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(Communicated by Andrew Bruckner)

ABSTRACT. Let A’ be the class of all derivatives, and let [A’] be the vector
space generated by A’ and O’Malley’s class By . In [1] it is shown that every
function in [A’] is of the form g’ + hk’,where g, h,and k are differentiable,
and that f € [A’] if and only if there is a sequence of derivatives v, and closed
sets A, such that (32, 4 = R and f = v, on Ap. The sequence of sets
Ap together with the corresponding functions v, is called a decomposition of
f . In this paper we show that every Peano derivative belongs to [A’]. Also we
show that for Peano derivatives the sets A4, can be chosen to be perfect.

1. INTRODUCTION

Let C be the family of all continuous functions on R, A the family of all
differentiable functions on R and A’ the family of all derivatives on R. If T’
is a family of functions defined on R, then by [I'] we denote the family of all
functions f on R with the following property: for every n =1, 2, ... there
exist v, € I' and closed sets 4, such that (J;2, 4, =R and f=wv, on 4,.
In [1, Theorem 2] it is shown that the following four conditions are equivalent:

(i) Thereare g, h,and k in A suchthat #’', k' € [C] and f = g'+ hk'.
(i) Thereisa p € A’ and y € [C] suchthat f=¢ + y.
(ii) f € [A].
(iv) There is a dense open set 7 and a function k € A such that f isa
derivativeon 7 and f=k' on R\ T.

Statement (ii) implies that [A’] is a vector space generated by A’ and [C]. In
[1, Theorem 3] it is shown that each approximate derivative, each approximately
continuous function, and each function in B} = [C] belongs to the class [A'].
In [5] O’Malley showed that for approximate derivatives sets A4, from the
definition of [A’] can be chosen to be perfect. A question raised in [1] is:
“Does every Peano derivative belong to [A']?”

The main goal of this paper is to show that a kth Peano derivative is in [A’]
and that the sets A4, from the definition of [A’] can be chosen to be perfect.
We will prove even more, namely, that a kth Peano derivative is a composite
derivative of the (k — 1)th Peano derivative. An immediate consequence of
this result is that a kth Peano derivative is an approximate derivative of the
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(k — 1)th Peano derivative almost everywhere. This result was first proved by
Zygmund and Marcinkiewicz (see [12, p. 77]).

2. PRELIMINARIES

In this section we will recall the definition of Peano derivatives and some
known properties of Peano derivatives.

Definition 1. Let f be a continuous function defined on R. We say that f has
kth Peano derivative at some point x , if there are real numbers f;, f2,... , fk
such that

(1) f(x+h)=f(x)+hf|+---+h"£’i'+hksk(h) where 'lli_xgsk(h)=0.

The number f; is called the kth Peano derivative of f at x, and since it
depends only on a function f and a point x, it will be convenient to denote it
by fi(x). Similarly the continuous function ¢, (#) depends on x, so we may
denote it by & (x, h). Also, it will be convenient to denote f(x) by fo(x).
With this notation (1) becomes f(x + h) = Zf=0 hf[f.!i) + hker(x, h). From
Definition 1 it is easy to see that if the kth Peano derivative exists, so does the
nth, for 1<n<k.

It is known that the kth Peano derivative is Baire 1, Darboux, and has Denjoy
property. For these, and some other properties of Peano derivatives, see [3, 4,
6, 8-12].

3. ForMULA

In this section we will derive a formula that is the crux of the proof of
Theorem 2.

Theorem 1. Let f be a continuous function on R, and let x # x; and t #0
be points such that fi(x) and fi(x,) exist. Then the following formula holds:

Jie—1(x1) = fe—1(x) ~ fu(x)

X1 — X
t k-1

=X1—X 2 ﬁC(x)
= k=1 (x1 —x + jo)k

+Z(_1)k—l—1 ( j ) mek(x, X1 —X+jt)
j=0

k-1
R {k; Lfean) + Y- (7 1) seuta, ft)} -

To prove this formula we need some lemmas.

