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SPECIAL VALUES OF THE LERCH ZETA FUNCTION
AND THE EVALUATION OF CERTAIN INTEGRALS

KENNETH S. WILLIAMS AND ZHANG NAN-YUE

(Communicated by Dennis A. Hejhal)

Abstract. The Lerch zeta function <l>(x, a , s) is defined by the series

00     glnnix

<t>(x, a, s) = y*- ,

where x is real, 0 < a < 1 , and a = Re(s) > 1 if x is an integer and a > 0

otherwise. In this paper we study the function J(s, a) = <t>( j , a, s). We use

its integral representation

J(s,a)^ + 2f(a2+y2r^in{s^xl)^

to obtain the values of certain definite integrals; for example, we show that

r°°      coshxlogx       ,

Jo    cosh 2x - cos 2na

n       f,     r((l+a)/2)      1,     /, na\\
= =-■-l'°g     V/   nl     +rlog(2gcot—U ,        0 < a < 1.

2smna \\ r(a/2) 2       V 2 I)

1. Introduction

The Lerch zeta function Q>(x, a, s) is defined by the series

*(*>fl>*) = £(^F'

where x is real, 0 < a < 1, and cr = Re(s) > 1 if x is an integer and a > 0

otherwise. In this paper we consider the special case of the Lerch zeta function

Received by the editors January 24, 1992.

1991 Mathematics Subject Classification. Primary 11M35; Secondary 11M06.

Key words and phrases. Lerch zeta function, Hurwitz zeta function, integral representation,

recurrence relations.

The research of the first author was supported by Natural Sciences and Engineering Research

Council of Canada Grant A-7233.
The research of the second author was supported by the National Natural Science Foundation

of China.
This paper was completed while the second author was visiting the Centre for Research in

Algebra and Number Theory at Carleton University, Ottawa, Canada.

© 1993 American Mathematical Society
0002-9939/93 $1.00+ $.25 per page

35



36 K. S. WILLIAMS AND ZHANG NAN-YUE

<£(x, a, s) when x — \. We denote 0(j , a, s) by J(s, a), so that

(1.1) ^aj^^a.^f^,        0<«<1.

The function J(s, a) is related to the Hurwitz zeta function £(s, fl) by the

formula

(1.2) /(5,a) = 21-iC(^,fl/2)-C(5,fl),        <7>1.

Appealing to the Hermite formula for £(s, a),

(1.3) C(5,fl) = ^ + ^ + 2jrV+^r/2sin(,tan-^);^-T,

we obtain in §2 the analogue of the Hermite formula for J(s, a), namely,

(1.4) J(s, fl) = ^ + 2Jo°C(a2+y2)^2sin (stan~x y-) jg^L,

This formula enables J(s, fl) to be continued analytically to the whole complex

plane, and in §2 we obtain the values

(15) 7(1 a) = l(H(i+^)/2)_rw2)l
u°j J[l,a)   2\r((i+fl)/2)    r(fl/2)/'

(1.6) ^(o5fl)=logr^(£A|__llog2.

In §3, making use of the integral representation

,     e—Til-s)  f e^x-a)zzs-x  ,
J(s,a) =-=-*-:- /  -:—dz

v      ' 2m        Jc     ez + 1

of J(s, fl), where C is the contour consisting of the real axis from +oo to e ,

the circle \z\ = e , and the real axis from e to +oc , we show that J(s, a) can

be expressed in the form

(1.7)
_.      .     T(l -s) r .   ns _,., , ns,-,,, ,1

J(s, a) =    K |sinyC(l -s, fl) + cosy5(l -s, fl)| ,        a < 1,

where

^ Cos(2m+ l)7rfl ^ sin(2m +l)7ifl
C(s, a) = >    —7=--r—,     S(s,a)= >   —7^-t^—, o > 0.

K  '   '     ^     (2m + l)s v '   '     *-"     (2m+l)s
m=0 m=0

From (1.7) and (1.6) we obtain the value of S'(l, a). We also obtain integral

representations of C(s, a), S(s, a), and J(s, a). These representations are

then used to evaluate some definite integrals. For example, we prove

(1.8)
f°°      cosh x log x       ,

J0    cosh 2x - cos 27ta

7T       f,     r((l+fl)/2)      1,     /. na\)
= T~--^log   "      n\      +^log  27rcot — U ,        0<a<1.

