PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 119, Number 1, September 1993

PROJECTIVELY FLAT SURFACES IN A*
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(Communicated by Jonathan M. Rosenberg)

ABSTRACT. We consider a nondegenerate immersion f: M2 — A3 of an ori-
entable 2-dimensional manifold M2 together with the Blaschke connection V
induced on M?2; this work is aimed at studying locally convex surfaces whose
Blaschke connection is projectively flat, reducing the problem of their classifi-
cation to a system of PDE’s. In particular we can prove the existence of locally
convex projectively flat surfaces which are not locally symmetric.

1. PRELIMINARIES AND PROJECTIVE FLATNESS

We consider a nondegenerate immersion f : M2 — A* of a 2-dimensional
orientable surface M? into the 3-dimensional affine space A?; it is well known
that there is a transversal vector field £, unique up to sign and called affine
normal, which induces the Blaschke connection V according to the equations

Dx(£Y)=f(VxY)+h(X,Y),,  Dx&=-Lf(SX)

where D denotes the standard flat connection in 43, and X and Y are vector
fields on M?2. We recall here the fundamental structure equations, referring to
[1] for a more detailed exposition:

RX,YVZ=hY,Z)SX-h(X, Z)SY,
(Vxh)(Y,Z)=(Vyh)(X, Z),
(VXS) =(VyS)X
h(SX,Y)=h(X, SY).
We shall now write down the condition of projective flatness in terms of the
affine invariants of M2. An affinely connected manifold of dimension 2 is

projectively flat if and only if the covariant derivative of its Ricci tensor is a
totally symmetric (0,3)-tensor. Now the Ricci tensor is given by

Ric(X,Y)=h(X, HtrS-h(SX,Y),
hence
(VzRic)(X, Y) = (Vzh)(X, Y)rS+ Z(trS)h(X, Y)
—(Vzh)(SX,Y)-h((VZzS)X,Y).
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So V is projectively flat if and only if

ZUArS)h(X,Y)— (Vzh)(SX,Y)=X(trSA(Z,Y) - (Vxh)(SZ,Y)
where we have used Codazzi and Ricci equations. Now, since

(Vxh)(Y,Z)=-2hn(KxY, Z),

we get

XrSWZ,Y)-Z(trS)h(X,Y)=2[h(KzSX,Y)—-h(KxSZ,Y)];
hence since 4 is nondegenerate,

X(trS)Z - Z(trS)X = 2[KzSX — KxSZ]

or equivalently
(L.1) X(trS) = =2tr(KxS).

2. THE STRONGLY CONVEX CASE

We shall now suppose that the quadratic form /4 is positive definite ev-
erywhere. First of all note that affine spheres are projectively flat, as follows
immediately from equation (1.1), when S = A Id. So we shall suppose that M?
is not an affine sphere.

Since S is symmetric with respect to £ and £ is positive definite, we can
diagonalize S; so we can find local vector fields e;, e, such that

h(ei, ej)=0dij and S(e;) = A
for some C> functions 4; # A,. Now we shall write
Ve €2 =re; + se;, Ve,e1 = per + qe;

for some C>-functions p,q,r,s.

Now if we write down the Codazzi equation for S, we find immediately
that
q(A1 — 42) = e1(d2), r(Ay — 42) = —ex(4).

Moreover, from the flatness condition (1.1) we get
e1(d1 +A2)ex — ex(Ar + Ar)er = 2(41 — A2)Ke €.
Now since {e;, e;} is an orthonormal basis for /2, we have
h(Keez, €2) = h(Veer, e2),  h(Kq ez, e1)=h(Veer, er)

so that
g= 8 (41 + 42) p= _ el +4)
2041 —4)° 2(A = 42)
Summing up we have
_e(d) e1(d +4,)
I AN R
el +4), + e1(42)

Ve, e2 =
(2.1)

Vezel = - €.

20 —A) ' A —A
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So if we put ¢ = Jlog|A; — 4|, we get

[e1, 2] = —ex(P)es + ei(Pes,
and we can choose local coordinates (x, y) so that

0 0

9 Z o9

5% e %e, 3y e %e,.
Thus we can write

0 1 611 0 1 8/12 1o}
2 —
(2.2) V"’/"’"ay A —A, 0y Ox Y4 A=A 0x 8y’
Now we put
Ve e = ae; + ey, Ve,€2 = ye; +dey,

and using the apolarity condition we get
a=h(Veer, e)=—-h(Veer, &),
0 =h(Veer, e2) = —h(Veer, er).
Using the first Codazzi equation we get
B=h(Veer, e) =-h(Veer, e1) +2h(Veer, )

and

?=h(Veer, e;) =2h(V,e2, ) — h(Vee, €).
Summing up we get
ej(A + A2) € (42)

2. =— -
( 3) Vele] 2(11 _12) (4] l] _126’2’
or equivalently

9 1 84 0 1 84 8
(2.4) Va/axa— /1]_12 8x ax 11_2255;’
and
(2.5) Veer = eidy) el +4)

=1 T2 = k)
or equivalently

0 0
(2.6) Va/aya = —Va/axa—x-

Now the last integrability conditions are given by the Gauss equation, which

can be expressed as
R (i i) 9 ___~ 90
Ox’ 9y ) 0x  |A — Ayl 0y

R ( 9 0 > 0 Al ]
Ox’ Oy c’)y A=Al 0x”
These two equations can be rewritten as a system of partial differential equations
in the unknowns 4;, 4,; supposing 4; > ,, they are as follows:

and

04104y _ 04104
9x 0y dy ox’

(2.7)
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821, 0%, 2 aa\2  [97,\2
(2.8) ax2 T ay? +A. - (B_x) * (5) =%,
821, 84, 2 om\>  (oa\?] _
(29) ox2 T o I 4 <ﬂ> +<“57) =

Remark. A direct computation shows that at each point of the open subset U
where A; # A, we have

(2.10) Tr,(VS) = 0,

and since (2.10) holds also on the interior part of the complement of U, we get
that (2.10) holds everywhere by continuity. Hence if M? is supposed to be an
ovaloid, by the same argument used in [2, Theorem 1] we conclude that M? is
a quadric.

