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ABSTRACT. It is shown that if the zeros A;, Ay, ..., An of the polynomial
qA) =A"+a A"+ tay
are distinct and r is an integer in {1, 2, ..., n} such that |As| # |A,| if

s # r, then the Poincaré difference equation
y(n+m)+(ay +pr(m))y(n+m—1)+---+(an + pn(m))y(m) =0

has a solution y, such that (A) y,(m) = A"(1 + o(1)) as m — oo, provided
that the sums Z}i‘:m pi(j) (1 € i < n) converge sufficiently rapidly. Our
results improve over previous results in that these series may converge condi-
tionally, and we give sharper estimates of the o(1) terms in (A).

1. INTRODUCTION

We consider the Poincaré difference equation
(1) y(n+m)+(a+pi(m)y(n+m—1)+---+(an+ pn(m))y(m) =0,
where a, # 0, the polynomial

qA) ="+ a A"+t a,

has distinct zeros Ay, 4, ..., 4,, and
(2) Jim p(m) =0, 1<k<n.
Under these assumptions it is natural to ask whether (1) has solutions y;,

¥Y2,...,Yn which behave asymptotically in some sense like the solutions
x,(m)=A" (1 <r<n) of the constant coefficient equation

x(n+m)+ax(n+m—1)+---+apx(m)=0.

If A4, A2, ..., A, have distinct moduli, then Poincaré’s theorem [5] asserts that
every nontrivial solution of (1) exhibits the asymptotic behavior

= ,1,
m—co  y(m)
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for some r in {1,2,...,n} and Perron’s theorem [4] asserts that (1) has
solutions y;, 3, ..., ¥» such that
. yr(m+1) _

(3) lim

=2, 1<r<n.
m—oo yr(m) §

The conclusions of Poincaré’s and Perron’s theorems are weak, since (3) does
not imply that y,(m) — A" becomes small (i.e., 0(A")) as m — oo. (We will
use O and o in the usual way to indicate asymptotic behavior as m — oc.) To
obtain this conclusion it is necessary to replace (2) with a stronger condition.
For example, the following theorem is due to Evgrafov [2].

Theorem 1. Suppose that the zeros Ay, Ay, ..., A, of q(A) are distinct and

S lpk(m) <o, 1<k<n.

m=0
Then (1) has solutions y,, ..., y, such that
(4) yr(m)=A7(1+0(1)), 1<r<n.

The following theorem of Gelfond and Kubenskaya [3] provides an estimate
of the o(1) term in (4).

Theorem 2. Suppose that |A;| < |A2] < --- < |An| and there is a nonincreasing
sequence B such that

|pi(m)| < B(m), m=0,1,..., 1<i<n,
(5) . Bm+1)
A gy~ b

and 3> B(m) < oco. Let y(m) =372, B(j). Then (1) has solutions y,, ...,
Yn Such that

(6) yr(m) = A7 (1 + O(y(m))), 1<r<n.
Coffman [1] has shown that (5) can be weakened to
.. B(m+1) ( |4i]
@ g B(m) g [Aiv1l /)

Theorems 1 and 2 do not apply if any of the series >, pi(m) (1<i<n)
converge conditionally. Moreover, even if these series converge absolutely, the
estimate of the order of convergence in (6) may be too conservative, as our
examples in §3 will illustrate.

The following theorem is our main result.

Theorem 3. Suppose that the zeros Ay, A3, ..., An of q(4) are distinct, and let
0 < |A1] € |A2| £ -+ < |An|. Suppose also that the series . _,pi(m) (1 <i< n)
converge (perhaps conditionally) and there are nonincreasing sequences ¢ and
w such that limy,_,. d(m) = limy_ (M) =0, y(m) = o(¢p(m)),

(8) Y pi(j)=0((m)), 1<i<n,
j=m
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and
(9) Y pi)lg(n+j—1i)=0w(m), 1<i<n.
j=m

Let r be an integer in {1,2,...,n} suchthat || # |As| if r#s. If r>1,
suppose also that there is an integer M| and a number p such that

(10) 1< p <|Ar/Ar-1

and pm$(m) and p™w(m) are nondecreasing for m > M,. Then (1) has a
solution y, such that

(11) yr(m)=4(1+0(¢(m))),  m— oo.
The assumption concerning p is equivalent to the conditions
.. ed(m+1) A . oy(m+1) Ao
liminf and liminf > s
m—oo  P(m) Ar m—oo y(m) Ar

which is related to Coffman’s condition (7).