2sin;ra [ L(fl/2) 2       V 2 ))
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In §4, we consider the function S(s) = E^lo C2n~+iy = 2~SJ(S, j) • It is

shown that S(s) satisfies the functional equation

(1.9) S(s) = Q)5"' COSyHl -s)S(l -s).

Using contour integration, we derive simultaneously recurrence relations for

5(2/1 + 1) and S(2n).

2. The Hermite formula for J(s , a)

The Lerch zeta function is defined by the series

00     plnnix

(2.1) <&(x,a,s) = Y -r-r,v     ' v '    ^ (n + aY

where x is real, 0 < a < 1, and a = Ke(s) > 1 if x is an integer and a > 0

otherwise. It is clear that 0(0, a, s) = C(s, a) is the Hurwitz zeta function

and that 0(0, 1, s) = C(s) is the Riemann zeta function. In this paper, we

consider the special case of the Lerch zeta function 0(x, a, s) when x = \ .

We denote 0(^ , a, s) by J(s, a) so that

(2.2) j(s,a) = *^a,s)=£±^,       0<a<l.

We begin by obtaining the analogue for J(s, a) of the Hermite formula for

C(s, fl) and use it to determine the values of J(0, a), J(l, a), and /'(O, a).
Since for cr > 1

oo . oo .

J{s'a)=^\2h~+~ay~^(2n+l+ay

1^1 1 ^ i

" 2s ^ (n + a/!)1     2s^(n + (l+a)/2y'
n=0 «=0

we have

(2.3) ,(,,fl) = ^C(,,|)_^C(5,I+f),        a>l.

Similarly we have

C(*,fl) = ^c(^) + ^c (*,—),      *>l.

Hence we have

(2.4) j(s,a) = C(s,a)-^c(s,^-Y       a > 1,

(2.5) J(s,a) = ^ZTc(s,^)-as,a),       o>l.

Since C(s, a) can be continued analytically to the whole complex plane except

for a simple pole at 5 = 1 with residue 1, 7(5, a) can be continued analytically

to become an entire function and (2.3)-(2.5) hold in the whole plane.
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An important property of C(s, a) is the Hermite formula (valid for all 5 / 1;

see, e.g., [2, p. 270])

(2.6) ^,a)=a-Y + ^-{+2JQ   (a2 + y2)-/2 sin (stan~x I) 1^-l.

We have

c(».f)=^-'+?r^r^'iV+^r'2si,,(s,an",a)^'

and from (2.5) we obtain the following result.

Proposition 1. For all s and 0 < a < 1

(2.7) 7(5, fl) = ^ + 2 jfV + y2r'2 sin (,tan"' £) g^.

In particular, we have

(2.8) 7(0,a) = i

and

/(i,»)-j-+2fy"^^»
2fl 70      >/a2+j,2(e2»y_1)

Since sin(tan_1(}>/fl)) = y/yja2 +y2 , we have

rn   ^      1   , ? r ^^
J(l'a)-2a+ZJ0    (a2 + y2)(e2*y - 1)

~ 2a +   70    a2 +y2 Ve^ - 1 ~ e2*y - 1)   y

_l+2 r   y      dy - 2 r y     dy
2a       7o    (a/2)2 + l>2 ' e2^ - 1       JQ    a2+y2' e2^ - 1'

Appealing to the following formula [2, p. 251] for the gamma function T(s)

F(fl) _ _1_ _     f°° ydy

TXflT" 2fl      2J0     (a2+y2)(e2ny_l)>

we have

m     ,       1       f,    fl     1     P(fl/2)1      f, 1      T'(a)\
/(l,fl) = _ + |log----T^|-|logfl-^-r^})

giving the following result.

Proposition 2. For 0 < a < 1

(29) 7(1 fl) = n£)_Ewi)_log2
U*.*; -/U.aj      r(fl)      r(fl/2)     wgz.

