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ABSTRACT. We give an asymptotic expansion as M — oo, N — oo of
[1(m + nt)?, where the product is over 1 < |m| < M, 1 < |n| < N,
(m,n) # (0,0). The formula is analogous to the classical Stirling expan-
sion on M!. Of special interest is the constant term in the expansion, which
involves the Dedekind eta function 7(z). Finding this constant is related
to the Kronecker limit formula for the derivative at 0 of the zeta function
Z(s) = X alm+ nt|~% . We consider instead the zeta function without
absolute values.

1. INTRODUCTION
Consider the classical Stirling expansion,
(1) log N!= (N + 1)log N - N +logV2n + O(N71)

as N — oo. The terms going to infinity in the expansion can be obtained by the
Fuler summation formula, but the constant term logv27 must be evaluated by
a different technique (see, e.g., [Bo, p. 253]). Now consider the Riemann zeta
function {(s) = Y ,2,n~* for Res > 1, which can be extended by methods
of analytic continuation to an entire meromorphic function which is analytic at
s = 0. The derivative at zero is

(2) {'(0) = —log V27,

precisely the negative of the constant in Stirling’s expansion. In fact, the value
of {’(0) can be used to obtain Stirling’s constant. We outline how this is done
in §2.

Now suppose we have a zeta function corresponding to a two-dimensional
lattice, say Z(s) = ¥’ |m + nt|~%, with Imt > 0, where the prime indicates
the sum over all integer pairs (m, n) # (0, 0). The evaluation of Z'(0) is
known as Kronecker’s limit formula. It says that

(3) Z'(0) = -log(27)*|n(7)|*,
where 7(t) is the Dedekind eta function, e™/12[]32 (1 — e27ik).
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The question arises whether a “Stirling” formula exists for equation (3), just
as equation (1) corresponds to equation (2). This would be an asymptotic
formula for HiMISM, i<y Im + nt|> as M and N go to co. For the case
7 =i this gives a natural generalization of (M!)* = ]'[fmI< 4 m? . The purpose
of this paper is to give such a formula (see §4, Theorem), which we call the
double Stirling formula. The corollary deals with the special case when 7 =i.

We found that it was necessary to derive the formula for the product without
absolute values, and in doing so we needed to consider the zeta function Z,(s) =
Y'(m + nt)~s for a suitable choice of log(m + nt). The value Z[(0) gave us
the constant in the expansion. The Kronecker limit formula did not directly
apply.

We prefer to consider the evaluation of the derivatives of zeta functions at 0
in the context of zeta regularized products, which we describe in §2. In §3 we
give motivation for the proof by considering how to prove the classical Stirling
formula starting with (2). In §4 we state the theorem and give the proof. The
idea for the proof comes from two main sources. The first is Barnes’s proof
for his asymptotic expansion of multiple gamma functions [Ba]. The second is
Shintani’s treatment [S] of the Kronecker limit formula using the double gamma
function. For a synthesis of these ideas and others, see our paper [QHS]. It was
in this context that the problem considered here arose.

2. ZETA REGULARIZED PRODUCTS

Let A, Kk =1,2,..., be a sequence of nonzero complex numbers, and
let Z(s) =Y p2, A’ be the zeta function associated to this sequence. The zeta
function will depend on the particular choice of argl; , and for a real sequence
the arg is chosen to be 0. We will assume that the series for Z(s) converges
absolutely in some half-plane Res > o and that it can be analytically continued
to a meromorphic function in the plane which is holomorphic at s = 0. This
will be the case for all the examples that follow. We define the zeta regularized
product of the sequence by

1'[2 A = exp(—Z'(0)).

Some properties of the zeta regularized product are easily established from
the definition. First, if a is any nonzero number, then

(4) I1, otk = a*O T 4.

provided the arguments are chosen so that argal, = arga + argd, . We will
call the sequence ad; the rotated sequence. Next, if A; is the union of two
sequences ,1,1( and ).i renumbered in any way, then

® ILa-TLAILA

Choosing logA2 = 2logi, and logi, = log4, , we also have
k

© ILA=(L4) .

