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SPECIAL VALUES OF THE LERCH ZETA FUNCTION
AND THE EVALUATION OF CERTAIN INTEGRALS
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ABSTRACT. The Lerch zeta function ®(x, a, s) is defined by the series

i ethix

Q(x’ a b s) = T N ?
s

= (n+ a)

where x isreal, 0 <a <1,and g =Re(s) > 1 if x is an integer and ¢ > 0
otherwise. In this paper we study the function J(s, a) = (D(% ,a,s). We use
its integral representation

evdy
ey — |

a’’ oy 2—s/2 1Y
J(s,a)=T+2/0 (a® +y°) sm(stan 2

to obtain the values of certain definite integrals; for example, we show that

/°° cosh x log x
o cosh2x — cos2na
4 {10 I'(1+a)/2) 1

na
= Jsinna Ta/2) + EIOg(anOtT)} , O<ax<l.

1. INTRODUCTION
The Lerch zeta function ®(x, a, s) is defined by the series

oo e2nnix

(D(xaa’s)= T L s
nz=0(n+a)

where x isreal, 0 <a <1, and o =Re(s) > 1 if x is an integer and ¢ > 0
otherwise. In this paper we consider the special case of the Lerch zeta function
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36 K. S. WILLIAMS AND ZHANG NAN-YUE

®d(x, a,s) when x = — . We denote d)(% ,8) by J(s, a), so that
(1.1) J(s a)=<I>(l as):i (1) 0<ac<l
) ’ 277 n=0(n+a)" -

The function J(s, a) is related to the Hurwitz zeta function {(s, a) by the
formula

(1.2) J(s,a)=2""5¢(s, a/2) - (s, a), o> 1.

Appealing to the Hermite formula for {(s, a),

_a* a” 2 ay-s/2 Y\ dy
(1.3) c(s,a)_—+s—_—]+2/0 (a® + %)/ sin (stan~' ¥)

2 ey —1°
we obtain in §2 the analogue of the Hermite formula for J(s, a), namely,

_a’ 2 2—s/2 o 1y evdy
(1.4) J(s,a)——z——+2/0 (a® +y°) sm(stan Z) IR

This formula enables J(s, a) to be continued analytically to the whole complex
plane, and in §2 we obtain the values

_ 0)/2) T(a)2)
(1.5) /1, a)= { F(r a7~ Tl } ’
(1.6) J'(0, a) = Ia/2) log?2.

% g a3

In §3, making use of the integral representation

e—nisr‘(l_s) e(l a) Z 5= 1
(s, a) = 2mi /C er + 1 dz

of J(s, a), where C is the contour consisting of the real axis from +oco to ¢,
the circle |z| = ¢, and the real axis from ¢ to +o0c0, we show that J(s, a) can
be expressed in the form

(1.7)
S)
J(s,a { —C l1-s5, a)+cos-—2—S(l—s a)} o<1,
where
= cos(2m + 1)ma >\ sin(2m + 1)na
m=0 m

From (1.7) and (1.6) we obtain the value of S’(1, a). We also obtain integral
representations of C(s, a), S(s, a), and J(s, a). These representations are
then used to evaluate some definite integrals. For example, we prove
(1.8)
/°° cosh x log x
0

cosh2x — cos2na
Ir'(1+a)/2) 1

== lo
= 2sinza | B I'(a/2)
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In §4, we consider the function S(s) = Z;“;O(—%% =2"5J(s,1). Itis
shown that S(s) satisfies the functional equation

(1.9) S(s) = (%)H cos (1 - 5)S(1 - 5).

Using contour integration, we derive simultaneously recurrence relations for
S(2n+1) and S(2n).

