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ABSTRACT. The object of this paper is to study Banach-space-valued generalized
functions belonging to [Hy(A); B] for which the Hankel transformation may
be defined. In Realizability theory for continuous linear systems (Academic
Press, New York, 1972), Zemanian considered certain p-type testing function
spaces for which the Laplace transformation is defined. Tiwari (Banach space
valued distributional Mellin transform and form invariant linear filtering, Indian
J. Pure Appl. Math. 20 (1989), 493-504) follows Zemanian in extending the
Mellin transform. Their works are based on the denseness of the Schwartz
space D™(A) in the testing function spaces of interest. This method is not
possible here since the space D™(A) is not dense in Hy(A), and the structure
of Hy(A) is quite different from that of D™(A), which has an inductive-limit
topology. Thus, it is necessary to introduce a dense subspace ,Dj(A) of Hy(A)
to derive some properties of Hy(A4) . We then define the Hankel transformation
on [Hy(A); B]. We end this paper with some operational formulas, which are
analogous with those given by the first author in SIAM J. Math. Anal. 1 (1970),
322-327.

1. INTRODUCTION

Zemanian studied the theory of Banach-space-valued testing functions and
distributions in [2], which is somewhat more general than that of scalar distri-
butions. He constructed D™(A4) as the inductive-limit space given by

D™(A4) = DR.(A) = | J DF (4)
j=1

where D?j(A) denotes the linear space of all smooth functions ¢ from R" into

a Banach space A4 such that supp¢ C K;.K; are compact subsets of R” and
KicKj, U?:, K; = R". We assign to D;?J(A) the topology generated by the
collection {yx; 0 < k < m} of seminorms, where y,(¢) £ SUp;ek, 169 ()]l 4 -

Applying the interpolation theory, he describes the local structure property
below.
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Theorem 1.1. Let f € [D™(A); B] and K be a compact interval in R". Then
there exists an integer p € R" with 0 < p < m and a continuous [A; B]-valued
function h on K such that, for all ¢ € D" (4),

(f,0) = / h(1)D"*Pg(1) dt .
K
In general, p and h depend on [ and K.

Finally, he mentions

Theorem 1.2. If I ™ and J ™(A) are normal spaces (i.e., D is dense in T ™
and T ™(A)), then there exists a bijection from [T ™(A); B] onto [T ™ ; [A; B]]
defined by

(g, w)a2(f,ya), weIm, acA,
where g € [T ™;[A; B]], fe[T™A); B].

Tiwari [3] mimics the method of Zemanian in defining Banach-space-valued
distributions for which a Mellin transform can be given. Several properties in-
cluding a Mellin-type convolution theorem are proved. These results are similar
to those of Zemanian [1].

In this paper, we introduce a dense subspace ,D;(4) of H,(A). It does
not have an inductive-limit topology. The local structure theorem is no longer
discussed in [H,(A4); B]. However, with a different method, we show that there
is still a bijection from [H,(A); B] onto [H,; [A4; B]]. Further, we are able
to define the Hankel transformation of arbitrary order on H),(A4), which is still
an automorphism on H,(A4). We give some operational formulas at the end of
this paper.

Our notation is similar to that used in [1, 2, 4]. Given any two topological
vector spaces A and B, [A; B] denotes the linear space of all continuous
linear mappings of 4 into B. The element of B assigned by f € [4; B] to
¢ € A is denoted by (f, ¢). [4; B] is supplied with the topology of uniform
convergence on bounded sets in 4. |-||p denotes the norm in any Banach
space B. R and C are the real and complex number fields. I is the open
interval (0, +o00). Other notation will be introduced as the need arises.

2. THE CORRESPONDENCE BETWEEN [H,(A); B]
AND [H,;[A4; B]] FOR u > -1
Following Zemanian, H,(A) is defined as follows:

Definition 2.1. Let x be a real variable restricted to /. For each real number
u, ¢(x) € H,(A) iff it is defined on I, takes its values in A4, is smooth, and
for each pair of nonnegative integers m and k

7 4(9) £ sup " (x D)x = (o)l
X

is finite. H,(A) is a linear space. The topology of H,(A) is that generated by
{7 i} k=0 -

Definition 2.2. ¢(x) € D;(A) iff ¢ is defined on I, takes its value in 4, is
smooth, and for every ¢ there exists b € I such that ¢(x) = 0 for x €
[b, +00). Let ,Di(A) £ D;(A) N Hy(A).
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Theorem 2.1. The subspace ,D;(A) is dense in H,(A) for all p€ R.

Proof. Let A(x) € D;(C) such that A(x) =1 for 0 <x <1 and A(x) =0 for
x>2.