Lemma 1. For m € N we have

m 0 l:fi=0,1,...,m_1,
> (-nymi (’;’)j'= m! ifi=m,
j=0 Zm+1)! ifi=m+1.
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Proof. The case 0 < i < m is a well-known exercise in mathematical induction.
So let us consider only the case i =m + 1. Let

a(m) = Z( s (1)

Then we have the following recursive formula: a(m) = ma(m — 1)+ mm!, and
since a(l) =1, we have a(m) =3(m+1)! O

Definition 2. Let f be a function defined on R. Then for any two points x;
and ¢ let

= (k-1 .
Aoy =) (=D (B0 flx + o).
k-1 por ( j ) 1

Lemma 2. Let f be a function defined on R having a kth Peano derivative at
some point x,. Then for any t the following holds:

Aoy = tk_lﬁc—l(xl)+t

ﬁc (x1) th( 1)k l—J( ; l)jksk(xl,jt)-

Proof.

k-1 k
Aoy = 3 (— k1 (",‘- ‘) (Zot)'f’("') Git) e (. m)

Jj=0

ko (k-1
_ (Z(_l)k—l—j (k; 1) jl) t1f1(l)!€1)

=0 \ j=0
k-1 k-1
k _qyk—1—-j [K— -k .
+1 E( 1) ( ; )J ex(x1, jt).
Jj=0
The rest follows from Lemma 1. O

Lemma 3. Let f be a function on R, and let x # x, be a point such that fi(x)
exists. Then

By = 7 fimy () + 247 = ) ) + 45 L )

k-1
+Y (-1t (k i 1) (a1 — x + jt)kee(x, x1 — x + jt).
Jj=0
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Proof.
k-1
Aoy = Z_‘a(—l)"“‘f (k ; 1)
. (?_k_:(xl —x +jt)’% + (1 — x + jt)¥er(x, x; — x +jt))
0
= kf(-l)k-‘-f (k N 1) Zk:(xl -Xx +jt)’@
j=0 A i
+kz_:l(—1)"““f (k ; 1) (o1 — x + jO)ker(x, x; — x + jt).
Since

k-1 k
S (- 1)k-i <k; 1) 3 x+ﬂ)lﬁ( x)
=0

=0

=§(—1)k—1—i ( )Izk:g ( ) iy i) fz(x)

=0 i
S5 (- (S (55 1) ) B2

]

by Lemma 1 it is equal to

Z Z ()(xl yi=igi (kil(_l)k—l—j (kj )1) f1§!x)

I=k—1i=k—1 Jj=0

Applying Lemma 1 once more it is equal to

57 frm(x) + 57 g = x) fie (%) Lk L. o

Proof of Theorem 1. The assertion follows directly from Lemmas 2 and 3. O

4. DECOMPOSITION

In this section we will prove the main theorem, namely, that a kth Peano
derivative belongs to [A'].

Definition 3. Suppose that a function f has a kth Peano derivative at every
point of R. Let

H(f, M, ?9)

={x

where M and & are some positive constants.

k—1
A A + D (") raee

<M for|t|<6}
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Theorem 2. H = H(f, M, 9) isclosed and f,_, is differentiable on H relative
to H with (fi_1|lg)'(x) = fi(x), also |fi(x)| < 2M for every x € H.

Proof Let x € H. Let 1 > ¢ > 0 be given. Thereis 0 < # < J such
that |ex(x, h)| < ¢ whenever |h| < n. Let x, € H so that |x, — x| < n/k.
Then for ¢ = (x, — x)e!/* we have |t| < 6 and |x, — x + jt| < n, for j =
0,1,...,k—1. Then the formula from Theorem 1 gives

Sie1(Xn) = fr—1(x) _

xn“x

k-1 k-1 k-1 1+‘81/kk .
< el/k 5 ()] + Z ( i ) L.L._)k;k(x, Xp — X + jt)|
j=0

Je(x)

ek—1)/k

k-1

k-1

i (k=1 . .

