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ABSTRACT. Let P(X) beaproductof k linear formsin r variables Xy, ..., Xr
as given by

k
P(Xy, ..., X)) =[J(anXi +-- +a;. X, +)),
Jj=1
r
Reaj,- >0, Re (6]' + Zaﬁ) >0.
i=1

Suppose that 8 = (B, ..., Br) isan r-tuple of nonnegative integers. Con-
sider the zeta function

s r+ 8|
Z(P, B)(s) = Z Zn P(ny,...,n)7%,  Res>—=—,
n=1 ny=1
where |B] = -+ B,. Z(P, B)(s) has an analytic continuation in
the whole complex plane and it is regular at s = 0, -1, -2, -m,....
In this paper, we shall compute the explicit values of Z(P, B)(s) at s =
0,—-1,-2,...,—m, ... and express them in terms of finite sums of poly-

nomials in Bemoulli numbers.

1. INTRODUCTION AND NOTATION

Let P(X;, ..., X,) be a polynomial of r variables with positive coefficients
in the real number field R and & = (§;,...,&) € C" with |§| =1, & # 1.
In [1], Cassou-Nogués considered the zeta function Z(P, &)(s) associated with
P and ¢& as follows:

Z(P,&)s)= D P(m)™E" =" - Y P(ny, ., m) G

neNr n=1 n,=1

Received by the editors September 28, 1990 and, in revised form, January 27, 1992.

1991 Mathematics Subject Classification. Primary 11MO06.

This work was supported by the Institute of Mathematics, Academia Sinica, Taipei, Taiwan;
Institute of Applied Mathematics, National Chung Cheng University; Department of Mathematics,
University of Chicago; and NSF of the Republic of China (NSC 81-0208-M-001-16).

© 1993 American Mathematical Society
0002-9939/93 $1.00 + $.25 per page




52 MINKING EIE

She obtained among other results that the special values of the continuation of
Z(P, &)(s) at nonpositive integers is given by

Z(P, &)(—m) = R(P™)(S).

T)= Y P"(n)T"

neNr

Here

is a formal power series. Also in [1], R(P™)(&) is expressed as a finite sum of
numbers of the form A(P™)/(1—-¢&;)* --- (1 = &)™, where a; is a nonnegative
integer and |a| > 0. Obviously, the formula for Z(P, £)(—m) did not work
for the case when some & = 1.

Let Z(P)(s) = Y ,en P(n)™°. In an effort to get a similar formula for
Z(P)(—m), Cassou-Nogués in [2] used two different ways to investigate this
problem for certain kinds of polynomials. In particular, she considered those
polynomials P with P(Xy, ..., X,)=C X" +---+ GX"™ +R(X,, ..., X,),
where R(X) is a combination of monomials X7"--- Xy~ satisfying Y7/_, ot <
1. However no explicit formula for Z(P)(—m) was obtained except for the
special case r =2 and P(X,Y)=X"+ Y™ + XY,

It is clear that the evaluation of Z(P)(s) at nonpositive integers is equiva-
lent to finding the asymptotic expansion of the series 3, e 7™ at 1 =0.
Fractional powers may appear in the expansion and it makes the whole process
more complicated.

On the other hand, Shintani [12] decomposed the Dedekind zeta function (x
of a totally real number field K into a finite sum of zeta functions Z(P)(s) as
defined above with

k k
=HL,~(X)=H(aj|X1+---+aj,X,+5,~), aj; >0, 6j>0.
- i

Let I'(s) be the gamma function defined by I'(s) = [;°#*~'e~'dt, Res > 0.
Then for Res > r/k, we have the integral expression

Z(P)(s / / L) e P T gy - dy '
e[Al.T] —1)--- (el TT - 1)
Here [D, T] =01t +---+6,t;, and [4;, T]1=ayit; +--- + Ayl -

With the above formula, Shintani was able to express Z(P)(—m) in terms
of coefficients of power expansions of certain functions. It turned out that
these coeflicients are products of Bernoulli polynomials. On the other hand, the
author obtained an explicit formula for the values at nonpositive integers of a
zeta function associated with a polynomial [3].

In this paper, we shall consider a more general kind of zeta function
Z(P, B)(s) defined by

Z(P, B)(s Z Z cnBP(ny, ), Res>r+klﬂl.