2. PROOF OF THEOREM 3
We will prove Theorem 3 by means of a series of lemmas. For convenience
we rewrite (1) as
yn+m)+ay(n+m—1)+---+ay(m)=-ZLy(m),
where
Zy(m) =pi(m)y(n+m—1)+p(m)y(n+m—2)+---+ pa(m)y(m).

By variation of parameters, y is a solution of (1) if and only if
n
(12) y(m) =" Ru(m),
k=1

where
n

> A Au(m) = —6inLy(m), 1<i<n.
k=1
Solving this system yields

(13) Aup(m) = —AkA, " Ly(m) with A, = 1/Aq' (A4).

Now let M be a positive integer which we will specify further below. For now
we assume that if r > 1 then p™¢(m) and p™y(m) are nondecreasing for
m > M for some p satisfying (10). From (12) and (13), if the sequence y,
satisfies

r—1 m—1 )
yi(m) =27 = Ak Y A7 ()

k=1 j=M
(14) !

YA KTIENG),  mxM

k=r j=m

(where the first sum is vacuous if r = 1), then y, satisfies (1) for m > M .
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It is convenient to rewrite (14) in terms of the sequence v, defined by

(15) v(m) =A"y,(m)—1.
Then
(16) 2Ly (§) = B(j) + A0 (j),
where
(17) P(j) =D A7),
i=1
and
(18) ZA"“ pi(j)u(n +j - i)

for any sequence u. From (14)-(16),

r—1 J) m m—1
v (m) = F, m)—ZAk( %) > )

I'

(19)

n

+ ZAk (’1") Zr H0,(5),

where

(20)  Fy(m)= 'XfAk(lk)mmZ]rfPr(n+2Ak( ) Za‘m)

If v, satisfies (19), then the sequence y, defined by
21 yr(m) = (1 +v,(m))A

satisfies (1). This motivates us to look for v, as a fixed point (sequence) of the
transformation

(22) v=F+Ju,

where

r—1 /1 mm-—1 .
Fam) = =3 A4 (%) > 4 Au)
(23) M

n

+ ZAk ('1") E A ().

Now let M > M; and let & be the Banach space of sequences u =
{u(m)}o_,, such that u(m) = O(¢(m)), with norm

(24) llull = sup {|u(m)|/¢(m)}.
m>M

We will show that (22) is a contraction mapping of % into itself if M is
sufficiently large.
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Lemma 1. Suppose that the series Y. w(j) converges, and let ¢ be a nonin-
creasing sequence such that

a(m) > sup [W(v)|, where W(m) =Y w(j).
v>m :
> —
Let y be a complex constant.
(@) If ly| <1 then

(25) < Kily["a(m

Y Yw())

Jj=m

where K, depends only on/y .
(b) If |y| > 1 and there is a number p such that 1 < p < |y| and p™o(m)
is nondecreasing for m > M , then

m—1

> Yw())

j=M

(26) SK|y"o(m), m=2M+1,

where K, is a constant which depends only on y and p.
Proof. (a) Summation by parts yields

N
Y vw()=-y"W(N + 1)+ y"W(m Z ¢/ —y"YW(y), m<N.
j j=m+1
Letting N — oo and applying routine estimates yields (25) with
i
Ki=1+
‘ =Dl

(b) Summation by parts yields

m-—1

> i) = W) -y wm)+ (1- ) S wwi;

j=M j=M+1
therefore,
- i |y|M—m 1
Zy w(j)| <! i (Mo (M) + o (m)
1 m—1 j—m
+‘1—— > P2 pig(iy,
LA Wiy p
and the monotonicity of p™a(m) implies (26) with
L ply—11
Ky=1+—
2E TR T R

Lemma 2. The sequence F, defined by (20) for m > M isin & .
Proof. We apply Lemma 1 with w(j) = p;(j) and y = 4,/A . From (17),

N R N A
j=zm'1k P,(_])—Zi, Z()*) pi(J).

i=1 j=m
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Since |A,/Ax| < 1 for r < k < n, we can infer from (8) and Lemma 1(a) that

PIEIL V)

J=m

SA(j:—’) sm), m>M,r<k<n,
k

for some constant A . Therefore, the second sum in (20) is O(¢(m)) . Similarly,
Lemma 1(b) implies that the first sum in (20) is O(¢(m)). Therefore, F, € & .

