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ABSTRACT. Let Y be a Hausdorff topological space, let ¥ be a system of
weights on Y, and let LVy(Y) and LJ4(Y) be the weighted locally con-
vex spaces of cross-sections with a topology generated by seminorms which are
weighted analogues of the supremum norm. In the present paper, we charac-
terise the multiplication operators on the spaces LVy(Y) and LV, (Y) induced
by the scalar-valued, the vector-valued, and the operator-valued mappings. A
(linear) dynamical system on the weighted spaces of cross-sections is obtained
as an application of the theory of the multiplication operators. Many examples
are given to illustrate the theory.

1. INTRODUCTION

Let Y be a nonempty set, and let (Y, (F,),cy) be a vector-fibration over
Y, where each F, is an algebra over the field K (where K = R or C). We
denote by (T'(F,)),cy a family of vector spaces of linear transformations from
F, to itself. The Cartesian product [] .y F, of the family (F))yey is a vec-
tor space under pointwise operations. Any element of the Cartesian product
[I,cy Fy isknownasa cross-section over Y . Let L(Y) be a topological vector
space of cross-sections over Y. Let m be a complex-valued function on Y,
¥ be a cross-section over Y, and #: Y — U,y(T(F,)) be a mapping such
that n(y) € T(F,) for each y € Y. Then the scalar multiplication, the vector
multiplication, and the composition of mappings give rise to three linear trans-
formations M;, M, , and M, from L(Y) to the linear space ]'[yGYFy of all
cross-sections over Y, defined as M,f ==nf, M,f =yf,and M,f =nf,
where the product of functions is defined pointwise. In case M;, M, , and M,
take L(Y) into itself and they are continuous, they are called the multiplication
operators on L(Y) induced by the mappings 7, v, and 7, respectively. These
operators have been the subject of study for a long time on different function
spaces, especially on LP-spaces and HP-spaces, and they have played a very
important role in the study of operators on Hilbert spaces. For more details
about these operators we refer to Abrahamse [1].
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We initiated the study of these operators on the weighted function spaces in
[7]. This paper is a continuation of our earlier papers [8, 9] in which we stud-
ied the multiplication operators on the weighted spaces of vector-valued func-
tions. In this note we endeavour to study the multiplication operators on the
weighted spaces of cross-sections induced by the scalar-valued, vector-valued,
and operator-valued mappings. The study of these operators on these function
spaces comes in contact with topological dynamics. Section 2 of this paper con-
tains preliminaries, and in the third section we characterise the functions which
induce the multiplication operators on the weighted spaces of cross-sections.
We illustrate the theory in §4 by giving examples of the functions which induce
or do not induce the multiplication operators on the weighted locally convex
spaces of cross-sections. Finally, we end this paper with §5 by obtaining a
(linear) dynamical system on the weighted function spaces of cross-sections.

2. PRELIMINARIES

Let Y be a Hausdorff topological space. A vector-fibration over Y is a pair
(Y, (Fy)yey) , where each F, is a vector space over the field K (where K =R
or C). A cross-section over Y is then any element of the Cartesian product
[I,cy £ - The Cartesian product [,y F, is made a vector space in the usual
way, and a vector space of cross-sections over Y is, by definition, any vector
subspace of [],cy Fy.

By a ‘weight’ on Y we mean a function v on Y such that v(y) is a semi-
norm on F, for each y € Y. For our convenience, we shall use the notation
vy for the seminorm v(y) for each y € Y. By v < u we mean that v, < u,
forevery y e Y. A set V of weights on Y is said to be directed if, for every
pair u,v € V and 4> 0, there exists w € V such that Au <w and Av <w.
Hereafter we assume that each set of weights is directed. We write V' > 0, if
given y € Y and x € F,, there is some v € V' for which v,(x) > 0. A set
V of weights on Y which additionally satisfies ¥ > 0 will be referred to as
a system of weights on Y. If f is a cross-section over Y and v is a weight
on Y, then we will denote by v[f] the positive-valued function on Y which
takes y into v,[f(y)]. We denote by L(Y) a vector space of cross-sections
over Y. Now the weighted spaces of cross-sections over Y with respect to the
system of weights V' are introduced as follows:

LVy(Y)={f € L(Y): v[f] is upper semicontinuous and vanishes
at infinity on Y for each v € V'}
and
LVy(Y) ={f € L(Y): v[f] is a bounded function on Y for each v € V}.