+ 'K | S5 felxa) + Y (=1 ’( j )J"sk(xn,ﬂ)
j=0

k-1 k-1 .
< 8'/"————2 TACIEDD ( i ) (1 + jellkykgllk 4 glikpf,
=0

Therefore as x, — x with x, € H we get

Jem1On) = feor (%) _ 4y g,

xn_‘x

Now let x € H, {x,} a sequence in H with x, — x, and 0 # |f| <. Then
the formula from Theorem 1 yields

k-1 ]

J

<

k—1
' (" ) + ;“”W (k j 1) jks"(x”’jt))

+ fe=1(Xn) = Sfe=1(%) = (Xn — 2) fie(x)]
S UM + | fie—1(%n) = Sre—1(x) = (Xn = X) fie(x)].

Letting n — oo the left-hand side becomes

k—1
t (k ; 1fk(x) + go(—l)k_l_j (k J_ 1) Fraul, jt))

b

J

while the right-hand side is |¢|M . Hence x € H .
That |fi(x)| < 2M on H follows from the definition of H taking t=0. O

Lemmad. Uy,_, H(f, M,1)=R.

Proof. The assertion follows from the fact that ¢, (x, jt) is a continuous func-
tionof ¢ for j=0,1,... ,k—-1. O
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The following corollary is an immediate consequence of Lemma 4 and The-
orem 2.

Corollary 1. Let f be a continuous function on R such that f,(x) exists at
every point of R. Then f, € [A'].

Proof. The corollary follows directly from Theorem 2, Lemma 4, and the fact
that for any function g defined on a closed set P, that is differentiable with
respect to P, there is a function G differentiable on R so that G|p = g and
G'|p = g'. (See Marik [7].) O

Definition 4. Let f be a function defined on R. If there exist a function g and
closed sets 4,, n=1,2,...,such that |J,., 4, =R and gl)y, (x) = f(x) for
x € A, , then we say that f is a composite derivative of g .

Corollary 2. f, is a composite derivative of fi_; .

An immediate consequence of this result is the following corollary, first
proved by Zygmund and Marcinkiewicz. (See Zygmund [12, p. 77].)

Corollary 3. f, is the approximate derivative of f,._, almost everywhere.

5. ON (k — 1)TH PEANO DERIVATIVES

It was known that for any point x there is a sequence x, — x so that
1M (fet (6n) = fem1 (5))/ Gon = %) = fie(x)-

(See Weil [11] or Mafik [6].) In this section we will prove that if f; exists
at some point x and f;_; exists at some neighborhood of the point x, then
there is a perfect set P of positive measure such that x is a bilateral point of
accumulation of P and f;_, differentiates at x along P with fi_;|»(x) =
Jfx(x) . In order to prove the above we need a few lemmas, two of which (Lemma
5 and Lemma 7) are known. (See Corominas [3].)

Lemma 5. Let f and g be functions on R such that the nth Peano derivatives
fa(x) and gn(x) exist at some point x. Then the function fg has an nth
Peano derivative at x and

o) =3 (”) £()8ny ().

=0

Lemma 6. Let f and g be functions on R such that the nth Peano derivative,
fa(x), and the nth ordinary derivative, g\ (x), exist at some point x . Then

n

-1 () (18- = fx)e).

j=0

J
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Proof. By Lemma 5

n

>y (%) e Dnit)

B
=Z(_1)i( ) 0( J)f(x 12" (x)
—i§ -y (5) (") demgro
S5 (7 (s

=(’,’)}Z ¥ ("7 ) fer)

— (08 x>+z( )(1—1>" 08" (x) = fu(x)g(x). D

n—

j ( ) £ o0 3)