For arbitrary ¢(x) € H,(A4) and each pair of nonnegative integers m and k
we consider

x™(x "' DY x T 2A(X /N)$(x) — p(x)]
m+lz( ) (x~ ' D)k—vxH- 1/2¢( ‘lD)U[/l(X/N)—l]'

X
Therefore,
sup [x™(x~ID)*x~#= 2 (A(x /N)p(x) — $(x))|l.4
X
k -1\ _
<y (k> sup X! (x~' DY~V x 8112 - sup | DY'TAx/N) = 1]
=0 V) xel x>N X
It follows from ¢ € H,(A4) that
sup |(x ™' D) xTH2g) 4
x€l

is finite.
Since A(x) and its derivatives are bounded, it follows that
-1 v _

sup (x~ D)"[Ax/N) — 1] —0 as N — oo, forfixedkand0<v <k,

x>N X
whence our assertion.

H,(A) is not a p-type testing function space in the sense of Zemanian [2].
To see this, we choose @(x) = x#+/2e=%'ay, ay € A and ag # 0. Then for
all y, which is smooth from / into A4 with compact support contained in 7,
y(‘)"o(d) — ) > |lao]l/2 > 0. This means the balloon

{05 0 Hy(A), v5.o(¢—0)<laoll/3}
does not contain any element of D™(A). Thus our result is true.

The following lemmas will be used subsequently (see [1, 2]).

Lemma 2.1. Let V, W be locally convex spaces, and let I' and P generate
families of seminorms of the topologies of V and W, respectively. Let [ be a
linear mapping of V into W . The following four assertions are equivalent:

(i) f is continuous.

(ii) f is continuous at the origin.

(iii) For every continuous seminorm p on W, there exists a continuous semi-
norm y on V such that p(f(6)) < y(0) forall 6.

(iv) For every p € P, there exists a constant M > 0 and a finite collection
{ri,7v2,---, ym} CT such that

p(f(0)) < Morsr}(asxm 7.(6)

forall 6eV.

Lemma 2.2. For u > —%, the conventional h, is an automorphism on H,(A).
Proof. Very similar to Theorem 5.4.-1, p. 141 of [1].
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Theorem 2.2. Every f € [H,(A); B] uniquely defines a g € [H,;[A4; B]]
through the equation

(g,0a%(f,0a), 6ecH,, acd,
forall ueR.

Proof. Fixing upon some 6 € H, we define a mapping jg of 4 into B by
Jea = (f, 6a) for all a € A. It readily follows that j, is linear. By Lemma
2.1(iv) there exist positive integers m, ky and a constant M > 0 such that

Ijealls = II(f, Oa)lls < M max m x(64)

<k<ko
0<m<m0
where
(0a) = sup||x™(x~ D)k x—#=1120q]|,
x€l
= |lal| 4 sup |x™ (x~' D)k x #1129
x€l
Hence
lljsalls < Milall 4 max ()
0<m<"?0
and
2.1 <M max 7 (9.
(2.1) 1 Jollia; By omax (o))
0<m<my

Next, set (g, 6) £ j,. This uniquely defines g as a mapping from H, into
[4; B]. g is linear because, forany a€ 4, a, € C,and 0,y € H,
(&, a0+ By)a=(f,aba+ Bya)=ca(f, 0a)+ B(S, ya)
= (a(g, 0) + B(g, ¥))a
Moreover, (2.1) implies that g is continuous.

Let ,D;®A denote the linear space of all ¢ € ,D;(A4) having representations
of the form ¢ =3 6,a, where 6, € ,D;, a; € A, and the summation is over
a finite number of terms.

Theorem 2.3. The space ,D; ® A is dense in H,(A) for pu> —%.
Proof. Let A(x) be defined as in the proof of Theorem 2.1. For ¢ € ,D;(A4),
we first show that
A(x/N)hy(9) — hu(p) in H,(A)as N — +oo forall p € R.
The following equation will be used (see [1]):

(=1)™+ky™(y= DYy P hy () (v)

(2.2) T durdkme L[ = Py —u=1)2 Jutkem(XY)
_/0 x [(x~'D)"x ¢(x)]de
Hence
sup” (x~'DY*x=H=12p,(p) [,1 ~ l]“
x€l
k —1 v _
Z( )S“P DTSN = Wlgup et (=1 D= x4 V2 ().
v=0 x>N X xel
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By what we have proved in Theorem 2.1,

-1 v _
(x~ D) [).)gx/N) 1] -0 asN—oooforfixedkand0<wv <k.