" IL7 - (I
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We will also be concerned with zeta regularized products of the form
[1,(4& + z). The convention on these is that arg(Ax + z) is approximately
equal to argA;, for |4| large. This is sufficient to determine the product, since
changing a finite number of arguments in the product does not change the prod-
uct. In the product [],(4x + z) we can allow a finite number of the A;’s to be
zero by considering the contribution of those factors as z/, where / is the total
number of A,’s which are zero.

More information on zeta regularized products and methods for computing
them can be found in [QHS]. Here is a list of some of the products mentioned
there and the value of the corresponding zeta function Z at 0. We assume that
Im7>0 and —n < arg(m + nt) < n for all integers m and n. Also we write
P(7) = [I32,(1 — e?%ir7) and n(1) = e™*/12P(1) for the Dedekind eta function.
The symbol []' denotes the product for (m, n) # (0, 0).

V2rn 1
(8) Ei(m+z)=”2—“—)’ Z0)=5+z;
9) ]'[ (m+1)=1-e*  Z(0)=0;
(10) Hz(m+nt) =P(t), Z(0)=0;
2
(11) [[:(m +nt) = 27i[P(1)?,  Z(0)=1;
(12) [I21m+nt =2zin(0))>,  Z(0)=-1.

We note that (10) appears to follow from (9) by taking an iterated product,
but this procedure must be justified. We also note from property (4) that prod-
ucts (9) and (10) do not change if the sequence is rotated since Z(0) = 0. Also

we remark that
|Hz(m + n‘t)| # Hz |m + nt|,

5o (11) does not directly give Kronecker’s limit formula (12).

3. STIRLING’S FORMULA AND ZETA REGULARIZED PRODUCTS

To motivate §4, we give a brief discussion of the classical Stirling formula
from the point of view of zeta regularized products. Formula (1) can also be
written as N! = NN+1/2¢=N\/2zet where ¢ = O(N~!) as N — co. We note
that V2 in the formula is J],>2 n. The following analysis shows why this is
$0. A similar analysis will be used in the proof of the double Stirling formula.

Let

o0
(s, x)=) (n+x)*
n=1

for x >0 and Res > 1,s0 {(s, 0) = {(s) is the Riemann zeta function. Use
the Mellin transform formula [SG, p. 364] to get

l(s, x) = ﬁ /Oooe‘"‘ﬁ(t)ts“1 dt,
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where 6(f) = Y52, e~ = (¢! — 1)~!. The expansion 6(r) =t~! — 1+ O(t) as
t — 0% can be integrated to give for s > —1 the expansion

_ 1 1-s _ l -5 —1-s
{(s,x) = P % +50(x~"7%)

as x — oo [SG, p. 458]. This expansion can also be differentiated at s =0 to
give

d ad 1 _
EC(S, X)|s=0 = —loggz(n +x)= (x + —2-> logx — x + O(x~1)

as x — oo. Now writing (using (5))

N! =ﬁzn ﬁz(n+N) =V2zn ﬁz(n+N)
n=1 n=1

n=1

gives Stirling’s formula.

4. THE DOUBLE STIRLING FORMULA

Theorem (double Stirling formula). Suppose Im7 >0, M and N are positive
integers, and arg((M + N1)/(M — Nt)) and arg(—(M — N1)/(M + Nt)) are
chosen in the interval (0, n). Then

(01
[I (m+nc) = exp(—4(3MN + M + N))(M? — N*22)? (-% ]er>
im|<M AT
|n|<N
(m,n)#(0,0)

B
() Care) esste),

where y = QM +1)2N+1), a=-1(3+2N(N+1)), B =13 +2M(M +1)),
n is the Dedekind eta function, and ¢ = O(M~') + O(N~!) as M — o and
N - .