Obviously, LVy(Y) and LV, (Y) are vector spaces and LVy(Y) C LW(Y).
Now, for v € V and f € L(Y), if we put |f]l, = sup{v,[f(y)]:y € Y},
then || ||, can be regarded as a seminorm on either LV, (Y) or LVy(Y), and
the family of seminorms {|| - |y: v € V'} defines a Hausdorff locally convex
topology on each of these spaces. This topology is denoted by 7y, and the
vector spaces endowed with 7, are called the weighted locally convex spaces
of cross-sections. Since V is a directed set of weights, 7, has a basis of closed
absolutely convex neighborhoods of the origin of the form

By ={f e LW(Y): I/l < 1}.
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For illustrations and details about these weighted spaces of cross-sections we
refer to [2-6].

3. FUNCTIONS INDUCING THE MULTIPLICATION OPERATORS
ON THE WEIGHTED SPACES OF CROSS-SECTIONS

In this section we characterise the scalar-valued, vector-valued, and operator-
valued mappings which induce the multiplication operators on LFVy(Y) and
LVy(Y). We shall generalise some of the results obtained in [8, 9] to the
weighted spaces of cross-sections.

In the following theorem we characterise the scalar-valued mappings n: ¥ —
C which induce the multiplication operators on LVy(Y).

Theorem 3.1. Let n: Y — C be a mapping. Then My: LVy(Y) — LVy(Y) isa
multiplication operator if and only if for every v € V there exists u € V such
that

|m(y)|vy(x) < uy(x) foreveryyeY andx€F,.

Proof. First of all, suppose that for every v € V' there exists u € V' such that
|m(y)|vy(x) < uy(x) foreveryyeY and x € F,,.

We shall show that M,: LVy(Y) — LVy(Y) is a continuous linear operator.
Clearly, M, is a linear operator on LV;(Y). To show that M, is a continuous
operator on LV,(Y), it is enough to show that M, is continuous at the origin.
Let {f,} be anetin LV,(Y) such that | f,]|, — O for every v € V. Then

|7 fallo = sup{vy[n(¥) fa(¥)]: ¥y € Y}
<sup{uy[fe(P)]):y €Y} = |fallu — 0.

This proves that M, is continuous at the origin, and hence M, is a continuous
linear operator on LVy(Y).

Conversely, if M,: LVy(Y) — LV,(Y) is a multiplication operator, then for
v € V there exists u € V' such that M,(B,) C B, . We claim that

|m(y)|vy(x) < uy(x) foreveryyeY and x € F,.

Fix yo € Y and xy € F,,. Set uy,(xo) = ¢. In case ¢ > 0, we define the
function g:Y — U,y Fy as

e 'x, y=yo,
g(y)={
0, Y#Yo.

Clearly, g is a cross-section and g € LVy(Y). Also, g € B, and ng € B, .
From this it follows that v,[n(y)g(y)] < 1 for every y € Y . Further, it implies
that |z(y)[vy[g(¥)] < 1 for every y € Y . Thus [7(yo)[y,(Xo) < ty, (xo) . Since
yo and X are arbitrary, in this case our claim is established. In case u,,(xo) =
0, we have to prove that |n(yo)|v,,(xo) = 0. Suppose that |n(yg)|vy,(xo) > 0,
and put

- |7I(YO)|21)yo(xo) ‘

Define the function g: Y — U,y F, as

e 'xo, y=yo,
0, Y#Yo.

gy) = {




550 R. K. SINGH AND J. S. MANHAS
Then g € B,, and hence ng € B, . From this it follows that

|Z(y)|v,[g(»)] <1 foreveryyeY.

Hence (
n Uy, (X
700ty (o) < ZE (D)
which is impossible, and hence in this case, too, our claim is established. This
completes the proof of the theorem.

Corollary 3.2. If n: Y — C is a bounded mapping, then M,: LVy(Y) — LVy(Y)
is a multiplication operator.

Proof. The proof follows from Theorem 3.1.

In the next theorem we characterise the vector-valued mappings which induce
the multiplication operators on LV;(Y). In the following theorem we shall
consider the vector-fibration as a pair (Y, (F)),cy), where (F,)ycy is a family
of (topological) algebras over the same field K.

Theorem 3.3. Let n: Y — U,y F;, be a mapping such that n(y) € F, for every
y€Y. Then My: LVy(Y) — LVy(Y) is a multiplication operator if and only if
Jor every v € V there exists u € V such that

vy(n(y)x) < uy(x) foreveryyeY andx € F,.

Proof. Suppose the condition of the theorem holds, and suppose {f,} is a net
in LVy(Y) such that || f,|ly — O for every v € V. Then

17 fallo = sup{vy[z(¥) fe(¥)]: y € Y}
<sup{uy[faW)]: y €Y} = || fallu — 0.

This proves the continuity of M; at the origin and hence on L¥V(Y).

Conversely, suppose M, is a multiplication operator on LV,(Y). We need
to show that for every v € V' there exists u € V' such that v,(n(y)x) < u,(x)
for every y € Y and x € F,. This inequality can be established in the same
way as we did in the converse part of Theorem 3.1.

