sequence in L®(x, X) with
pairwise disjoint supports such that

Io(fr) <27" and | full°=1
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for any n € N, which is built as in the proof of Lemma 1. Define an operator
T:lew— L®u, X) by TE =302 & fy forany & = (&) € . We have by
the orthogonal additivity of Ig

Io(TE/Elloo) = D ToCnfa/€llo) <D Ta(fa) < €.
n=1

n=1

Thus, from Lemma 2 it follows that

I7E1° < (1+)Elloo

for every & € I . Since ||TE||% > [|€,full° = |€4| for any n € N, we have

I7E1° > 11€loo -

This means that 7 is an (1 + ¢)-isometry. Note that Te, = f,, where e,
denotes the sequence of real numbers whose nth term is one and the rest are
zero. We have f, = g,/|gxll®, where Igp(g,) — 0 as n — oo and ||g,|| = 1 for
n € N. Hence Ip(Ag,) = 0o forany A > 1 and n € N large enough. Thus, it
follows that f, ¢ E®(u, X) for n € N large enough. This finishes the proof.

Theorem 3. If ® is an Orlicz function on X not satisfying the suitable A,-
condition, then for any € > 0 there exists an operator T : oo — L®u, X),
which is a (1 + ¢)-isometry in the case of the Luxemburg norm as well as in
the case of the Orlicz norm. Furthermore, T restricted to cy acts (1 + €)-
isometrically to E(u, X) with respect to both norms in E(u, X).

Proof. Note that the A,-condition is equivalent to the A;-condition for any
! > 1. Note also that in view of conditions (x) and (*x) an Orlicz function
@ satisfies the suitable A,-condition for some constant ¢ > 0 if and only if it
satisfies this condition for an arbitrary constant ¢ > 0. Therefore, if ® does
not satisfy the A,-condition at infinity, then for any ¢ > 0 we can choose a
sequence (x,) in X and a sequence (A4,) in X such that

(3) D((1 +€)xn) > 2" e D(xy),
(4) 27" e < D(xn)pu(An) < 27"
for any n € N. Note that in the case of a nonatomic measure we can get (4) in

the form ®(x,)u(4,) =27 "¢.
Now, let T be an operator defined by

Té = Z énanA,.

n=1

for any & = (&,) in /.
If &£ =(&,) €l,, then

Io(TE/Clloe) < D D(xn)pt(An) < ¢,

n=1

ie, TE€ Loy, X).




214 H. HUDZIK AND M. MASTYLO

Taking any & = (£,) € ¢p and any A > 0 we can choose m € N such that
Alén| <1 for n > m. Hence

3

Ip(ATS) = )  P(Anxn)u(A4n) +

NgE

D(Apxn)u(An)

S
i\g

n=m

3
L

[e e}

D(ALnxn)1(An) + Z D(xp)(An)
A "< o0,

IN
M

n

3
|

< D(ALnxn)(An) + € i 2-

n=m

3
Il
—_

ie., T¢é € E®(u, X) forany €.
Moreover, the right inequality in (4) yields

1T/ 1€ oo l1° /i(lggk_l(l'*'I‘D(kTé/”é“oo))
L+ 1o(TE/Ello) < 1+ 6,

INA

whence
ITEN < ITEN < (1+ &)l

forany £ €/, .
On the other hand, for 0 < ¢ < 1 and some n € N, applying (3) and the left
inequality in (4), we get

Ip((14+28)TE/|I€ll0) > P((1 + €)xn) 14 (An)
> 2n+lg_lq)(xn):u(An) > 1,
which yields
ITENC > TN > (1 +28)7 €)oo
for any & € /, . This finishes the proof.

Added in Proof. Recently, E. Odell and T. Schlumprecht have answered the
distortion problem negatively.
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