In the following lemma let
(27) {(M) = sup [y(m)/¢(m)].
m>M
Since y(m) = o(¢(m)) by assumption, {(M) is well defined and
(28) Jim ¢(M)=0.
Lemma 3. If ue€ % then S,ue # and
(29) Frull < JE(M)|ull,

where J is independent of u and M .
Proof. From (18) and (24),

> A ()
(30) = .
. A ..
< el Yo 1A | PDlgr+i-0,  r<k<n,
i=1 j=m
and
m—1 )
> A ()
3y V7
n 'm—l J) j
<Nl Yo 1A 30 || IeiDlb(n+j =), 1<k<r-1.
i=1 j=m 17k
Now (9) and (30) imply that
> i ()| < allul| 15 y(m), r<k<n,
: k
Jj=m

where o is independent of u and M . By applying Lemma 1(b) with w(j) =
|pi(j)|¢(n+ j—1) and y = 4, /A, we see from (31) that

m—1

> i ()

=M

m

< Bllull wy(im), 1<k<r-1,

A
Ak

where B is independent of u and M . From (23) and the last two inequalities
we see that |Fu(m)| < Jy(m)||lu|| (m > M) for some J independent of u
and m. This together with (24) and (27) implies (29).
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We can now complete the proof of Theorem 1. Lemmas 2 and 3 and (22)
imply that J; maps &% into itself. If u; and u, are in %, then Lemma 3
implies that

|Frur — Frua|l < JE(M)|uy — ua| .

Because of (28), we can choose M so large that {(M) < 1/J ; then the mapping
defined by (22) is a contraction mapping of % and its fixed point v, satisfies
(19) for m > M. Therefore, y, as defined by (21) satisfies (1) for m > M
and has the asymptotic behavior (11).

3. A REMARK AND EXAMPLES

Remark 1. Since v, is the fixed point of (22), we have v, = F, + 7 v,, where
F, = 0(¢) and T v, = O(y). Since y(m) = o(¢(m)), the asymptotic formula
(11) can be written more precisely as

yr(m) = A7(1 + F,(m) + O(y(m))),
where F,, which is O(¢(m)), is the known sequence defined by (20).

In the following examples we consider the difference equation
(32) y(m+2) + (a1 + e(m)/m)y(m + 1) = a;y(m) =0,
where
Prad+a=0GA-14)A-4),

with 0 < || < |42].
Example 1. Let ¢(m) = 1/m. Applying Theorem 2 with B(m) = 1/m? and
y(m) = Z;.:m 1/j2 = O(1/m) shows that (32) has solutions y; and y, such
that
yi(m) = A7 (1+ O(1/m)),
y2(m) =23 (1 + O(1/m)).
However, Theorem 3 and Remark 1 yield sharper estimates

yi(m) = AT(1 + Fy(m) + O(1/m?)),

ya(m) = A3 (1 + F,(m) + O(1/m?)),
where Lemma 2 implies that the known sequences Fj(m) and F(m) are
Oo(1/m).

Example 2. Let ¢(m) = (—1)"/m. Then Theorem 2 implies only that (32) has
solutions satisfying (33). However, now (8) and (9) hold with ¢(m) = 1/m?
and y(m) = 1/m3, respectively, so Theorem 3 and Remark 1 yield the sharper
estimates

(33)

yi(m) = A7 (1 + Fi(m) + O(1/m?)),
ya(m) = 23 (1 + F(m) + 0(1/m?)),
where Lemma 2 implies that F;(m) and Fy(m) are O(1/m?).
More generally, let ¢(m) = (—1)™d(m), where d(m) is nonincreasing,

Sm+1) _ |A]'?

lim §(m)=0, and liminf T
2

m—oo m—o0 (S(m)




438 W. F. TRENCH

Then Theorem 3 and Remark 1 imply that (32) has solutions such that
yi(m) = A"(1 4+ Fy(m) + O(6%*(m)/m)),
ya(m) = A5 (1 + F(m) + 0(6%(m)/m)),
where Lemma 2 implies that Fj(m) and F,(m) are O(d(m)/m). However,

Theorem 2 does not apply unless Y °°d(j)/j < oo, in which case it yields the
weaker estimates

yi(m) = A7 (1 + O(y(m))),
y2(m) = 27 (1 + O(y(m))),
where y(m) =3Y72,,0(j)/J -
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