Proposition 2 enables us to determine F(£). Taking a = 1 in Proposition

2 and recalling that

•/(1'1) = E7rrr= log2' r(1) = 1' r'd) = -y, r(l) = v^5
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where y is Euler's constant, we obtain the well-known result

r'(i) = -(y + 21og2)A.

We can also obtain (2.9) by using (2.5) as follows:

Z(s,a) = J^-T^+cx(s-l) + c2(s-l)2 + --- ,

={1_(log2)(5_1)+..,{_lT_^+...}

_f_i__r(fl)      1
\s-i    t(a)+   J

rr(fl)   F(a/2)   ,   .1    . .    ,,   ,,    ,.,
Mri)-TW2T-log2}+^-1)+^"1)+"-'

which gives (2.9).  From (2.3) and (2.4) we obtain two other forms of (2.9),

namely,

(2 9)' 7(1 fl) = l/H(i+a)/2)_rw2)i
u'yj J[l'a)   2\r((i+fl)/2)    r(fl/2)/'

(2 9)" 7(1   fl) = H(l+a)/2)_P(fl)
lz-yj J['>    r((i + a)/2)    r(fl) + og

From (2.9)' we obtain a formula of Kummer (see, e.g., [2, p. 262]):

nm Vizi!!      r ta~l 1.     ' jT'((l+a)/2)     r'(a/2)\
hn + a    '°   l + t      2\r((i+fl)/2)    r(fl/2)J-

Next, we use Proposition 1 to evaluate 7'(0, fl). We have

T>,n    y li       ^1 r00 tan~x(y/a)e«y
J'(0,a)= -^loga + 2^        elny'_ 1      dy

1 I"00 /     1 1      \
= --loga + 2Jo   tan-x(y/a)^{ -——J dy

1,        ,  . /°° tan-1(2y/fl)  ,      ~ /°° tan-'QVa)  .

In view of Binet's formula for logT(fl) [2, p. 251],

logr(fl) = (fl - i) logfl - fl + i log(27r) + 2 ^°° ^^ ^ ,

we obtain

7'(0, fl) = - ilogfl + 2{logr(|) - (| - i) log I + I -ilog(27r)}

- i logT(fl) - (a - ■? J logfl + a - 2 log(2rc) }

= 21ogr (|) - logr(fl) - (a - l)log2 - I log(27r).
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Finally, from the duplication formula

we obtain the following result.

Proposition 3. For 0 < a < 1

(2.11) r(0,a) = logrJ^Z|_-ilog2.

We remark that Proposition 3 can also be deduced from (2.5) and the formula

(2.12) C'(0,fl) = log^l
y/2n

The formula (2.12) can be found in [3, Corollary 2] or can be obtained by

differentiating both sides of (2.6).

3. Evaluation of certain definite integrals

Since

. Y{-S\   = re-{n+a)xxs-[ dx,        ct > 0,
(n + ay     J0

we have

00 /-OO

T(s)J(s, fl) = V /    (-\)»e-(n+a)xxs-x dx

foJo

=  /    Y(-l)"e-(n+a)xxs-xdx= /-^—dx,        rj>0,
Jo   to Jo     «- + l

that is,

r°° p(X-a)x xs-\

(3.1) T(s)J(s,a)= X      dx,        a>0.
Jo       ex +\

By considering the integral of the function e(X~a)zzs~x /(ez + 1) along the con-

tour C, which starts at infinity on the positive real axis, circles the origin once

in the positive direction, and returns to positive infinity, J(s, a) can be con-

tinued analytically in the whole plane. Since

f  e(\-a)zzs-\ . /-oo „(i-a)xxs-\

I---r-dz = (e1™-l)\    --^— dx,
Jc    ez+l y ' J0       e* + l

roo e(l-a)xxs-\ j t e(\-a)zz$-\

I     -;—dx = —=—.- /-—dz
Jo       ex + l e2*'s -I Jc    ez + \

g-nis        r  e(\-a)zzs-\

=- /  -dz,
2/ sin ns Jc     ez + 1

we have (as r(s)r( 1 - s) = n/ sin ns)

,.„ T/      ,     e~nlsT(l-s)   f e^x-a^zs-[   ,

(3.2) J(s,a)= 2<.        1-^pr**.
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Next, we evaluate the residue of the function f(z) = e(-l~a)zzs~i/(ez + 1) at

zm = (2m + l)ni and z'm = -(2m + l)ni (m > 0):

Res(/(z), zm) = e-azzs-x\z=Zm = e-{-2m+x>ani(2m + ij'-V-V'-i)*'/*,

Res(/(z), z'm) = e-azzs-x\2=z,m = e{2m+X)ani(2m + iy-in^eWs-i)m/2^

Res(fi(z),zm) + Res(fi(z),z'm)

= -2(2m + l)s-xns-xe™'sin {y + (2m + l)an} .