2. THE HERMITE FORMULA FOR J(s, a)

The Lerch zeta function is defined by the series

( i e2nm’x
2.1) ®(x,a,s)= —_
—~ (n+a)s

where x isreal, 0 <a<1,and ¢ =Re(s) > 1 if x is an integer and g > 0
otherwise. It is clear that ®(0, a, s) = {(s, a) is the Hurwitz zeta function
and that ®(0, 1, s) = {(s) is the Riemann zeta function. In this paper, we
consider the special case of the Lerch zeta function ®(x, a, s) when x = % .
We denote (3, a,s) by J(s, a) so that

(2.2) J(s,a):(b(%,a,s)=i(fl_+lln)s, 0<a<l.
n=0

We begin by obtaining the analogue for J(s, a) of the Hermite formula for
{(s, a) and use it to determine the values of J(0, a), J(1, a), and J'(0, a).
Since for g > 1

J(s,a)= Z(2n+a)s _§(2n+l+a)s

1 & 1 1 & 1
‘?Z(n+a/2)s ‘?nz_:_o(n+(1+a)/2)s’
we have

(2.3) J(s,a)=%((s,g)—lC(s, “2““), o> 1.

Similarly we have

C(s,a)=%§(s,%)+§1;i(s, “2’“), o> 1.

Hence we have

(2.4) J(s,a)=C(s,a)—%C<s,%g>, a>1,
(2.5) J(s,a)=%§(s,%)—((s,a), a> 1.

Since {(s, a) can be continued analytically to the whole complex plane except
for a simple pole at s = 1 with residue 1, J(s, a) can be continued analytically
to become an entire function and (2.3)-(2.5) hold in the whole plane.
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An important property of {(s, a) is the Hermite formula (valid forall s # 1 ;
see, e.g., [2, p. 270])

_a® a” 2 2y-s/2 1Yy dy
(2.6) C(s,a)—T+Tl+2/0 (@ +?)~*sin (stan~' 2)

s ey — |

We have

a\ _ 5s—1,-s 25-lg!-s s/oo 2 3 2\=5/2 1y 4y
C(s,z)_Z a’+ 1 +2 | (a*+y°) sm(stan a)e"y—l’
and from (2.5) we obtain the following result.
Proposition 1. Forall s and 0 <a <1

_a’ 2 —s/2 1Y\ evdy
(2.7) J(s,a)= 3 +2/0 (a +y°) sm(stan a) Py
In particular, we have

(2.8) J(0,a)= %
and

* sin(tan~!(y/a))e™

0 VaZ+yierw —1)

Since sin(tan~!(y/a)) = y/+/a? + y?, we have

J(l,a)=%+2

1 o ye™dy
I00) =5 +2 [ e

1 © oy 1 1
_E+2/0 a? +y? (e”y—l —e27W—1)dy

=_1_+2/°° y . dy _2/°° y . _dy
2a o (a/2)2+y? e —1 0o at+y? e -1

Appealing to the following formula [2, p. 251] for the gamma function I'(s)

I'(a) _ [N b ydy
Ta) ~ 8% 22 2/0 @+yNEe™m - 1)’

we have

1 a 1 1 TI'(a)
JA,a) =77+ {1°g§ 2 T(a)2) } {l°g" 22~ T(a) } ’
giving the following result.

Proposition 2. For 0 <a < 1

_T(a) TI'(a/2)
(2.9) 0,0 =5l - Fa -

Proposition 2 enables us to determine 1“’(%). Taking a = | in Proposition
2 and recalling that

log 2.

s, )= " — g2, T =1, ()=, r(—)=ﬁ,

n=0
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where y is Euler’s constant, we obtain the well-known result
I'(3) = —(y +2log2)V.
We can also obtain (2.9) by using (2.5) as follows:

5,0) = oy - e+l = Db als = 174

J(5,0) = 3=t (s, 5) - €5, @
={1—(log2)(s—l)+~~}{s—_1-1——
1 I(a)
—{FT_W“L"'}

_ [T T'(a/2)
- {T’_(cl_)_ T(a/2) —log2}+A1(s— D+ Ay(s—1)+--,

which gives (2.9). From (2.3) and (2.4) we obtain two other forms of (2.9),

I'(a/2)
Ta/2) }

namely,

, 1 (T((1+a)/2) T(a2)
(29) Ja)=5 { N(+a/2) T } ’
(2.9)" I, a = LW+a/2) M@ o0,

I(1+a)/2) T(a)
From (2.9)' we obtain a formula of Kummer (see, e.g., [2, p. 262]):