Here B = (By, ..., By) is an r-tuple of nonnegative integers and P(X) =
M, LX), ,(X) (a1 X, +---+a; X, +9;), Rea;; >0, ReL;(n) >0 for
neN".
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To state our main result, we let J™” be the linear extension of C[X;, ..., X,]
to C satisfying

JMXE X)) = HC(—ai) = (=1l H aa,+1
i=1 i

Here By, By, B;, ..., By, ... are Bernoulli numbers deﬁned by
t gy
—=2_ . l<2m.
=0 P

For m =0, we let J%c) = ¢. We can now give our main theorem.

Main Theorem. Let Z(P, B)(s) be the zeta function defined as above. Then
Z(P, B)(s) is an analytic function of s for Res > (r + |B|)/k and it has
an analytic continuation to the whole complex plane which is analytic except
possible poles at s = jlk, j < (r+|B|), where s is a nonnegative integer or
zero. Furthermore, the special value of Z(P, B)(s) at nonpositive integers is
given by

Z(P, B)(-m) Z Z o [/ XPP™(X)dX;, - dX,,
Bj (X, e X))

1 L{j1,.
Here in the second summation, { Jis -+, Jp} rangesover all subsetsof {1, ..., r}.
The domain of integration Aj(X;, , ..., X;,) is realized as a p-simplex in R?

defined by Lj(X)>0, X; <0,..., X;, <0, by assuming that the coefficients
of Lj(X) are positive real numbers (see Proposition 6 for the precise meaning of
the integral).
Remark. When L;(X) has real coefficients, then A;(Xj , ..., X;,) is indeed
a p-simplex. When p = 0, the term J'[X#P™(X)] resulted easily from our
calculation as we shall see.

Concerning the rationality of the values of Z(P, f#)(s) at nonpositive inte-
gers, we have the following corollary.

Corollary. Suppose that k is an algebraic number field over the rational number
field Q and P (as given before) is a polynomial function over k. Then for any
integer m with m >0, Z(P, B)(-m) € k.
2. THE INTEGRAL FORMULA OF Z (P, B)(s)
From now on, we use the following notation:

A,-=[a1,~,...,akj], D=[5|,...,6k], T=[[|,...,tk],
=[ul,...,uk], uk=l—u1—~~—uk_,, dU=du|-~-a’uk_,,

k k
[Aj,T]=Zaijti, [Aj’U]=Zaij“i’

i=1 i=1

k k
[D,T1=3 diti, [P, UI=) diui,
i=1 i=1
|T|=t1+"'+tk, Lj(X)=aj|X1+~'+aj,X,+6j.
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Proposition 1. For Res > |B|+ r, we have

Z(P, B)(T(s)* = /ooo.../ooo (1t lem 2T

r o0
< [ [Z nf’e“["f’”"f] dty---dt.

j=l n,-=l
Proof. For Res > 0 and positive integers n;, ..., n,, we have
k
nf‘ e nf’ H(n +ajn +---+a;n,+ éj)‘sr‘(s)"
j=1

o0 oo ﬂ
=/(; /(; (tl...tk)s_lnll...nf'
k

X Hexp{—(aﬂnl +---+a;n+ 5j)tj}dt1 e dty .
j=1

Our assertion then follows from the monotone convergence theorem with which
we can perform a term-by-term integration.

Proposition 2. For Res > (|| +r)/k, we have

2P, TN = [ dt [ (oot

(o o]

x fI [Z nfje-n,-[Aj,U]l
j=1

nj=l

du.

Here E is the standard simplex in R¥~! defined by

ul,...,uk_le,
1—u1—~--—uk_120.

Proof. The proof follows from Proposition 1 and the following changing of
variables which map (R*)¥ onto (R*) x E:

h=ty,. ..., =1Ml_, le = tug;
k=1

(Wy,...,ur_y) €E, uk=l—2u,~.
i=1

Our assertion is true for Res > |B|+r.
Note that the function

r [o ¢]
H Bi+l Z nfje—[A,-,U]t

j=1 nj=1

is a rapidly decreasing function of ¢ when 0 < ¢ < co. Consequently, the
integral on the right-hand side is convergent for Res > (|8| + r)/k. Thus the
formula holds for Res > (|8 +r)/k.
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Remark. For 0 <t < 2rm and positive integer p, we have

AN & . (dV[1 B
(@) ze- (@) (7*,.2 )

n

With a term-by-term differentiation, we get

[e ] [e <]

PB t
Z nPe~nt — p+1 + Z Jj+p+1 e
— t TU+p+1)- )

Hence the series !y nPe=" is a regular function of ¢ at t=0.