By Cauchy's residue theorem, we have

,„,        T,      ,     ~_,.      , s_x-^ sin(ns/2 + (2m + l)an)
(3.3) J(s,a) = 2r(l-s)ns ' ^ {2m+\)\-s CT<0>

m=0

*or

(3.4) 7(1 -s, a) = —— (cos—-C(s, a) + sin—S(s, a)\ ,        o>0,
ns   t       2 2 J

where

(3.5)
-,,      ,     ^ cos(2aaj+l)a^       _.      ,     ^sin(2m+l)an
C('.*) = £     {2m+iy     •    ^'fl) = E     (2w+1)J     >        " >°-

m=0 m=0

From the expansion

1 + z        4^ z2n+x
log-j- = 2V~--r, |Z|<1,

1 - z        ^ 2az + 1
n=0

we have

(3.6) S(l,a)=%-,

(3.7) C(l,fl) = ilog(coty).

From (3.2) and the generating function of the Euler polynomials

i£!L = f;^Mz.,     w<„,
ez + 1     *-~i    n\ ' '

n=0

where En(a) is the Euler polynomial of degree n , we have

rt ^     (-l)"nl  f     ^ Em(l-a)      1
7(-« , fl) = ^t———r   / >-—:--• -rdz,

2-2ni y|z|=e^o       m\

that is,

(3.8) J(-n,a)={-^-En(l-a) = jE„(a)      (it > 0).

(In particular, when n = 0, we obtain (2.8) again: 7(0, fl) = jE0(a) = 5.) On

the other hand, from (3.3) we have

.... . .       2a/!  ^sin((2m+l)an-nn/2)
(3.9) 7(-A/,fl) = —£-(2aa/+1)^-'        "*0'

m=0
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so that

^ sin((2AA/ + l)an - nn/2) _ nn+xEn(a)

{      ' ^ (2m+l)"+x "      4ai!      ' -   '
m=0 v '

and

,, ,^    o/-,       ,     ,     v^ sin(2iA/+ l)ajr      (-l)nn2n+xE2n(a)

(3.11) S(2i,+ !,«)-£ (2m+ 1)^  = 4(2n)! '       "*0'
m=0   v ; v      '

(3.12) C(2a/, fl) = £ co*f*+^ = (-l)"f^-.W „>0_
v       ;          v         '     ^    (2m + l)2n               4(2n-l)!

The formulae (3.11) and (3.12) are the well-known Fourier expansions of the

Euler polynomials.
By differentiating both sides of (3.4), we obtain

ns(logn)J(l-s,a) - nsJ'(l-s,a)

= 2V(s) cos -y C(s, a) - nT(s) sin -yC(s, a) + 2T(s) cos -~-C'(s, a)

ni 7T9 ITS
+ 2V(s) sin yS(s, a) + nT(s) cos y S(s, a) + 2V(s) sin yS'(s, a).

Letting 5 = 1 and using (2.8), (3.6), and (3.7), we obtain

! log* - tt7'(0, a) = -| log (cot y) - y + 2S'(1, a),

where y = -T'(l) is Euler's constant. Appealing to Proposition 3, we obtain

Proposition 4. For 0 < a < 1

(,,3, y0,a) = £logr<iL±^) + »{log(2,cot-) + ,}.