= (=) e ! I"((1+4a)/2) T'(a/2)
(2.10) §n+a_/o 1+td"2{ T(1+a)/2) (a/2)}'

Next, we use Proposition 1 to evaluate J'(0, a). We have

1 * tan~!( y/a)e"y
- 510ga+2/0 —_e2"y —

1 . 1 L
—iloga+2/ tan l(y/a) (eny_l—eZny_l)dy

J'(0, a)

1  tan~!( tan—'(2y/a) , * tan~'(y/a)
=-§loga+4/ o1 2/ T dy.
In view of Binet’s formula for logF(a) [2, p. 251],
tan"!(y/a
logT'(a) = (a - 5) loga —a+ 5 log 2n) + 2/ 2ny(i’/l ) dy.

we obtain
' =1 ay_(a_1 a,a_1
J'(0, a) = —Eloga+2{logl‘(2) (5 2)10g2+2 > log(27)
- {logF(a) - (a - %) loga +a- %log(27t)}

= 210gT" (§) - logT'(a) — (a— 1)log2 - %103(27:).
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Finally, from the duplication formula
201 g l+a
=22 (9)r (152),

we obtain the following result.
Proposition 3. For 0 <a <1

I'(a/2) 1
lOg l"((—)/2) - 5 lOg 2.

We remark that Proposition 3 can also be deduced from (2.5) and the formula
I'(a)

Nord

The formula (2.12) can be found in [3, Corollary 2] or can be obtained by
differentiating both sides of (2.6).

(2.11) J'0,a) =

(2.12) ¢'(0, a) = log

3. EVALUATION OF CERTAIN DEFINITE INTEGRALS

Since -
(nr-l(-si)s — / e—(n+a)xxs—l dx, o> O,
0
we have
00 0o
66,0 = 3 / ne=im+a)x xs=1 g
oo © © ,—ax ys—1
/ Z —(n+a)xxs—ldx=/ e_ X dx, >0,
o0 0 e~x+1
that is,
e s} e(l——a)xxs—l
(3.1) I'(s)J(s, a) _/0 C S —dx, o>0

By considering the integral of the function e(!~9?z5=!/(¢? + 1) along the con-
tour C, which starts at infinity on the positive real axis, circles the origin once
in the positive direction, and returns to positive infinity, J(s, a) can be con-
tinued analytically in the whole plane. Since

(1-a)z ,s—1 oo (l—a)x s—1
e z ; X
/—dz—(ez’”s 1)/ € X ax,
C ez +1 ex+1

/oo e(l—a)xxs l /e(l a)z z5— l
0 eX+1 ez’”s—l e’ +1

e—ms / e l—a)zZs—l d
= — z
2isinms Jo ei+1 ’

we have (as I'(s)['(1 — s) = n/sin ws)

—mis _ (l1—-a)z ,5—1
(3.2) J(s,a)= L0 S)/ €z 4
C

2mi e’ +1
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Next, we evaluate the residue of the function f(z) = e!!=97z5"1/(e? + 1) at
Zm=(2m+ 1)ni and z,, = -2m+ )i (m > 0):
Res(f(z) , Zm) — e—azzs—l|z=z — e—(2m+l)ani(2m + l)s—lns—le(s—l)ni/Z ,
Res(f(z), Z;n) — e—azzs—1|z=z/ — e(2m+l)ani(2m + l)s—lns—le(3(s—l)ni/2 ,
Res(f(2), zm) +ReS(f(Z), Zpm)
ns
= —2(2m + 1)*~175~1e5m sin { o+ (2m+ l)an} .
By Cauchy’s residue theorem, we have

