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EVERY NORMAL BAND WITH (REP) AND (REP)°
IS AN AMALGAMATION BASE

KUNITAKA SHOIJI

(Communicated by Ronald M. Solomon)

ABSTRACT. We shall prove that every normal band with the representation ex-
tension property and its dual is an amalgamation base in the class of all semi-
groups.

1. INTRODUCTION

A semigroup S is called an amalgamation base in the class of all semigroups
(simply called an amalgamation base), if for any semigroups 77, 7> containing
S as a subsemigroup the amalgam [T}, T5; S] is embedded into a semigroup.
A semigroup S has the representation extension property (denoted by (REP))
if for every embedding S — T of semigroups and every right S-set X, the
canonical map: X — X ® T! is injective (see [2, 6, 7]). The left-right dual
of (REP) is denoted by (REP)°P. Hall [6] showed that any semigroup which
is an amalgamation base always has (REP) and (REP)°®. The author [9]
constructed an example of a monoid which has (REP) and (REP)°® but is
not an amalgamation base. However, such an example of regular semigroups is
still unknown. In this direction, Bulman-Fleming and McDowell [4] determined
the structure of normal bands with (REP) and (REP)°® and, consequently,
showed that every right (left) normal band with (REP) and (REP)® is left
(right) absolutely flat (see [3]) and hence is an amalgamation base. The purpose
of this paper is to prove the following stronger result.

Main Theorem. A normal band has both (REP) and (REP)°? ifand only if it
is an amalgamation base.

Our method is to appeal the criterion for an amalgamation base given in [9],
which is a modified version of Renshaw’s Theorem [8, Theorem 6.11].

2. PRELIMINARIES

Throughout this paper, let S denote a semigroup and S! the semigroup with
the adjoined identity 1 whether S has an identity or not. Let ¥ [¥, #] de-
note Green’s £ - [.£-, #-] relation on a semigroup. We often use the notation
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and conventions from Clifford and Preston’s book [5] for semigroup theory. Let
S-Ens (Ens-S, S-Ens-S) denote the category of all left S-sets (right S-sets,
S-bisets). Let X € Ens-S and Y € S-Ens. The tensor product over S of X
and Y is denoted by X ®5 Y (simply, X ® Y if there is no confusion). Also,
any element of X®Y is writtenin a form x®y (x € X, y € Y). For brevity,
XDY (X,Y € S-Ens (Ens-S, S-Ens-S)) means that Y is a left S- (right
S-, S-bi) subset of X .
We will use the following results in the sequel.

Result 1 [9, Theorem 2.1]. A semigroup S has (REP) if and only if, for each
M € S-Ens with M > S' and each X € Ens-S, the map: X - X M
(x — x ® 1) is injective.

Result 2 [9, Theorem 2.2). 4 semigroup S is an amalgamation base if and only
ifforeach X € Ens-S, Y € S-Ens, and N € S-Ens-S with N > S!, the map:
X®Y - X®N®Y (x®@y —»x®1®y) is injective.

We recall that a normal band satisfies the identity xyzx = xzyx (equiva-
lently, xyza = xzya).

For a normal band S, let S = |J{S; : 4 € A} be the semilattice decompo-
sition. In this case each S; is a _#-class of S. So by using the partial order
> on A, we define a quasi-order >+ on S by s>t (s,t€S) if and only
if % > 4. Then, for convenience, we sometimes write ¢ < ¢ 5. Also, § > ¢ ¢
means both % > % and % # % . If necessary, we extend the quasi order > ¢
from S to S'. Clearly, 1 >, s in S! forall s€S.

Result 3 [4, Theorem 1]. 4 normal band S = \J{S; : A € A} has (REP) and
(REP)®® ifand only if S has the following.
(i) uau =vav forany u,v,a €S with ufv,u>y¢a;
(ii) |S:| €2 for each A € A; and
(iii) if |S;) =2 (A € A) then NS, does not exist with respect to the natural
ordering > of S.