In the next theorem we characterise the operator-valued mappings inducing
multiplication operators on LVy(Y).

Theorem 3.4. Let n: Y — U, .y(T(F)) be a mapping such that m, (= n(y))
belongs to T(F,) for every y € Y. Then My: LVy(y) = LVy(Y) is a multipli-
cation operator if and only if for every v € V there exists u € V such that

vy(my(x)) < uy(x) foreveryyeY andx € F,.

Proof. Suppose that the condition of the theorem holds. To show that M, :
LVy(Y) — LVy(Y) is a multiplication operator, it is enough to show that M,
1s continuous at the origin. To show this, let {f,} be a net in LVy(Y) such
that || f.|lv — O for every v € V. Then

Iz fallo = sup{vy[m, (fa(¥))]: ¥ € Y}
<sup{wy[fa()]: ¥y € Y} = | fallu = 0.

This proves the continuity of M, at the origin and hence on LV,(Y).
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Conversely, if M, is a multiplication operator on LV;,(Y), then we can easily
establish that for every v € V' there exists u € V' such that

vy(my(x)) L uy(x) foreveryy €Y and x € F;.
With this the proof of the theorem is completed.

Remark 3.5. If we replace the weighted space LVy(Y) of cross-sections by the
weighted space LV;(Y) of cross-sections, even then all the results obtained so
far go through.

Now we shall give some examples of the mappings which induce or do not
induce the multiplication operators on the weighted space LV,(Y) of cross-
sections in the following section.

4. EXAMPLES

Example 4.1. Let n: N — C be the mapping defined as n(n) = 1/n for every
n € N. Let (N, (Fy)nen) be the vector-fibration over N, where, for every
n €N, F, =C" with the usual norm. Now we define the function v on N as
Vp = ||+ |ln. Then clearly v is a weight on N, and the set V' = {iv: 1> 0} isa
system of weights on N. Since the mapping 7z is bounded, in view of Corollary
3.2 we conclude that M, is a multiplication operator on LV} (N).

On the other hand, if we define 7: N — C as n(n) = n? for every n € N,
then M, is not a multiplication operator on LV;(N). In this case M, is not
even an into map. To see this, we define the function g: N — (J,yC" as
g(n) = (0,0,...,1) e C". Then clearly g € LV,(N), but ng ¢ LW(N)
because v[7 - g] is an unbounded function on N.

Example 4.2. For each n € N let Cy(R") be the normed linear space of all
bounded continuous complex-valued functions on R” with the supnorm defined
as || fll» = sup{|f(?)|: t € R"}. Consider the vector-fibration (N, (Cy(R"))nen) -
For each n € N, let ¢": R” — R"” be a continuous mapping. It can easily be
seen that each ¢" induces the composition operator Cy: Cp(R") — G,(R"),
defined as Cyn f = fo ¢ for every f € Gp(R"). Let {T(Cp(R"))}nen be the
family of vector spaces of bounded linear operators on C,(R"). Foreach n € N
we define the function v on N such that v, = ||-||,, where ||+||, is the supnorm
on Cp(R"). Then v isa weighton N, and the set V' = {Av: 4 > 0} is a system
of weights on N. Now we define the mapping 7n: N — |J,n{T(Gy(R"))} as
n(n) = Cy¢n for every n € N. Since v,(m,(f)) < vn(f) for every n € N and
f € Co(R"), in light of Theorem 3.4 we conclude that M, is a multiplication
operator on LV,(N).

Now we give an example of an operator-valued mapping which does not
induce a multiplication operator on LV;(N). For each n € N we define the
function y":R" — C as y"(t) = n for every t € R". Each y”" induces
the multiplication operator M,» on C,(R"). Now we define the mapping
n: N - U,en{T(Go(R"))} as m(n) = My~ for every n € N. One can easily
check that M, is not a multiplication operator on LV,(N). In fact, M, is
not even an into map. If we define the function F: N — |J,cy Go(R") as
F(n) = 1, for every n € N, where 1, is the constant function defined by
1,(¢) = 1 for every t € R", then F € LV}(N); but nF ¢ LV;(N), since
v[m - F] is unbounded.
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Example 4.3. Consider the vector-fibration (N, (F,)nen), where F, = G,(R")
for every n € N. Define the vector-valued function n: N — |,y Go(R") as
n(n) = 1y,, for every n € N, where 1,,, is the constant function defined
on R* by 1y/,(t) = % for every t € R". Then by Theorem 3.3 M, is a
multiplication operator on LV,(N). In case zn(n)(t) = n for every t € R",
the function 7 does not induce a multiplication operator on LV;,(N). The
linear transformation M, does not take LJV;(N) into itself. If we take the
cross-section F defined as F(n) =1, forevery n € N, then F € LV;(N) and
n-F ¢ LV, (N) since v[n - F] is an unbounded function.