Since

c//i     n        ^ sin(2m + 1 )an
S'(l, fl) = - L       2m + 1 g( }'

m=0

we have

Corollary. For 0 < fl < 1

Esin(2m + l)fl7r
2m+1       lQg^+1)

w=0

/^  , .n n . r(^/2) 7T   f,       /„ 7Tfl\ 1
(3-14) =2logr((i + fl)/2)-4{log(27rcotT) + y}-

The formula (3.14) can be obtained by using Rummer's formula (see, e.g.,

[3, (2.28)])

-Y-lo8" = logr(«) - (y + log27t) ( - -a )
n '—J       n \Z       In=x v '

- ■= log n + - log(sin na),        0 < a < 1,
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and the well-known result

Esin2nna        fl       \ .
—-— = nU-a\,       0<a<1.

n=X v '

We have

1 ^ sin2(2A/ + l)a* ,    ,„
„E        2n + l        l0g(2" + 1)

n=0

l^sin2nna, l^sin4nna,    ,„ ,
= ->   -logn->   —=-log 2a/

n *-^       « n £-~i      2n
n=\ n=X

l^sin2nna, 1  ^sin4nna, log2 ^ sin4nna

«=1 n=l n=l

= logr(fl) - Ilogr(2fl) - l-(y + log27r)

- - log n - -(1 - 2a) - - log(cot na).

Using the duplication formula

22a-l / l\

r(2fl) = -7rr(fl)r(fl + -),

we have

1 ^ sin2(2A/+ l)an ,    . .

n=0

= \log r(flTi/2) -\{y + log27t) ~ *log(cotna)-

Changing a into a/2 gives (3.14).
The next step is to obtain integral representations of 5(5, fl), C(s, a), and

7(5, a) ((3.15), (3.16), and (3.17) below). We start with the formula

_Ii£L_= j" e-(2m+x)xxs-xdx,        ct>0.
(2m+iy     J0

Multiplying the formula by sin(2m + l)7ifl and summing over m , we have

/•OO     °°

r(5)5(5,a)=  /    V^-(2m+1)xsin(2w + l)7ra-xi-1fl'x

J°     m=0
/•oo         r        „-x+nai        y

=   /      Im<-;-;-;-7-=,Xs~ldx,
Jo        11 - (e-x+™>)2 J

since £^=0 z2m+1 = z/(l - z2), \z\ < 1. If we let z = e~x+nai, then

/■oo       (e-x + e~ix)xs-x

Jo    1 - 2e~2* cos 2*a + e~4x
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that is,

(3.15) T(s)S(s, a) = sinna f°°     ^oshx^xS        dx 0>q   0<a< 1.
Jo    cosh 2x - cos 27ra

Similarly,

™ n^/      x /"°°      (sinhx)x*-1       ,
(3.16) L(5)C(5, fl) = COS7Tfl /      ——-—dx,
v       ' v ;   v      ' Jo    cosh 2x - cos 2tta

where either cr > 0, 0 < a < 1 or tr > 1, a = 1, and

(3.17)
2   Z"00 cos 7Tflcos(7T5/2) sinh x + sin 7rflsin(7r5/2) cosh x   s_,  ,

7r* '0 cosh 2x - cos 2*a

0 < fl < 1,  a > 0 or a > I, a = I.

From these integral representations we will obtain integral representations of

the Euler polynomials. Taking s = 2n + 1 in (3.15), we have

,-, v.«/«       .     x f°°      (coshx)x2"
(2a/)!5(2aj + 1, a) = sinTTfl /     —p-r-'—^—dx.

Jo    cosh 2x - cos 27ifl

Then, from (3.11) we obtain (3.18), and from (3.12) and (3.16), we obtain

(3.19).

Proposition 5.

„im      _   . ,     4(-l)"sinrefl   f^      (coshx)x2"

(3.18)     £„(,,) =       ^,       Jo   Jh2x_'cm2nadX,       0<a<l,

(3.,9)   ft.-.M-4'-"'""'/"    (sinh,)^-
V 7 "      V   ' 7T2" Jo      COSh 2X - COS 27Tfl

Next we make use of the value of 5'(1, a)  to evaluate a certain definite

integral.