75— lX:sm(ns/2+ 2m+1) )

(3.3) J(s,a)=2I'(1- Gm+ i

, 0<0,

*or

_ I(s) ns . TS
34) J(l-s,0)= pr {cosTC(s,a)+sm7S(s,a)}, g>0,

where
(3.9)
_ <= cos(2m + 1)an =~ sin2m + 1
C(S,a)—ZW, ——Z 2m+ s o> 0.

m=0 m=0

From the expansion
14z 0 22n+l
LT I NN
n=0
we have
T
(3.6) S(1,a)= 3
1 an

(3.7) C(1,a) = 5log (cotT)

From (3.2) and the generating function of the Euler polynomials

209 XN Ey(a) ,
= z", zl<m,
e’ +1 nZ—O n! 2]

where E,(a) is the Euler polynomial of degree n, we have

B (- 1)"n'/ l—a 1
J(=n,a)= 2ai 82 ] g, dz,

that is,

(3.8) J(=n, a) = ('2')"5,,(1 _a)= —;-E,,(a) (n>0).

(In particular, when n = 0, we obtain (2.8) again: J(0, a) = 1Eg(a) = §.) On
the other hand, from (3.3) we have

(3.9) J(=n,a) = 2n! X sin((2m + l)an — nn/2)

nn+| A (2m+ 1)"+l ’

m=
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so that
— sin((2m + 1)an — nn/2) _n"*'E,(a)

(3.10) > T == > "0,
m=0

and

— sin2m + Nan _ (=1)"n?"*'Ey,(a)

(3.11) S(2n+l,a)=’;) Gm T - o) , n>0,
el _1\np2n
(3.12) C(@n,a)= Z cos(2m+ l)an _ (=1)"n""Ey,_(a) n>0.

LT mr D T 42n-1f

The formulae (3.11) and (3.12) are the well-known Fourier expansions of the
Euler polynomials.
By differentiating both sides of (3.4), we obtain

n*(logn)J(1 —s,a)-n*J'(1-5,a)

= 2I"(s) cos %C(s, a) — nl'(s) sin %C(s, a) + 2I'(s) cos %SCI(S, a)

+2I"(s) sin %S-S(s, a) + nT(s) cos %SS(S, a) + 2T(s) sin %S’(s , a).
Letting s = 1 and using (2.8), (3.6), and (3.7), we obtain

Elog7z -nJ'(0,a) = —Elog (cot E) 7y 28'(1, a),

2 2 2 2
where y = —I"(1) is Euler’s constant. Appealing to Proposition 3, we obtain

Proposition 4. For 0 <a< 1

i T D +a)/2) 7 na
(3.13) S'(1, @)= Flog— o, + 7 {108 (2mcot Z2) +7} .
Since
>~ sin(2m + l)an
Sl(l’a)=_zgll(————-——log(2m+l),
— 2m + 1
we have

Corollary. For 0 <a < 1

2 sin(2m + 1)an
m2=0 —am+1 loe@m+l)
m I'(a/2) (4 na
(3.14) = Elogﬁ(l—_‘_—z)/—z)—z{log (27[C0t7) +y}

The formula (3.14) can be obtained by using Kummer’s formula (see, e.g.,
[3, (2.28)])

1 < sin2nna 1
— Z logn = logI'(a) — (y +log2xm) [ = —a
n i~ n 2

_1
2

1

logm + >

log(sin na), O<ax<l,
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and the well-known result

>, sin 2nna (1 )
Z—=7z -—al, O<acxl.
n 2
n=1
We have
sin2(2n + 1)
_22—+11 og(2n+1)

1 & sin2nna 1 <X sindnna
= ;Z — —logn - ;ZTlog(Zn)

n=

n=1 1
1 < sin2nna 1 < sindnna log2 <= sin4nna
I e L
n=1 n=1 n=1
=logI'(a) — %logl"(Za) %(y + log 2m)
- %logn - ;( —2a) - 1 log(cot ma).