3. PROOF OF THE MAIN THEOREM

To prove the main theorem, it suffices to prove the “only if” part. In this
section, we let S be a normal band with (REP) and (REP)° . Then we shall
show first the preliminary lemmas.

Lemma 1. Let S be as above, and a,u,v e S. Let X € Ens-S, Y € S-Ens,
x,x'€X,and y,y' €Y. Then:

(i) xu = x'v implies xuau = x'vav ; and

(ii) uy =vy' implies uauy = vavy'.

Proof. (i) If uv >4 wuva, then vuauv = (vu)?a(uv)? = uv(vuauv)vu (by
Result 3(i)) = uvavu, so that xuau = xuvau = x(uvavu) = x'v(uvavu) =
x'v(vuauv) = x'(vuav) = x'vav . If uv_fuva,then xuau = xuvau = x(uvu)
= xu, and similarly x’vav = x'v. Hence (i) holds.

(i) Similarly. O

Lemma 2 (cf. [1, Lemma 2)). Let S, X, Y, x, and y be as above. Suppose
that x@y =x'®Yy' in X ®s Y. Then there exist sy, ..., Sn,t1,...,th €S',
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Xi,...,Xn€X,and y,,...,yn €Y such that

X = X151, sty =hy2,
X1ty = X287, $2y2 = tay3,
(1)
Xn—1ln—1 = XnSn , Snyn=tny',
Xnty = X'
and
2) Si12et1 2728275 <sSit1<glis1<g--<gSh<gin

(ors1 21 25 278i<sgti<gSis1 <gtis1 <z <gSn<gtln)
where > ¢ is the quasi order of St.

According to [1], a set of equations (1) is called a scheme of length n over X
and Y joining (x,y) to (x',y'). If a scheme satisfies (2), then we say that it
is V-formed.

Proof. By [1, Lemma 2], there exists a scheme (1) joining (x, y) to (x', ).
By appropriate substitution of s;, ¢;, we will show that (2) is satisfied. Let us
assume in (1) that

s;ieS (1<i<n), tieS (1<i<n).
Forif s; =1 (1 <i< n),then s;i_1yi-1 = ti-1liVig1, Xi—1ti-1li = Xiz1Sis15
hence, the scheme gets shorter; similarly, if ;=1 (1<i<n).

Next, if ¢;, 5;3) are incomparable with respect to > ¢, then one can insert
new equations into the equations (1) as follows:

Xiti = Xiv1(Six1tiSiv1) » (Si+12iSi+1)Viset = (Six1iSiv1)Vis1,
Xip1(Sit18iSix1) = Xig1Sit1 5 Sis1Vir1 = liy1Vis2 -
(If s;, t; are incomparable with respect to > ¢, then
siyi = (Lisiti)Yis1 xi(tisit;) = xi(tisiti), (tisiti)Vis1 = tiVit1.)

By repeating such insertions, we may assume any adjacent two elements of the
sequence S, f, ..., Sn, tn are £ -comparable. If scheme (1) is not V-formed,
then several of the following four cases may occur. In each case, we will convert
a part of the scheme into a V-formed scheme as follows.

Casel. s;<g t;,f - Ftji_1.Fs; >z tj. Then, by assumption, all s;, ¢;, ...,
tj_1,s8;,t arein S. Set

b = USity 51/¢+1 = Sk+15iSk+1»
" "
L = tetjly, Skc+1 = Sk+18jSk+1 5

te = tesisjtjty, Ska1 = Sk+15i8jtjSk41 (i<k<j-1).
By Result 3(i), we have
=5/, ti=s', tr=s (i<k<j, i<l<})).
From (1) we get

siyi( = 8jy; = 88,V = 8j8j1jSj¥;) = 5} Vj»
xisj = xit}, tyi(=tyin = titjSitiyis1 = titjtiyiv1) = Vg1,
xitf =87, S{vin( =87y =5)) = ;yjn,




394 KUNITAKA SHOJI

and s; > ¢ 57 Ftf < gt} <gtj. This is a required scheme.
Case 2. t; <z siy1.F -~ Ftj—1.7sj > tj. Then by assumption, all ¢;,
Sitls +-es Lj—1,8j, tj are in S.