Theorem 1. For 0 < a < 1

/■°°     coshx-logx      ,

io    cosh 2x - cos 2*a

7t       f,     T((l+fl)/2)      1 ,     / na\\
= T~--\ lQg     Va   n\       + t log (2g COt -y-    L2sin*fl (_ r(fl/2) 2       v 2 /J

.Proc/. We have

/°°     coshx-logx 1 ,
/     —r^-^—dx =-.-{L(s)S(s, a)} \s=x

Jo    cosh 2x - cos 2na sm na

sin na sin rca

The theorem follows from (3.6) and (3.13).   □

Taking a = \ in (3.20), the integral on the left-hand side becomes

y0     cosh 2x + 1 2 y0    cosh x 70    e2x + 1

,*/2
=   /      log log tan/fl"/,

A/4



SPECIAL VALUES OF THE LERCH ZETA FUNCTION 45

where the last integral was obtained by means of the substitution / = tan-1 (ex).

Then Theorem 1 gives

T/2,    , j      *,     V2nT(3/4)
j^loglogtantdt^-log-^^1,

which was obtained in [3].

4. Recurrence relations for 5(2aj) and 5(2u + 1)

In this section we obtain the functional equation for S(s) as well as deter-

mining S(s) and S'(s) for certain values of s.

Taking a = \ in (2.2), we obtain

(4.D '(•■i)-*£7£&-*«•>.n=0

where
°°     (-11"

As C(5, i) = 0, 5(5, \) = 5(5), we have from (3.4)

2i-5(l-5)=2!^ sin ^5(5),
n" l

that is,

j)   COSyr(l-5)5(l-5),

which is the well-known functional equation for 5(5).

From (3.1) and (4.1) we obtain

f°° PXXS~X 1     f°°    xs~x
(4.4) T(s)S(s) = /       ,       , dx = -        -^-r— flx,        cr > 0.

Jo    e2x + 1 2J0    coshx

From (4.1) and (2.11) we have

(4.5) 5'(0) = log^|-log2,

and from (3.13) we have

(4.6) 5'(i) = ||iogM4i + i(log27r + y)}.

We now return to (3.16). As C(s, \) = cosf = 0, the value of the integral

in (3.16) when a = \ must be considered as the limiting value:

Jo      COSh2x+l a->l/2   COS7Tfl

=   T(sj_ g srn^+l)^
simrfl ^   (2m+l)J-1   la_l/2       w   v        y

m=0
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Appealing to (4.15) and recalling that 5(0) = 7(0, j) = \ , we obtain

,. _ f ^FTT "* = <r<s>s<s " »»V. = -^(0) + m
,    r(l/4)    ,    „     y

-logf^-log2-|.

The following integrals are easily deduced from (4.7):

fl(l-t2)y    .     1,       f°°(t2-l),    ,       ,     .     T(i/4)      y

or

r*/4 [x/2 2T(3/4)     y
/     cos2xloglogcotxfl"x = - /     cos 2x log log tan x ax = log „.. '.   + x.
Jo A/4 r(!/4)      2

We remark that (4.7) can also be obtained by integrating (4.4) by parts:

r(5) = i r°° **-' dx = j_r dxs
2 Jq    coshx 25 ,/0    coshx

xs      °°      1   f°° sinhx    5J       1   f°°     sinhx
=  ~-;—     + ^- /     -t— x flx = - /     —=-=-rr flx,

25 cosh x 0      25 7o    cosh2x •* Jo    cosh2x+l

that is,

r°°      sinh x

and

f ^rf *> = itwswiv. = -nm+s-m,
which reproves (4.7).

Next we obtain the values of 5(-(2ai + 1)) and 5(-2aj) (aj > 0). From (3.9)

and (4.1) we have for a? > 0

Hence

(4.9) S(l-2n) = 0,        n>l,

and

S(-2n) = (-l)n(2n)\{-)       V ,, l   '\, J.
v       y     v    y v    ' \n)       ^ (2m + 1 2"+1

x    ' m=0 v y

= (-l)"(2n)!f^J       5(2a/+1),        a/> 0.

But from (3.11) we have
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giving

(4.11) S(-2n) = {E2n,        n>0.