Corollary. With notation as in the theorem,

MN! H (m? + n?) = (M2 4+ N2)M+/DN+172)

1<m<M
1<nIN
N M
cexp|{ -3MN-M—-N+MM+ l)arctan—ﬂ + N(N + l)arctan—ﬁ

-V2n ﬁ(l — e~ )exp(e) .

n=1

We note that since [[00,(1 — e~2™) = 0.99812... is very close to 1, the

constant in the corollary is very nearly 27z, the constant in the classical Stirling
expansion.
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To prove the theorem, let a and b be complex numbers with positive real
parts. For Res > 2, t >0, let

Z(s,a,b,z)= Z (ma+nb+2z)"°,
m,n=1
e(t) = Z e—(ma+nb)t ,
m,n=1

where the principal branch of log is used to define Z. For ¢ > 0 we find the
expansion

(13) 0(t) = (e — 1)1 e — 1) =yt 2+ c1t™" + co + O(2)

as t — 0%, where

e =0(a,b)=—,
1/1 1
(14) a=ca,b)= ~3 (3+3) ,
1 1 fa b
Co=Co(a,b)=Z+ﬁ(3+Z)-
Now we write Z as a Laplace type integral
l oo
15 Z(s,a,b,z =—/ o) te~ dt
(15) ( =rw ), 00

for Res > 2. Using (15) to integrate the expansion (13) [SG, p. 458], we get,
for s>—-1, Rez>0,

1 1
mczzz_s + mCl Zl—s + COZ_S + SO(lZl_l_s)
as z— oo, larg| <% -6, 6>0.

We note from (14) that if s = 0, the expansion (16) is invariant if a, b, and
z are replaced by ga, ob, and oz, respectively, for ¢ any nonzero complex
number. Thus we can remove the restriction on the real parts of a and b, and
the expansion holds as z — oo in any closed sector of angle < n contained in
some open half-plane through the origin containing a and b. The branch of
log must be chosen appropriately in defining Z ; i.e., log(o(ma + nb + z)) =
log o +log(ma+nb+ z). This remark holds also for the following differentiated
version at s =0.

Now the expansion (16) may be differentiated at s = 0 [SG, p. 462], and we
get, for z - o,

(16) Z(s,a, b, z) =

(17) Z'(0,a,b,z)=A(a,b, z)+0(z|™}),
where
_1 1 2-5§ 1 1-s —s)
A(a’b’z)_ds (—(s—l)(s—Z)czz +—gaz T+ 6z s=0
_ e

== (—logz+ é) +cz(logz—1)—cylogz.

2




378 J. R. QUINE AND R. R. SONG
We can deduce from the definition of Z (or from (5)) that

> log(ma+nb)= ~Z'(0,a,b,0)+Z'(0,a, b, Ma)

1<m<M
1<n<N

+Z'(0,a,b, Nb)-Z'(0,a,b, Ma+ Nb).
Hence by (17)

(18) > log(ma+nb)=B(a,b, M,N)+Z'(0,a,b,0)+e,

1<m<M
i<nIN

where
B(a,b,M,N)=A(a, b, Ma)+ A(a, b, Nb) — A(a, b, Ma + Nb)
and e = OM~!)+ O(N~!). Thusletting a=1, b=t and a=-1, b=1

in (18) and adding the results, we have

> logm+nt)= > log(m+nt)+ > log(n1)
|m|<M I<|m|<M 1<n<N
(19)  1<n<N T<n<N

={B(l,t,M,N)+B(-1,1, M, N)+ (N + })log Nt — N}
+{Z'(0,1,7,0)+Z'(0, -1, 7, 0) + log(vV2rt~'/?)} + ¢,

where we used Stirling’s formula (1). We compute the first term in brackets as

. 1 M T 1
—3MN—N+m(—Z+7+ﬂ+E)+<§+M>logM

+ %(w +a— B)log(—M + N7) + %(y + B — a)log(M + N1),

where y, o, and f are as stated in the theorem. We recognize the second term
in brackets as the zeta regularized product (10), P(7).

Now adding another Stirling expansion (1) to (19) and exponentiating yields
the theorem. The corollary follows easily by substituting 7 = i and using the

identities
ar M+ N\ _ 2 arctan N
B\ —nNi)~ M’

arg(—M — Ni) = 2arctan M

M+ Ni N’

arctan(ﬂ) + arctan (ﬂ) =7.
N M
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