Set
S]'( = SitiSk » t;( = I tily
S,'(, = Sit;jSk, l;(' = L ljty,

Sy = Selisjtise, o =tlisitite  (i+1<k<j).
By Result 3(i), we have
S=t, s=t, sg=t (i+1<k<j, i+1<I<j).

From (1) we get

— . , — . ’ / . —— / . — , . . — ’ . . . N — * .
x,-t,~(— X,+1S,-+1) = XjS;, Sjyl+l(“ SiYj =Sj8iyj = sjthJsJyJ) =5;Yj>
* "
XjS7 (= Xit18i41 = Xix1Siv18iSjLjSiv1 = Xip18i418jLjSiv1 = Xiy1Siv18jSiv1) = XS}
"
SiYj=1Yj+1

and tiZ;s} >z 8 s/«sj-’s; tj . We are done.

Case3. s;i<g t;,f - Ftji_1 >¢ 5j. By reversely ordering the equations (1),
it is just Case 2.

Cased. t; <g siy1F - Ftj_1 > sj. In a way similar to the above, this is
Case 1.

Notice that the subband of S! generated by all the s;, #; in (1) is finite
(of course, it has finitely many _#-classes) and it contains all the elements
si, t;,s],t, s, t; occurring in the substitutions above. Thus by finitely re-
peating those substitutions of parts of the scheme by V-formed one, scheme
(1) becomes V-formed. 0O

Lemma 3. Let S, X,Y beasaboveand x,x' €¢ XS and y,y € SY.

1) If x@y=x'"®y" in X®sY, then xay =x'a®y’ in XQ®sY for
all ae S.

(i) If xs@y=x'Q®y", x®y =xt®y" in XQ®sY for some s,t€ S,
then x@y=x'Qy'".

Proof. (i) By Lemma 2, there exist X, ..., X, € X, V2,...,Vn €Y, 8§1,...,
sn,and ¢, ..., t, €S! such that

X = X181, s1y =ty2,
X1t = X282, 522 = hys,

'
Xn—1tn—1 = XnSn , Sn¥n =ty ,
Xntn = X'

Here we may assume that all s;, ¢; belongto S. For, if 5; = 1, then sy, ¢; can
be replaced by s, st , respectively, where s is any element of S with xs = x.
Also if t, =1, then ¢, can be also replaced by some element of S. Further if
si=1 (2 <), then as seen in the proof of Lemma 2 the scheme gets shorter;
similarly, if ;=1 (1<i<n).
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Note next that efy = efey (efy’ = efey’) for all e, f € S. For, by
assumption, we can write y = hy (h € S) and by normality of S, efy =
ef(hy) = (eefh)y = (efeh)y = efey. (Similarly, efy’' =efey'.)

Thus by using Lemma 1 and the note above, we get

xa=x(s1a),  (s1@)y(= (s1a51)y) = (f2at2)y>
((Sn@sn)yn(= (tnatn)y') = (taa)y’, Xn(tna) = Xx'a).
So, by Lemma 1, we get a scheme joining (xa, y) to (x’'a, y’) by replacing
s, t; by s;as;, t;at; respectively. Then (i) holds.
(i1) This is an immediate consequence of (i). O

Remarks. 1. Lemma 3(i) is false without assumption that x, x’ € XS and
y,y' € SY . For instance, let S be a left zero semigroup. Then 1Qa=a®a
in S'®S,but bea#abaxa.