=-
g

Lemma 7. Let H be a function defined in a neighborhood & of a point y.
Suppose that H is n times Peano differentiable in @ and that H, is m times
Peano differentiable in @ . Then H is (n+ m) times Peano differentiable at

y, and Hipym)(¥) = (Hn)m(y) -

Lemma 8. Let f be defined in some neighborhood @ of 0. Suppose that the
kth Peano derivative of f at 0 exists and that the Ith Peano derivative of f
exists in @, where k and | are positive integers with | < k — 1. Also suppose
that f(0) = f1(0)=--- = £(0) =0. Let g(y) =y~%*=D_. Then the function k
defined by

o) = () S0e0) - (1 ) / fing'td

+...+(_1)1(1)/0/0 /0 fgVt)ydt---dx, fory #0,

and h(0) =0 has an [th Peano derivative on & .
Moreover,

L)Y ify #£0,
h(y) = { ify=0.

Proof. By assumption, f(y) = y*¢,(0, y). Consequently all of the above inte-
grals are integrals of continuous functions. Hence # is well defined. Moreover,
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for y#£0, ye@

y X2 Xi—1 .
H(y)=/ / / fg W) dt---dx,, i=1,...,1,
0 Jo 0

is i times ordinarily differentiable and H)(y) = f(y)g!(y) for i=1, ..., 1.
By Lemma 5, fg() is / times Peano differentiable at y . Therefore by Lemma
7, H is | times Peano differentiable at y and

Hy(y) = (HD),_i(y) = (f0) &V D) u=iy-
Hence 4 is [ times Peano differentiable at y and
i

h(y) = 3 (=1 ( )(fg Ny ®)

Jj=0

and, by Lemma 6, iy(y) = /i(»)g(y).
It remains to prove that 4;(0) exists and that #;(0) =0. For y #0

= 2 {(6) e+ te-n (}) [ a0, nar
b kD=1 1)~ )

OLL [ o).

Hence lim,_o(h(y)/y') = 0. Therefore h(0) = h(0)=---=m(0)=0. O

Now suppose that f has an /th Peano derivative in some neighborhood &
of a point x and that f;(x) exists. Consider a function T'(y) = f(y) — f(x) —
(y —x)fi(x) == (¥ — x)k fi(x)/k! and its translate G(t) = T(x +1¢).

Then G satisfies the hypothesis of Lemma 8 and by that lemma the function
H defined by

) = () 6w - (1) [ cwewar

bt (=1 (f) /Oy/()xz-..]ox"' G()gV (1) dt---dx, fory+0

and H(0) = 0 has an /th Peano derivative on x — & .
Moreover, by the same lemma,

_[Gmwet it y#o0,
H’(y)‘{o if y=0.
But
Gi(t) = Tyt +X) = fi(t +X) = fi(x) = tfip (0) = - — 1% '(lj:k(xz))v

Therefore we have proved the following theorem.

Theorem 3. Suppose that a function f in some neighborhood @ of a point x
has an lth Peano derivative in @ and a kth Peano derivative at x, where
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0 <! < k. Then the function F defined on @ by

{(ﬁ(y) ~ Sk = XV iGN/ = X)L if y #£x,
0

F(y)= if y=x

is an lth Peano derivative.

Corollary 4. Suppose that a function f defined in some neighborhood @ of a
point x has a (k — 1)th Peano derivative in @ and kth Peano derivative at
x . Then there exists a perfect set P C @ of positive measure such that x is a
bilateral point of accumulation of P and

- fie1 () = S (%)
yell},r;r}—»x y—x = Ji(x).
Proof. The function F from Theorem 3, applied with /[ = k -1 is a
(k — 1)th Peano derivative and hence Baire 1, Darboux, and has Denjoy prop-
erty. Therefore, there is a perfect set P of positive measure such that x is a
bilateral point of accumulation of P and such that F is continuous at x with
respectto P. O

6. A, CAN BE CHOSEN TO BE PERFECT

In this section we will prove that the sets A4, from the definition of [A’] for
Peano derivatives can be chosen to be perfect.