3. THE ANALYIC CONTINUATION OF Z (P, B)(s)

Let
(1) F(t;U)= t1Bl4r =D, U) ﬁ {i nffe—nj[Aj’U]t}
Jj=1 nj=l
and
l p—

Then we can rewrite Z(P, B)(s)I'(s) as

Z(P, B)(s)T(s) = /0 ~ tes=lBl=r=11(s 1) dt

F(t; U) is a continuous function in u,, ..., #;_; and a rapidly decreasing
function in ¢, and the measure

L(ks)(uy - wye )~ duy - duy_y
[(s)k

is a bounded measure on the standard simplex E (see the following Remark).
Thus I(s, t) is a holomorphic function in s and a rapidly decreasing function
for 0 <t < . Hence Z(P, B)(s)['(s) has only possible simple poles at
s=jlk, j<r+|B|, j €Z, with Z being the set of integers.

Remark. The measure T'(ks)(u;---ui)~'duy---dug_/T(s)* is the well-
known classical Dirichlet measure. It is well defined for Res > 0 and has
its analytic continuation for all s.

Proposition 3. Let the power expansion of F(t; U) at t =0 be Y2 t'F(U).
Then
-1)™m!
2, py-m) = T G-

with

Gi(s) = Ol 1/(“1 ) T F(U) dug - dugy Res > 0.
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Proof.

Z(P, B)(s)[(s) = /0 l es=lBl=r=1y (s, 1) dt + /1 " phe=lBl=r=1p( | 1) d

1 o0 oo
=/ tk3"|ﬂ|"_l{ZtiG,~(s)} dt+/ tes=Bl=r=11(s, t)dt
0 i=0

v Gils) /°° ks—Bl—r—1
_gks—lﬂl—r+i+ ! I(s, t)dt.

The integral on the right-hand side is convergent for any s, so the right-hand
side is a meromorphic function in s, which gives the analytic continuation
of Z(P, B)(s)I'(s). For s = —m, the residue of the right-hand side is
7‘C-Gk,,,+|ﬂ|+,(—m) . Butas I'(s) has a simple pole at s = —m, it forces Z (P, B)(s)
to be regular at s = —m and

1Hm 1
EW 2P, B)(-m) = 1 Gumeigior(—m).

It follows that

2, B)(-m) = TG ().

4. THE EXPLICIT FORMULA
Applying the formula

¥B t
p,—nt _ E :( Jj+p+1
(3) E nce tp+l =1 (J D ]) _]” 0<t<27t,

we get the following power series expansions for 0 <t < 2m:

[o ¢}
thi+! Z nlﬁle—m[A] LUl

Il|=]

(Z1)

_ B! +i(—l)ﬂ'31+ﬂ.+l[/41, UY pthtl
[4;, U+ J+B+1)-J! ’

oo
tﬂr+] Z nlﬂ'e_nr[Ar B U]’

n=1

z
( r) f: —l ﬂBj+ﬂ+l[Ar» U]ftj+ﬂ’+'

(J+B+1)-J!

e 2 ’

—-1)/ Jt)
(Zrs1) e=1D. Ul — Z (—1—)”,).& ,
Jj=0 :

Gim+|p|+-(s) is an integration over E of the coefficient of (km+#l+r in the
product of series (%), ..., (), (£,4+1). So it is a finite linear combination of
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integrals of the form

(4)

1 - ) ar gl
Ha(s>=W/E(ul~-uk)‘ {4, UP - [, UIID, UL duy - duy
with o; >0 or oy = =i —1 (i=1,...,7), ayy >0, and Y77 |a;| =

km . More precisely, the general terms in Gy, |j+,(s) can be divided into the
following two types of integrals:

W z [H] (@ faiff{fi)ai!} L),

« .
la|=km r+1

where a = (ay, ..., ar, a,y) is an (r + 1)-tuple of nonnegative integers, and

Z'Bl BN(=1) Bari - +hr [

x /(u""“k)s"[AqH,U]“w- [4,, UJ*[D, U™~ dU
[(s)k-1 Jg [A1, Ui+t .[4,, Ulet!