sup
x>N

Using equation (2.2) and noting that J,,x—y4m+1(Xy)/(xy)** k-v js bounded,
say by By . m, We get
sup [|x™*! (x 7' D)* U x7E 2 hy (9)l 4
xel

e Sk (xy)
2u+2(k—v)+m42p (=1 pym+ly,—u=1/2 ptk—v+m+1
/0 y (=" D)™y 482) ey vk

A

= sup
x€l

Choosing a positive integer n such that
y2u+2(k—'u)+m+2 < (1 +y2)n for all ye I

we have
sup ||y 2tk veme2 (=1 pymEl y=r=1/2p (p)]] 4
y

< sup (14 )" (= D)™+ y=#= 12 (p)]]l4.-

Since ¢ € ,Dj(A), there exists b € I such that ¢(x) =0 for x € [b, +00). I

follows that
sup [|x™*! (x =1 D) U x =+~ 12h, (9) 4

x€l
< Bi.v.mb sup 11+ )"y~ D)™y == 2o (1)]|l4
y

is finite. Therefore,
A(x/N)hy(9) — hu(p) in H,(A) as N — +o0.
Second, we prove that ,D;©A is dense in H,(A) for u > —3 . For a positive

integer m, , we have
(xp)2(=1)) (xy[2)++% o= () A= 1) (xy /2R

my
VXyJu(xy) = - - - -
VIuxy) ; ATE+j+1) e T D

For every ¢ € ,D;(A), the term
V(1) (xt /24

_axy [T o (x1)
T =4(5) [ #0% g e 4
j=0

where N, m;=1,2,...,belongs to ,D; ® A since x> —%. Now

+00

TN, m, — / o(t)VxtJ,(xt)dt
0
X +o00
=7wm“—a(ﬁ)4 ()ELT(x1) d1
X +00 +00
—)/ q;(t)\/)_c?J,,(xt)dt—/ o()VxtJ,(xt)dt.
0 0

+A(N
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By what we have just proved, for arbitrary ¢ > 0, there exists an N; such that
for N > N;, we have

ilérl)IIX’"(X_'D)")C”‘“l/z[l(X/N)hu((ﬂ) — hu(9)]ll4 < /2.

Fixing N (> N,;), then

§5 GOV 2 J)M(xt)]
Jj=0

JT(u+j+1)

and its derivatives with respect to x converge to zero uniformly on every com-
pact subset of I. It has a uniformly bounded support. Therefore it converges
in the sense of Schwartz, whose topology is stronger than that of H, (see [1]).
It follows that there exists an L € I such that as long as m; > L, then for all
t<b,

m( etk umt/2; (X | G0 A1) (/244
iléI; X"(x7Dyx l(N) T+ +1) \/ﬁJﬂ(xt)
&
< M

where M| = bsup,¢;|lo(t)|l4. If M, =0, then there is nothing to be proved.
Therefore,

sup
x€l

provided N > N, m; > L.

Since h, is an automorphism on H,(A) for u > —% by Lemma 2.2 and
u«Di(A) is dense in H,(A), it follows that h,(,D;(A4)) is dense in H,(A). Our
assertion follows directly from the fact that ,D; ® 4 is dense in h,(,D;(A)).

Theorem 2.4. There is a bijection from [H,(A); B] onto [H,;[A; B]] defined
by

<é&
A

x™(x~'D)kx—#-1/2 [TN,,,,I - /0+°° (p(t)\/HJu(xt)dt}

(§,0)a=(f, 0a)
where ac€ A, g € [H,;[A; B]], and f€[H,(A);B], 6 € H, for u> —%.
Proof. By Theorem 2.2, every f € [H,(A); B] uniquely defines a g ¢
[H,; [4; B]] through the equation
(g,0)as(f,0a) forallueR.

Let us consider the converse. For every ¢ € ,D; ® A, we define

(f.0)=) (g.0)a forp=> 6ra.

It follows from the definition that f is linear on ,D; ® 4. We wish to show
that f is continuous. Indeed, for arbitrary ¢ > 0, as long as 68a (6 € ,D;,
a € A) belongs to the balloon {¢; 7, ,(p) < &/M, m =0,1,...,mg,
k=0,1,...,k}. M, mgy, ko are defined as follows. We infer that

(/> 6a)lls = lI{g, B)alls < llalla- (g, Olls:5-
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By Lemma 2.1(iv), there exist M > 0 and positive integers mq, ko such that
,0a) | <llall4-M ma Ho(@)< M-e/M=c¢.
I(f, 6a)lls < llall4 omax Ym 1 (0) < /
0<m<myg
Therefore f is continuous at the origin. By Lemma 2.1(ii), f is continuous on

«D1 ® A. According to Theorem 2.3, ,D; ® 4 is dense in H,(A) for u> —1%.
Thus our assertion is true.