2. Given a scheme (3) of length # joining (x, y) to (x’, y’) (not necessarily,
x, x" € XS), it is shown, in the proofs of Lemmas 2 and 3, that it is possible
to assume all the s;, ¢; except possibly s;, ¢, belongto S and that s; isin S
if xeXS (¢ isin S if x’ € XS). Under these assumptions, if x € X — XS
and ye€ Y —-SY,then sy =t;, =1 and n=1;thatis, x=x" and y = )'.
Otherwise, one can find x” € XS and y” € SY such that x®@y =x"®y".

The proof of the “only if” part of the main theorem. We will appeal to Result
2. Let S be a normal band with (REP) and (REP)° . Suppose

(4) x®(1ley)=x'®(1®y) nX(WY)

where x,x' € X, y,y €Y, St c W, X € Ens-S, W € S-Ens-S, and
Y € S-Ens. Then we shall show that

(5) Xx®y=x'®y inXe®Y.

By the remarks after Lemma 3, we may assume that x, x’ € XS and y, )’ €
SYI—iere we may assume that W has the following property:
awse€S, a#Zb, anda>gs(a,b,seS, weW)
(6) implies
bws = bsbws € S.
Proof of (6). Let ¢ be the congruence on W generated by the relation (bws,

bsbws) and &|s the restriction to S of £. Then we shall show that £|s is an
identity relation on S. For our purpose, it suffices to show that

(7) ubwsv =u'bwsv’ (u,u',v,v' €S) implies ubsbwsv = u'bsbwsv’.

If a = b, then, by assumption, bws € S and so, by normality of S, bws =
b*ws3 = b(sbws)s. Hence (7) holds. Then we can assume that a # b. By
Result 3(ii), 2 =%,. If u,u’' >¢ b, then ub=>b, u'b=>b and, hence,

(ub)sbwsv = bsbwsv = bs(ub)wsv = bs(u'bwsv') = u'bsbwv’

as required. If u 25 b (or w’' £, b), then, by Result 3(i),
bub = b(bub)b = a(bub)a = aua
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so that, by assumption,
ubwsv = (ubub)wsv = u(aua)wsv € S.
Then, by normality of §,
ubwsv = ub(bub)wsv = ub(aua)w(ssv) = ubs(aua)wsv
= ubs(bub)wsv = ubsbwsv .

Then u'bwsv’ € S. Similarly, ¥'bwsv’ = u'bsbwsv’. In any case, (7) holds.
Therefore, &|s is an identity relation on S. So S can be naturally embedded
in W/&. Hence bws = bsbws = (asa)ws € S, which proves (6).

Hereafter, by Result 1, we may identify y € Y with 1@y e WQY.
By Lemma 2, we obtain a V'-formed scheme of length n over X and WQY
joining (x,1®y) to (x', 1 ®)’) as follows:
X = x4y, a(1®y)=bi(w2®y2),
xiby =xa,  a(w®y)=b(w3®y3),

Xn—1bn—1 = Xnan, an(Wn ® Yn) =bn(1®yl)a
Xnbp = X'
where x; € X, w;e W, y;€eY,and a;, b; € S'.

We are going to prove (5) by induction on the length n of scheme (8).
By the remarks after Lemma 3, we may assume, in (8),

all the a;, b; belong to S.

If n =1, then, obviously, x ® y = x’ ® y’. Assuming that (4) implies (5)
when n < m, we proceed to the case where n = m + 1. First we may assume

(9) alﬂblﬂaz and b1 #ay.
Proof of (9). If b; > ¢ a;, then we obtain the ascending chain
a<sbi<sar<s---<ga,<sby

since scheme (8) is V-formed. In this case, regarding scheme (8) as joining
(x', ") to (x,y), we can assume that a, > ¢ b, .

Next, if a; > by, then a;(1®y) = by(w2 ® y2) = (a1b1a;)(1 ® y) . Conse-
quently,

X =x1a, a(1®y)=(aiha))(1®y),
xi(abiay) = x(a1byay),

so that
x®y=x(aha;)®y,

while

x(a\b1ay) = xi(a1hay), (aihia))(1 ® y) = by(w, ® 7).