3. NONLOCALLY SYMMETRIC EXAMPLES

The main problem in classifying at least locally projectively flat affine
surfaces consists in integrating equations (2.7)-(2.9).

In this section we shall indicate how to get locally convex projectively flat
surfaces which are not locally symmetric (w.r.t. the Blaschke connection). In
order to do this, we shall first write down the condition VR = 0 using our
notation. We shall consider the open subset U of M2 where A; # A;.

First of all we note that the condition of projective flatness implies (see
[3]) that the covariant derivative of the curvature tensor (VwR)(X, Y)Z is
symmetric in the arguments Z, W. Moreover, using equations (2.1), (2.3),
and (2.5) we get

(Ve,R)(er1, €2)e2 = —

1
(er(A1A2)er + ex(A142)er),
AL — Ay

(Ve,R)(er, e2)e = (e2(A1A2)e; —ei(Ai1d2)er),

1
A=A
and since (V. R)(e;, e2)e; = —(V,,R)(e;, e;)e;, we conclude that

VR =0 <= A4, = constant.

Moreover, by taking traces of the equations above in order to get the expression
for the covariant derivative V Ric, we have the following.

Proposition 3.1. For a projectively flat locally convex affine surface the following
conditions are equivalent:

(1) VRic=0.

(2) VR=0.

(3) det S = const.

From this last proposition it follows that every such surface with detS = 0
is locally symmetric; if this is the case, we look for solutions (4;, A,) with

A =0, 41 > 0.

Hence equations (2.7)-(2.9) are reduced to
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3.1) d2logh  (dlogA\®  8’logh (dlogd\? _ |
' ax? dx dy? oy B
where we have put A = 1;. We note, moreover, that under the substitution
1= —1/4, equation (4.1) reduces to
62 ﬂ 32 _
ax2ts ayr p
Hence the system of PDE’s governing the immersion f is

10y 10y 1oy
f;tx=;:9;'f;c_,ué, fyy= ﬂaxf:\’ ,Ué, f:\’y_'uayf;(y

(3.2)

1
éx—_';f;c» £y=0~

In order to give just an example of a surface arising this way, we note that
u = —cosy, with y € (-n/2, n/2), is a solution of (3.2). So if we fix initial
conditions f(0,0) =0 € A?, £(0,0)=(1,0,0), £(0,0)=1%0,1,0), and
£(0, 0) =40, 0, 1), we find the immersion

f(x,y)="'(senxcosy, y, | —cosxcosy).

We note that after a minor coordinate change the surface is part of x? + x? =
(cos x3)%, which is a rotation surface generated by the cosine. If we use the
solution u = —cosx, with x € (—n/2, n/2), we get a translation surface which
can be represented as

fx,p)="(x,y, iy’ + g(x))

where g(x) = §(2x? + 2xsen(2x) + cos(2x) — 1); it would be nice to have a
complete classification of all locally convex translation surfaces which are locally
symmetric.

If detS = k # 0, then it is easy to see that the integrability conditions are
reduced to

92 0% 22 aAN?  [0a)?
) W*%‘m[<a> (&) ]
where A = A;, A, = k/4;, and A% > k.

In order to get examples which are not locally symmetric, we have to find
solutions of the system (2.7)—(2.9) for which the product 4,4, is not constant.

Propeosition 3.2. There exist locally convex projectively flat surfaces which are not
locally symmetric

Proof. Just to simplify notation, we consider solutions of the system (2.7)-(2.9)
with 84;/0x = 0 so that each 4; is a function of the variable y only. Then the
integrability conditions are reduced to the system (the prime symbol ' denotes
differentiation with respect to the variable y)

2
n !
'1] ll /12()') '11
/1// 2 (j.l) —j.
2T h ?
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which can be rewritten as a system of partial differential equations of the first
order by putting f; =4y, L, =4}, f3 =42, and f4 = A;:

(fi =12,

! 2 2
<f2_fl_f3(f2) +fla
fi=ta,

,_ 2 2
‘-ﬂt_ f]_f}(ﬂ‘) f3

If we now choose initial values f;(0) =1, £,(0) =a, f3(0) =0, f4(0) =1 with
any real number a, by the Cauchy theorem we get locally a solution (4, 43),
A1 > A2, whose product is not constant since (414,)'(0) = £1(0)2(0)=1#0. O

Remark. When the second fundamental form /4 is not definite but the shape
operator is still diagonalizable, we can choose local vector fields e, e; with
h(ei,e) =1, h(ez, e2) = —1, h(e1, e2) = 0, S(e1) = Aer, S(e2) = Azer and
again we can find local coordinates (x, y) with 8/0x = e~%e;, 0/0y = e %e;
using the same notation as in §2. Then the integrability conditions are only
slightly modified, namely,

ok 0k _ 0k 0%
dx dy Oy Ox’

Oy 9y, 2 (a_zz>2_ %)2 _
0x2  0y? A -4y [\ 0x oy T

Ph 0% 2 (a_x.>2_<%2 _
ay?  0x? A —Ay |\ Ox dy -

and Propositions 3.1 and 3.2 are still valid in the hyperbolic case.
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