5. DYNAMICAL SYSTEMS INDUCED BY THE MULTIPLICATION OPERATORS

Throughout this section we take Y to be the real line R (with the usual
topology). Consider the vector-fibration (R, (F;)cg), where each F; is a Ba-
nach space over the field C with the norm denoted by || - ||;. By B(F;) we
denote the Banach algebra of all bounded linear operators on F, with the op-
erator norm denoted as ||| -|||;. Let F,(R) be the normed linear space of all
bounded functions on R with supnorm. Fix g € F,(R), and for each ¢ € R
define the linear transformation A;: F;, — F; as

A(y) = g(t)y foreveryyeF;.
Then

N4l = gyl = |g@llyll: < M|ly|l; forevery y € Fy,

where M = ||g||o. Thus for each ¢ € R, 4, is a bounded linear operator on
F;, and hence A, € B(F;). Also, [||4/||l: < M forevery t € R. Let w be the
function on R defined by w(#) = ||+ |.. Then w is a weight on R. Consider
the set V = {Aw: 1 > 0}. Then V is a system of weights on R. We denote
by L(R) a vector space of cross-sections over R. It readily follows that the
weighted space LV,(R) is a normed linear space with respect to the system of
weights V' on R.
Fix s € R and define the operator-valued mapping

vs: R — | J(B(F))
teRr

as

SA;

ws(t)=e for every t € R.

To prove that each y; induces a multiplication operator on LV,(R), in view
of Theorem 3.4, it is enough to show that for every v € V' there exists u € V
such that

v(ws(t)y) <u(y) foreveryteRandye€F,.

Let veV.Then v=Aw, A>0. For t e R and y € F,, we have
vi(Ws()y) = Alle** W)l: < 2P Myl = ud(y),

where u = Ael'Mw . This proves that M, is a multiplication operator on
LVy(R).
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Theorem 5.1. Let g € Fy(R), and let I1,: R x LVy(R) — L(R) be the function
defined by Tlg(s, f) = My f for s € R and f € LVo(R). Then Il is a
dynamical system on LVy(R).

Proof. Since for each s € R, M, is a multiplication operator on LV,(R),
we can conclude that Ilg(s, f) belongs to LVy(R) whenever s € R and
f € LV(R). Thus II; is a function from R x LV5(R) — LVy(R). Also, it
readily follows that II,(0, f) = f forevery f e LVy(R),and Ilg(s+¢, f)=
I (s, Ig(t, f)) forevery s,t € R and f € LVy(R). To show that II, is a
dynamical system, it suffices to prove that Il, is continuous. Let (s,, f,) be
a sequence in R x LV,y(R) such that (s,, f,) — (s, f). Let v € V. Then
v=Aw, A>0.

g (sn s fu) — Mg (s, S)llo
= sup{Allys, (1) fu(t) — Ws(O)Ja(t) + Ws() fu(1) — ws(O) S (O)ll:: £ € R}
< sup{eFM (el =M — 1)y [ f,(1)]: t € R}

+ sup{eFMu,[ £, (r) - f(1)]: t € R}
= eFM (=M 1)), + ) fy — 71y — O

as |sp —s| — 0 and ||fy — fllv — 0. This proves the continuity of II;, and
hence Il, is a (linear) dynamical system on LVy(R). This completes the proof
of the theorem.

Remark 5.2. Consider the family {M,,: s € R} of the multiplication operators
on the weighted space LV,(R) of cross-sections. We observe the following:

(i) My,, f=M, (M, f) forevery f € LVp(R) and s,t€R.
(il) My, f = f forall fe LVy(R).
(iil) lim,o M, f = f forall fe€ LV,(R).

Thus the family {M,, : s € R} is a Co-group of the multiplication operators on
LVy(R) which turns out to be locally equicontinuous. To show this, we need
to establish that for any fixed s € R the subfamily {M,,: —s <t < s} is
equicontinuous on LV,(R). Let s € R be fixed. Then the family {M,,: —s <
t < s} isabounded setin B(LV,(R)) since the mapping ¢ — M,, is continuous,
where B(LVy(R)) is the locally convex space of all continuous linear operators
on LVy(R) with the strong operator topology. Also, for each f € LV,(R) the
set {M,, f: —s <t < s} is bounded in LV,(R), and hence by a corollary
of the Banach-Steinhaus Theorem [10, Theorem 2.6] it follows that the family
{My,: —s <t <s} is equicontinuous, and hence the Cy-group {M,,: t € R}
is locally equicontinuous.
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