3. THE HANKEL TRANSFORMATION /, ON H,(A)
AND THE CORRESPONDENCE BETWEEN [H,(A4); B] AND [H,; [4; B]]
FOR ARBITRARY U

We shall use the following differential and integral operators due to Zemanian
[1]:
Nyp(x) £ x#+12Dx=#712g(x),
Mup(x) & x~#712Dx* Py (x),

X
N 'p(x) % x““/z/ t=#12p (1) dt .

Lemma 3.1. N, is a continuous linear mapping of H,(A) into H,.,(4).

u+l1
m,k

Indeed, y
m and k.

(Nu@) = 7 41 (@) for every ¢ € Hy(A) and every choice of

Lemma 3.2. N,,,‘l is a continuous linear mapping of H,.\(A) into H,(A).
Proof. Assume that ¢(x) € H,,;(A4) and k is a fixed positive integer. Then

X
(x—lD)kx—,u—l/ZNﬂ—l¢(x) — (x—lD)kx—u—l/Zx,u+l/2/ t—u—l/Z(p(t)dt

= (x"'D) 1 xTH320(x) .
Hence
Vo ((NZ'9) = yht 1 (9), k=1,2,3,..., m=0,1,2,....
A similar result for the case kK = 0 can be derived as follows:

x2S (x4 < X / =412 (1) 4 d

X

< / e t=5=12 (1)) 4 dt
X
dt

+o00
<
0 A

* 1dt
< . su tm+| + tm+3 t—ﬂ—3/2 t X
< [ 1o sl ()]

(tm+l + tm+2)t—u——3/2¢(t)

’1+t2

Therefore

_ /(4
Vm,oNi'0) < S0 o @) + 705 0@, m=0,1,2,....

It follows from the above that N, I is a continuous linear mapping of H,(A)
into H,(A).
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Let u € R and let k be a positive integer such that u + k > —% . Assume
that ¢ € H,(A) and define &, , on H,(A4) by (see Koh [4])

D(x) = hy 1 () & (=1 X Rk Nypsemr -+ Nyt Nup ().
Let ®(x) € H,(A4) and define 4", on H,(4) by

o) = b (@) & (=DNINZY - N By ax ().

Theorem 3.1. h, ; is an automorphism on H,(A). Its inverse is h;,'k and
h[l,k =h;4 lfllZ _%~

Proof. By Lemmas 3.1 and 3.2, ¢ — N,N,; - N, (1 is an isomorphism
from H,(A) onto H,,(A4).

By Lemma 2.2, h,,; is an automorphism on H,,(4) for u+k > -1.
It follows from y,  (x~*¢) = y,’::’,‘((go) that ¢ — x~*p is an isomorphism
from H, . (A4) onto H,(A). Therefore h, , is an automorphism on H,(A4).
Similarly h;’lk is an automorphism on H,(A4) and is inverse to 4, , because
Rt = husi and the inverse of Ny~ Ny is N;! N -

To prove the last statement, let ¢(y) € H,(4), 4 > -1, and consider k = 1;

hy 9= —x"'hy Nyo = —X"/O YDy =R 2 (0)) /XY Jys1 (xY) dy

5 LGP0+ [ o0V dy.

Since ¢(y) is of rapid descent and /XyJ,;i(xy) is bounded as y — oo,
while ¢(y) = O(y**!/?) and /xXyJ,41(xy) = O(p#+3/2) as y — 0%, the limit
terms are zero for u > —5. Thus h, ;¢ = h,e . By induction, h, , = h, for

>-1.

# Noté that the definition of 4, , is independent of the choice of k so long
as k+u>—1. Indeed, if k >p>—-p—1,then hyyp x_p = Ayusp by Theorem
3.1; hence

hu,k¢ = (—l)kx_kh,u+kN;z+k—l co N/t(/’
= (- l)px_p(_1)k_px_(k_p)hu+p+k—pN;t+p+k—p—1 o NuypNyyp—1- - Nu@
= (=1Px"Physp k—pNusp—1- - Nup
= (“l)px_phu+pN;4+p—l - Nyp = h#,p(p .