We observe that from (4.4) and (4.10)

r°°    x2n /ny2n+x

<4-12' I 5E*-(-,)"(l)    *»    "ia

The values of S(2n + 1) have been determined in (4.10). We now turn to

the evaluation of 5(2aj) . From (3.12), for aj > 1,

^_(-1)"4(2aj-1)!^cos(2aaj+1)7tx

*2„-iW- %2n 2^     (2m + l)2»    ■
m=0

Hence

/•' E2„_,(x)       _ (-1)"4(2aj-1)! y, i rx cos(2m + l)nx

Jo    cos7tx n2n t—'(2m+l)2n Jo cos7rx

However, as

[l cos(2m + l)nx
/   —*-—flx = (-l)m,        AA/>0,

Jo cosnx

(see [1, 332. 22b]) we have

/•' Eln-i(x) dx = (-1)"4(2» - 1)! ^     (_i)m
Jo    cosnx n2n ^ (2m + l)2n '

that is,

From (4.4) we can also write (4.13) in another form, namely,

,4.14)     r££-*•-('l)Tf*^**.  »>i.
Jo    coshx 2       Jo    cosnx

From (4.13), for ac = 1, 2, ... , aj , we have

(-r/0|^ if'^w
n2k 4 Jo    cos 7fx

so that

£<-"' W- i)*"*'2* - W»> = \[ t {it ,)*"« ■ 555-

It is easy to prove that

(4-15) E( 2k-l )E2k-x{x) = X2n-(l-X)2", AJ>  1.
k=l  ^ '

Hence we have the following recurrence relation for 5(2aj) :
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Theorem 2. For positive integers n

«■"> g<-»<(2*2"_y^-'w*>'\c~^zx^dx-

In [3] we gave the following recurrence relation for 5(2« + 1):

(4.17) ̂ (-l)fcQ^7r2"-^(2fc)!5(2/c+l) + (-ir(2Aj)!5(2AJ + l)= Q "   .

Finally we prove the recurrence formulas (4.16) and (4.17) simultaneously

by contour integration of the function f(z) = z2n/(ez + e~z) along the contour

in the clockwise direction consisting of:

• the x-axis from x = R to x = 0,

• the y-axis from y = 0 to y — n/2 - e (e > 0),

• the semicircle \z -ni/2\ — e in the first quadrant,

• the y-axis from y = n/2 + e to y = n,

• the line y = n from x = 0 to x = R, and

• the line x = R from y — n to y = 0.

We have

jcmdz = i • 2.M. (/(z), f ) = -;^4_/2 = (-D" (f )2"',
rn/2-e (—11"       pn/l-e.       2n

/        fi(iy)idy=[-^-i ^ dy,
Jo 2      Jo        cosy

fn (-l)n+l    r/2~e (n - v)2"

/       f(iy)idy = [-%—i / [      y,    dy.
Jn/2+e 2 Jo COSy

On the right vertical segment, z — R + iy , 0 < y < n ,

\z2n\ = \z\2n < (R2 + n2)n ,

\ez + e~z\ > \\ez\ - \e~z\\ = eR - e~R > \eR       (R>\ log2),

|/(z)|<2(iv2 + 7r2)V-*,

\f fi(z)dz <2n(R2 + n2)ne-R ^0       (R-^+oo).
\Jx=R,0<y<n

By Cauchy's residue theorem, we have

(-D"m2"+1+r ix + ni)2" dx-(R^^dx
\    >  \2) J0   e*+*< + e-*-"> Jo   e*+e-*

1 rn/2-E v2n -(n- v)2"

+ 2(-""'i cos/     "^°"»'0-

where a(R) —► 0 as R —> +oo.   Taking the real part of (4.18) and letting
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R -» +00, e —> 0, we obtain

"                     /'JmX                   r°°        v2*                      A-00        v2"
y{_ir-kf^\2n-2k ___*_-dx+ _±-dx
f^    '      \2k) Jo    ex + e~x Jo    ex + e~x

/7r\2n+X= (-!)" (f)       ,
which proves (4.17).

Similarly, taking the imaginary part of (4.18) and letting R —> +00 , e —» 0,
we obtain

^    '      \2k) Jo    ex + e~x 2    J0 cosnx

From (4.4) and

rU2{l_x)2n_x2ndx=    ,1   (1-X)2"-X2"^

70 C0S7TX 7^2 COS7TX

we deduce (4.16).
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