Using the duplication formula
22a -1

[(2a) = = =T(@r (a + %) ,

we have

> sin2(2n + 1)an

1 I'(a) 1 1
=5 log m 4(y + log2n) 2 log(cot ma).
Changing a into a/2 gives (3.14).
The next step is to obtain integral representations of S(s, a), C(s, a), and
J(s,a) ((3.15), (3.16), and (3.17) below). We start with the formula

—(2;(?1)5 = /oo e~@mtDxys=lgx ¢ >0.
0

Multiplying the formula by sin(2m + 1)za and summing over m , we have

I(s)S(s,a) = / > e Cmtxsin(2m + 1)na - x* dx
0

00 B e—x+nai :
— S—
- /(; Im { 1 - (e—x+nai)2 } xdx,
since Yo 22t =z/(1-22), |z| < 1. If welet z = e > then

_ [ Imz(l1-72) -1 /°° Im(z - |2)°Z) ,_,
I'(5)S(s, @) = /0 e M

=5} (e—x +e—3x)xs—l
= sinna/
o 1-

[1—z2)2

2e-2x cos2na + e—4*
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that is,
. ®  (coshx)xs~!

. = < 1.
(3.15) T'(s)S(s, a) smna/o cosh x — cos2na dx, 06>0,0<a<l
Similarly,

_ ©  (sinhx)x*!
(3.16) I'(s)C(s, a) = cos na/o “osh 2x — cosana &%
where either 6 >0, O<a<loro>1, a=1, and
(3.17)
J(s, a) = 2 /°° cos a cos(ns/2) sinh x + sin na sin(ns/2)coshxxs_1 dx
7 Jo cosh 2x — cos2ma ’

O<a<l, 6>00ra>1, a=1.

From these integral representations we will obtain integral representations of
the Euler polynomials. Taking s = 2n + 1 in (3.15), we have

. ©  (coshx)x2"
| =
(2n)!S(2n+1, a) = sin ”a/O cosh 2x — cos 2ma

Then, from (3.11) we obtain (3.18), and from (3.12) and (3.16), we obtain
(3.19).

Proposition 5.

(3.18) Ej(a)= dx, 0O<a<l,

4(—1)"sinna /°° (cosh x)x2"
n2n+l o cosh2x —cos2ma

(3.19) Ezn_i(a) = dx, O<a<]l.

4(-1)"cos na /°° (sinh x)x2"~!
nn o cosh2x —cos2na

Next we make use of the value of S’(1, a) to evaluate a certain definite
integral.

Theorem 1. For 0 <a< 1

/°° cosh x - log x
o cosh2x —cos2na

(3.20) T [l lt+a)/2) 1 (27[ Cmﬂ)
= 2sinna | 87 I(a)2) 7 108 )
Proof. We have
®  coshx-logx 1 /
/0 cosh 2x —cos2rna dx = sinza {T(s)S(s, @) ls=1

=sm a{F(l)S’(l a)+I'(1)S(1,a)} = pe—

The theorem follows from (3.6) and (3.13). O

{S'(1,a)-yS(1, a)}.

Taking a = % in (3.20), the integral on the left-hand side becomes

/°° cosh x - logx /°° logx /°° e*logx dx
o cosh2x + 1 2 coshx 0o e¥+1
n/2
= / loglogtantdt,
n/4
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where the last integral was obtained by means of the substitution ¢ = tan™!(e*).
Then Theorem 1 gives

/2 n \/27:1“ V2rI(3/4)
loglogtantdt = = lo ,
/m gl 2 2T I(1/4)

which was obtained in [3].

4. RECURRENCE RELATIONS FOR S(2n) AND S(2n+1)

In this section we obtain the functional equation for S(s) as well as deter-
mining S(s) and S’(s) for certain values of s.