Let y € H(f, M, 1) be an isolated point of H(f, M, 1). Then there is a
1>d(y) >0 sothat (y —2d(y),y+26(y))NH(f, M, 1)={y}. Let P, be
a perfect set containing y so that y is a bilateral point of accumulation of P,

satisfying
) Je—1(2) = firm1 (v) _
zellylfrzl—»y z=-)y = &)
and
fk_l(zz) :}f,k_l(y) ~ fiy)| <1 forevery z€P,.

Corollary 4 assures the existence of P,. If P, N(y + n#“ , V + %) # @ , for
n € Z\ {-1, 0}, then by the Baire category theorem there is Q,(y) C P, N
o+ n+1 ,V + %) , such that Q, is perfect and that there is M, € N with
On(y) CH(f, My, 1). Let

o= U a&0ny-60).r+80)uir,

nezZ\{-1,0}
and let
Hy=H(f,M,1)U{Qy: ye H(f, M, 1), y isisolated in H(f, M, 1)}.

Theorem 4. H), is a perfect set, and fi_, is differentiable on Hys relative to
Hy with (fiilmy,)' (x) = fi(x).

Proof. By the construction of Hys we see that no point is an isolated point.
Note that each of Q, is perfect and that Q,NQ, =@ if y,ze H(f, M, 1)
are two different isolated points of H(f, M, 1). Suppose that H), is not
closed. Then there is a sequence {z,} and a point z such that lim,_, z, = z
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and {z,} N H(f, M, 1) = @, but then either there is a subsequence {z, } C
{zn} and y € H(f, M, 1) with y an isolated point of H(f, M, 1) so that
{zn,} C Oy, or there is a sequence {y, } C H(f, M, 1) so that y, is an
isolated point of H(f, M, 1) and z, € Qy,,k for k=1, 2,.... In the first
case z € Qy C Hy, and in the second y,, — z and hence z€ H(f, M, 1).

Now if x € Hy is an isolated point of H(f, M, 1), then clearly f;_, at
x relative to Hjs exists and is equal to fi(x). If x € Q, for some y €
H(f, M, 1) where y is an isolated point of H(f, M, 1), then there is n €
Z so that x € Q,(y) C H(f, M,(y), 1), and by the fact that there are two
numbers a < b so that (a, b) N Hy = Qn(y), we see that f; | at x relative
to H), exists and is equal to fi(x).

Finally let x € H(f, M, 1), and x not an isolated point of H(f, M, 1).
Let & > 0 be given. Then there is ¢ > n > 0 so that

.ﬂ(—l(y}z:fc—l(x) _ﬁc(-x) <e

whenever y € H(f, M, 1) and |y — x| < 7.

Let y be an isolated point of H(f, M, 1), and let z € Q) with |z — x| <
n/2. Since |y — z| < 6%(y) < 6(y) and |y — x| > 26(y), we have /2 >
|x —z| > |x—y|—|y—z| >25(y)-6(y) = (y). Hence |y —x| < |y —z|+
|z—-x|<d(y)+n/2<n.

Now
Se-1(2) = fr—1(x)

e e )
_ (fk-lm—ﬁc_l(x)
y—Xx
+ Je-1(2) = fe—1(p)
z=Yy
Je1(¥) = fre—1(x) B
e A1

Je=1(2) = fe1(y) z—y
k—1 Z_ykl _ﬁc(y) —

32(y) 2(y) , 62(»)
S"’(” 6(y>)“‘ 30) "o M

<2e+0(»)(1+4M) < 2+ %(1 +4M),

- filn)) L2

z_

X
- h0)) Z22 4 222409 - fix)
V4

z

IA

-y
-X

M Etd | U+ 1AO)D)

zZ—-X

+

and since ¢ was arbitrary, we have that f; | at x relative to Hys exists and
equals fi(x). O
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