Here in the summation, a = (o441, ..., o, ar41) ranges over all (r —q + 1)-
tuples of integers satisfying |a|=km+ i+ ---+ B, +¢q.

In our propositions which follow, we shall devote ourselves to the evaluation
of H,(s) at s = —m for various o ’s appearing in the summation of Gy |+
and combine them to yield the Bernoulli numbers associated with polynomials
as given in the main theorem.

Proposition 4. Let H,(s) be the integral as defined in (4). Then

r

H Boy+pi41 (=)o
(a; + Bi + Day! !

(6]
i=g+1 r+1

(-1)™m! 1B ’ Bcr+/3 +1 (=1
— ~n . Ho(~m
k O<a|,...,a§<:m' |a|=km( ) E(ai+ﬂ’+ Dagt|  ars! =)
= J'[XﬂP'"(X)].
Proof.
r
aA!(all')a“ e (ak.)“lu
H,(s) = ! !
( ) 1'1;[la|,+~;1k,=ai all!.akl‘
| [CITS RN ST
9 Z ar+1~(51)' (5k') k IA,,(s)
Ayt F 0 =g Xirelsc ki1
with |
Aq(s) = W/Eusl"Lb'_l S+b“ Ydu, - ~duy_, .

Here b, =a“+a12+--~+a|,+|,...,bk =t agy+ o+ Qg - Note that

CT(s+by)T(s+b)
Aa(8) = —F 5 —TT(ks + Ja)

k-1 - !
mi) ~ ktkm =o' e b <m,

iy
Aa<—m)={(—l)(k " m =BT~ (m = o)

0 otherwise.
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In our cases, we have b; + --- + by = |a|] = km . Hence it forces b, = b, =
-+ = by = m when Aa(—m) is not zero. For such cases, we have A,(—m) =
(=1)km=m(m!k=1_ Our assertion then follows from the multinomial expansion
of X#P™(X) and our definition of J'[X#P™(X)].

For the remaining cases, we have to find the value of s = —m of

1 / (u "‘uk)s*l[AqH , Uleer -+ [4,, UI™[D, Ul*+ dU
I(s)k-1 (41, U+l [4,, Ut

which is a linear combination of

. 1 Wttt qu
6B D8 = ot | T oo (<9<,

with b+ -+ by =agy1+--+ar =km+qg+ i +---+ B, . First we observe
the following facts concerning G(f; b).

(1) The integral in G(f; b)(s) as a function of s has a pole at s = —m of
order at most k — 1 arising from integration around the vertices of E .

(2) If there are more than one b; in {b;, ..., b} which are greater than
m, then the order of the pole at s = —m for the integral will be less than
k — 1. By considering the fact that I'(s)*~! always has a pole at s = —m of
order k — 1, we conclude that G(g8; b)(—-m) =0.

With the above considerations, it suffices to consider the case when b; >
m + 1 for exactly one j. In the following proposition, we suppose that 0 <
bi,...,bk_y < m and b, > m + 1. To determine the explicit value of
G(B; b)(—m), we need the usual notation of partial differential operators. Let

2] 0
Di=—,...,D_ = , D®* =D ...D* ',
1 6u1’ k—1 auk—l 1 k—1
Also a!=a1!--~ak_l! if a=(a1,...,ak_|).
Proposition 5. For b = (by, ..., by) with |b| =km+|B|+q, 0< by, ..., by,

<m,and by >m+ 1, we have

k-1 q _ i
G(B; b)(-m) = Z b [H U (akz a;z) a_il_']

a) - tag =m— Jj=11i=1

—

X

Bt laa)! (1) (b = m — 1!
I Bila

P ﬁ’+1 (b =m =1 = |ag4])! ’

Here a; = (ayj, ...,a5—1;) (i=1,...,9+1)and m—-b=(m-b,,...,
m—bg_y).

Proof. When 0< by, ..., by_; < m and b, > m+1, the integral in G(f; b)(s)
has a pole of order k — 1 at s = —m arising from integration around the
vertex (Uy, ..., Up_1, U;) =(0, ..., 0, 1). Also the integrations around other

vertices result in poles with order less than k& — 1. By the regularity of the
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integral [3]

G(B; b)(—m) = the coefficient of u]"~ b U lbk ' of the function
[Ar, UV Pt g, UT P (=g = =gy ) 5
expanded at u; = ---=wy_; =0

= gy D" VP A

X (L=uy = =t ) ™"}y o =0

By Leibniz’s rule for partial differential operators, we have

(m b) D™ b[[Ah U~ Bi—1, [Aq, U]—ﬂq—l(l_ul _"’_uk—l)bk_m_ll

1 q
— - - ail 4. -Bi—1
Z al!...aq+l! lHD [Ala U] ]

@+ +ag =m—b i=1

x D% (1 =y — - — g )=m=1

Replace [4;, U] by ajjuy + -+ ap_y, juk—1 + aj(1 —uy — -+ —uy_y). Then
an elementary calculation yields our values for G(8; b)(—m).