Taking a = § in (2.2), we obtain

(4.1) (s ) i 5 = 28(9),

where
(D"
(4.2) S(s) = g TR
As C(s, 1) =0, S(s, 3) = S(s), we have from (3.4)
21-58(1 - 5) = 217;( 5 sin %S(s),
that is,
(4.3) S(s) = (g)s cos (1 - 5)S(1 - 5),

which is the well-known functional equation for S(s).
From (3.1) and (4.1) we obtain

ooexxs—l 1 © 45—
(4.4) r(S)S(S) = /(; mdx = 5/(; mdx, g >0.

From (4.1) and (2.11) we have

(4.5) 5'(0) = log ;E;ﬁ; “log2,

and from (3.13) we have

(4.6) S'(1) = g{ 11:%:3 1(10g27r + y)}

We now return to (3.16). As C(s, 5) = cos § = 0, the value of the integral
in (3.16) when a = 1 must be considered as the limiting value:

0 (g1 s—1
/ (sinh x)x dx = T(s) lim C(s,a)
o cosh2x +1 a—1/2 cosma

r 2
- 1 Z SI(n2(mn-1!--'i)s) a1 =T(s)S(s = 1), >0

simna e
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Appealing to (4.15) and recalling that S(0) = J(0, ) = , we obtain

/°° sinh x - log x
0

cosh2x + 1 dx = {T'(s)S(s — 1)}'|s=1 = —»S(0) + S'(0)

I'(1/4)
= loeF37g)

The following integrals are easily deduced from (4.7):

(4.7)

Y
—log2 5

(=8 4 etog ) _/ (-1 r(1/4) 7y

/0 ETDE loglogtdt— A Ty > loglogtdt = 10g2F(3/4) 5

or
n/4 n/2

/ cos2x loglogcot x dx = —/ cos 2x loglogtan x dx = log 20(3/4) + 2
0 n/4 /4 2

We remark that (4.7) can also be obtained by integrating (4.4) by parts:

1 [ x5~ 1 [~ dx*
T($)S(s) = 5/0 coshx 2% = 2_5/0 cosh x

X °°+i/°° sinhx 1/ sinh x X dx,
~ 2scoshx|,  2sJo cosh®x cosh2x + |
that is,
> sinhx
(48) /0 mxs dx = SF(S)S(S)
and

* sinhx - lo X 4
/o cosh 2x +81 = {sT'(s)S(s)} |s=0 = —7S(0) + S'(0),

which reproves (4.7).
Next we obtain the values of S(—(2n+1)) and S(—2n) (n > 0). From (3.9)
and (4.1) we have for n > 0

S(—n) =217 (_n, 1) — (g)”*‘ i sin{(2m + 1)n/2 — nn/2}

2 n o (2m + 1)n+!
Hence
(4.9) S(1-2n)=0, n>1,
and

2n+1 oo _1\ym
S(=2n) = (=1)"(2n)! (;) 3D

= (2m + 1)2n+!

QA

2n+1
) S2n+1), n>0.

= (=1)"(2n)! (

But from (3.11) we have

(4.10) S(2n+1)=ME2,, <l) =(_'_1_)11_5£'1(%)2n+1 | 050,

2

2(2n)! 2(2n)!
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giving
(4.11) S(=2n) = L1E,, n>0.
We observe that from (4.4) and (4.10)
00 x2n n (T 2n+1
. 2 _dx=(-1)"(=% > 0.
(4.12) /0 S —dx=(-1)"(3) Em, 20

The values of S(2n + 1) have been determined in (4.10). We now turn to
the evaluation of S(2n). From (3.12), for n > 1,

(-=1)"4(2n —1)! i cos(2m + 1)mx

EZn—l(x) = 2n (2m + 1)2,,

m=0
Hence

VEy—1(x) ,  (=1)"4(2n— 1) & 1 P'cos(2m + 1)mx
/0 Banc1X) > / dx

B ¢ (2m+ 1) COS TX

COS TX n2n

However, as

COS X
(see [1, 332. 22b]) we have

'Eaoi(x) , _ (C1M@n- NS (D"

o COSTX nn = 2m + 1)2n°

1
/ cos(2m + 1)nx dx =
0

that is,

2n 1
(4.13) S(2n) = ‘f(zl)_”l)/oEég;;g‘)dx, n> 1.