Definition 3.1. Let u € R and k be a positive integer such that u + k > —% .
For any f € [H,(A); B], the generalized Hankel transform 4, f is defined by

(hlltf’ q’) = (f’ h/l,k¢) > (/S HM(A)

By Theorem 3.1 and the fact that 4 is the adjoint operator of A, , on
H,(A), we have

Theorem 3.2. h, is an automorphism on [Hy(A); B] for all p € R.
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Applying operator T £ Nyyk—1+++ Ny, we have

Theorem 3.3. Let A and B be two Banach spaces. There is a bijection from
[H.(A); B] onto [H,; [A; B]] defined by

(g,0)a=(f, ba)
where a€ A, 6 e H,, g €[H,;[A; Bl], and f € [H,(A); B], L €R.
Proof. For arbitrary u € R, we choose a positive integer k such that u+k >
—% . The operator T is an isomorphism from ,D;® A4 onto ,,,D;® A, which
is dense in H,,(A). Also T is an isomorphism from H,(4) onto H,,(4).
Therefore, ,D; ® 4 is dense in H,(A). By Theorems 2.3 and 2.4, there is a
bijection from [H,(A); B] onto [H,;[A4; B]] satisfying the above equation.

4. SOME OPERATIONAL FORMULAS

We now establish certain transformation formulas relating to the Bessel-type
differential operator M, N, , which are similar to those obtained in [4], but on
H,(A).

Lemma 4.1. Let u be a fixed real number and k a positive integer > —pu — 5 .
Then for every ¢ € H,(A), hyi1 k(Nu9) = —xhy ().
Proof. By definition
hu+1 k(Nug) = (‘l)kx‘khu+l+kNu+l+k ~ Ny Nyo
= —xhy k1(9) = —xhy k().
Turning to the linear operator M, , we prove that ¢ — M, is a continuous

linear mapping of H,,;(A) onto H,(A4). Indeed, for ¢ € H,,(A4) and any
choice m and k&

Vo, (Mu@) = sup Ix™ (x = D)k x 2= DX+ 2xE 2 (x) 4
X

sup [|(2u + 2)x™ (x ™' D) x~#32p(x)
x€el

+x™(x DY x2(x7'D)x #7329 (x)| 4
co=sup|2(u + k + D)X (x ' D)Ex#¥2p(x)
x€l

+xm+2(x—lD)k+]x—u—3/2¢(x)“A

<2+ k+ bt (0) + 7y 1 (9).

This implies our assertion.
Lemma 4.2. Let yu and k be as in Lemma 4.1. Then for every ¢ € H,,(A)

h,u,k(M,u(o) = xh/t+l ,k(q’) .
Proof. Using the relation

Nuvk—t - Nupi Nup (x) = xHHH2(x 71D x =012 (x)

we have

i (Myp) = (—l)"x'k/ VIV i (xy) )yttt 2y2 (=1 Dyktly —u=1=112 gy
0

(4.1) + (=D x7*Qu + 2k + 2)

o0
x / VIV Tk (xy) - yprRE12 (=1 DYy =s=12=1g gy
0
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We now show that xh,, (@) reduces to (4.1). Indeed

Xhyet () = (—1)x ! /Ooo VIV e (xp)y 2 (DY y =1 =3 dy
From the formula (see [5])
Jusks1 (xp) = =x " pHEDY K, (xp)
and an integration by parts, we obtain
Xhyr k() = (= 1)+ x 12
[y Dy DYy g (1)) dy
= (=1)k+lx—k+12 { yu+k+2Ju+k(xy)(y—ID)ky—/z—3/2(p|(°)°
- [y i)
x D[y +2k+2(y =1 DYk . y=u=312] dy} '

The limit terms vanish because ¢ € H,.(A4). Since
D[yZu+2k+2(y—lD)ky—/t—3/2¢] — y2,u+2k+3(y—lD)k+ly—,u—3/2
+ (2p+ 2k +2) -y (pTID)y I

we see that xh,,, x(¢) equals the right-hand side of (4.1). This completes the
proof.

Lemma d4.3. Let p be any fixed real number and k a positive integer > —p— % .
Then, for every ¢ € H,(A),

h,u,k(M,uNuqo) = _thu.k((p) .
Proof. From Lemmas 4.1 and 4.2.

Similarly, we can show

Lemma 4.4. Let u be any fixed real number and k a positive integer > —y — % .
Then, for every ¢ € H,(A),

M,uN/Ahu.k(0 = hu.k(_xz(p)-
Theorem 4.1. For any real p and f € [H,(A); B],

M,Nh, [ = h;[—xzf].
Proof. It follows from Lemma 4.3 that

<h;4[—x2f]’ ¢) = (_x2f> h,u,k¢) = (f’ _xzh;l,k(p) = (f’ h/l.k(M#Nu(p»
= (h/,;f, M,N,p) = (MuNuh;’; , 9).
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