The following lemma is needed in our proof of the next proposition.

Lemma. Let f be a continuous function on [0, o), by, ..., b, nonnegative
integers, and E(h) the simplex defined by

O<uy+---+us<h, Up,...,ug >0, h>0.
Then

[ sy + ) dr g
E(h)

“ i+ bl:b +4q 1)'/ floirrhedlar,
1 -

Proof. The lemma follows from a change of variables and the definition of a
B-function of several variables.

Proposition 6. Let Rj(X)=3_, ., a;X;+3d; (j=1,...,k). Then

/ Xtpm(x)dX,---dX,
A (X, Xo)

k-1 ¢
Aii — ajl
S5 | E > H( )
b j=1 ajt+tag=m—b j=1 i=1
(Bi + |az 1)+ 1+18
H Vaﬂ,ﬂ — et gy — m — 1)1
Here b ranges over all k-tuple nonnegative integers (by, ..., by) satisfying
0L by,...,bp_y <m, |b|=km+|B|+1, and by > m+1. Also a; =

(alj’-'-9ak—l,j) (]=1,,q+l)
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Proof. Rewrite the integral as

IR Ier = ot

0<by,....b_1<mi=q+1

q k—1
x/ T X5 T(@n X + - + ajgXp)" B Li(X) dX, - dX,.
A (X Xo) i=1 j=1

Now let X; = —u;Ry(X)/ax; (i=1,...,q). Then Ay (X, ..., X4) is trans-
formed into the standard g¢-simplex E? defined by

Ef:uy>0,...,u;>20, 1 —uy—---—u;>0.

Consequently, we have

/ Hxﬁ' H aj X+ +ag X)L (X)dX,---dX,
A(X,. 2l

Xﬂ)t 1
ﬂ‘ b
=H<_L> " RA(X ]bk/ Huﬂ, <_ajlul ,,,,, ajquq)’" /
o1 N k) 3! Qiq
x (l —uy— - —ug)"duy---duy.
Note that
m—b
a ai J
(-..L]u] ...-iuq)
Ay Aiq
m—b
ag, — a; Ay, — a; i
=[(—k‘ ’lu1>+m+(——k" ”u,,)—(ul—-w—uq)]
a Qigq

; Y
- Z (m—b))! (akl_aklul) "_”<akq_ajqu ) ¢
= q
ajl!"'aj.q+l! Ay Aiq

a,-|+~~~+a,-‘q+,=m—bj

X (=)@t (U 4 - ug)ert

Hence we have

q k—1 m—b
. aiu ajqu /
LH“?'H(_LI ..... %) (l_ul_..._uq)mdul...duq
LA . q
q k-1 ayy
1] (52 ) o
i1 a,~,~!

aj+--+ag=m—b \i=1 j=
Bi+|a| By+lagl m
>(/~qu1 ’-‘lqu ‘1(1 Ui Uq)

X (g + -+ ug) el duy - du, .

™

By our lemma, the integral is equal to

[IT7, (Bi + lei)Im!(by — m — 1)!
by! ’

Combining the previous propositions, we get the following proposition, which
is precisely what we needed.
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Proposition 7. With notation as above, we have

,
. : By + Bi+ 1| (=)
m'Zﬂ. e 1 ai+Bi+1 | ar!

i=q+1
r+l1
Y11 [1 -5=68: b)-m)
b j=li=g+1
k
=J4 H/ XPPm(X)dX,---dX,
et IBX e Xg)

Here o ranges over all nonnegative integers (agyi, ..., Qr, aryy) SUch that
la| = km + |B| + q in the first summation, and the relation between b and

a is
r r
b=(bi,...,b)= Z Qpis oees Z Qi
i=g+1 i=g+1

ifaj=ay+ - +o (i=qg+1,...,r+1).
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