From (4.4) we can also write (4.13) in another form, namely,

00 1.2n—1 _1\ng2n pl
(4.14) / X7 g = 27 /Ez"_'(x)dx, n> 1.
0 0

cosh x 2 COS X

From (4.13), for k=1,2,..., n, we have
(=Dk2k - 1)! /Ean
T mk T Sk = 4 COS TX

so that

n

> (- l)k(zk ) (2K - Dis(2k) = 4/ ( o 1)E2""(X)'co?:zx'

k=1

It is easy to prove that

(4.15) Z(zkz’_’I)Ezk_.(x)=x2"—(1-x)2", n>1.

k=1

Hence we have the following recurrence relation for S(2n):
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Theorem 2. For positive integers n

COoS X

“ 2n x — (1 —x)¥
_1\k -2k 1\ A S
(4.16) g( 1) (2k " ) (2K — 1)1S(2k) = 4/ dx.
In [3] we gave the following recurrence relation for S(2n +1):
n . n _— Py 2n+1
- n— ! —1)" ! =
(4.17) kgo( 1) <2k)n (2KNS(2k + 1)+ (=1)"(2n)!S(2n + 1) (2) .

Finally we prove the recurrence formulas (4.16) and (4.17) simultaneously
by contour integration of the function f(z) = z2"/(e?+e~7) along the contour
in the clockwise direction consisting of:

o the x-axis from x =R to x =0,
e the y-axis from y=0to y=n/2—-¢ (¢ >0),
o the semicircle |z — mi/2| = ¢ in the first quadrant,
e the y-axis from y=7n/2+¢ to y=m,
e theline y=n from x =0 to x =R, and
e theline x=R from y=7n to y=0.
We have
i .z T\ 2n+1
/f(z 5 -2miRes (f( ), 7) _me2+e—z i =(-1) (5) ,
n/2—¢ (—l)" n/2—¢ y2n
Nidy = . dy .
/0 fliy)idy = — 1/0 cosy &
n 1 n/2—¢e 2n
L (= / (m—y)
iy)idy = i ———dy.
n/2+e fuy)idy 2 0 cosy Y

On the right vertical segment, z=R+iy, 0<y<m,

|22n| — |Z|2n < (R2+ n2)n’
le? +e77| > [le*| — |e7?|| =eR —e R > Jef (R > jlog2),
|/ (2)| < 2(R? + ?) e,

/ f(z)dz
x=R,0<y<n

By Cauchy’s residue theorem, we have

0\ 20+l R (x 4+ mi)? R xan
(- (% v =20 _gx- | ———dx
2 0 ex+7ti + e—x—mi 0 eX +e—x

- n/2— 8 (7[ y)
(—l) l/o —Wdy+a(R)—0,

<2a(R*P+7))"e R -0 (R - +o0).

(4.18)

L1
2

where a(R) — 0 as R — +oo. Taking the real part of (4.18) and letting
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R — +00, € — 0, we obtain

= (x+7zi)2” +x2n B 7T\ 2n+l
Re/0 e —dx = (-1)" (5) :

n 2n [ee]
_1\n—k 2n—-2k
kz=0( D <2k>n /0 eXt+ex e‘x / X e ¥

_ (—1)” (g)2n+l ’

which proves (4.17).
Similarly, taking the imaginary part of (4.18) and letting R — +oc0, ¢ — 0,

we obtain
zn:(—l)"“1 21\ an-2ke1 /°° x2-1 dx = a2l b1 — x)2 — x2 dx
k=1 2k 0o erte 2 Jo cos Lx ‘

From (4.4) and
1/2 — v\2n _ 2n 1 — yv\2n _ 2n
/ (1 X) X dx =/ (1 x) X dx
0

COS X 12 COS TX

we deduce (4.16).
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