Therefore, we may assume that a, #b; .
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If by > ¢ ay, then

X =xa, ai(1®y)(=bi(w2®y2) =bia(1®y),
xi(bia))( = (x2a2)(b1ay) = (x1b1a2)(b1ay)
= x;(a1ayay)a; [by Result 3(1)]) = x(a,aza;) .
On the other hand,

x(aima)) = x1(a1a2a1),  (a142a1)(1 ® ) = (b1azb;)(w2 ® 2),
x1(brazby) = x2a3.

Hence, we may assume that a; > ¢ b, .
If a; > ¢ by, then, since scheme (8) is V-formed,

a<gb<sgar<gs---<gay<gby.

In this case, as shown above, we can reduce to the case that b, _# a,_# b,_; .
By renumbering reversely the equations (8), we may assume that a, £ b, £ a;.

If 4, =%, , then we can replace w, ® y; by 1®y in (8) and scheme (8)
gets shorter. On the other hand, if %, = %, and b, = a;, then x = xa;, =
x1(bay) = (x2a3)a; = x2a; . So we can remove Xx;, W, ® y, from scheme (8).
Hence (9) may be assumed.

Case 1. There exists some 2 < i < n such thatall a;, by (1 <k < i) belong
to 4, but a; > aiy . Since 5, =%, , by multiplying the equations (8) on
the left by a; from the right, we get

X =Xap = X141 = X2a) = -+ = XAl = Xi+18i+141

so that x = x;(aja;;1a;), while, by Result 3(i), ara;;1ax = brai b for all
1 <k <i. Sofrom (8) we obtain a scheme of length < m joining (x, 1 ® y)
to (x’', 1®y’) as follows:

x = xi(a1ain1a1), (@18i11a1)(1 @ y) = (biGis16i)(Wis1 @ Yis1),

Xi(biaiy1bi) = Xip18iz1 ai11(Wip1 ® Yig1) = b1 (Wig2 ® yiy2),
Xn—1bpn—1 = Xn@n, an(Wn ® yn) = ba(1®y"),
xnbn = xl .

By the inductive assumption, x® y = x' ®y’.
Case 2. There exists some 1 < i < n suchthatall a;, by (1 <k <i) belong
to %, but a\ £ aiy > ¢ by, . By applying Lemma 1(ii) to (8) we have
(a1bis1a1)y(= (b1biy1b1) (w2 ® y2) = -+ = (bibis1b:)(Wit1 ® Yir1)
= (@is10i418i41)(Wis1 ® Yir1) = Bis1(Wis1 @ Yir1)) = bis1 (Wis2 ® Yi2).

Also, x(aybi+1a;) = Xiy1(a1bis1a1) . Then there exists a scheme of length < n
over X and W QY joining (x(aibiy1a:), y) to (x', y'). Consequently, it fol-
lows from the inductive assumption that x(a;b;;14;)®y = x' ®y’. We have to
prove that x®y = x®(a1b;i;1a1)y . Since ;1 (Wip1 ®Yiy1) = ar(@1biv1a1yis1) ,
Xi+1a1 = x , this case can be reduced to the case for all a;, b; (1< j<n). So
we proceed to the next case.
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Case 3. All a;, b; (1<i<n) belongto %, . Then
(10) x'=x=xs forallse%,.

From Lemma 2, it follows that for each 1 < i < n, there exists a V-formed
scheme of length n; over W and Y joining (a,w;, y;) to (bjwis;, yiy1) as
follows:

ajw; = W;1Si1 , Sityi = tiryiz,
Wittt = Wiz, SiaVi2 = tiayi3 s
(11)

Wi n;—1ti ni—1 = Win,Sin; » Sin;Yin; = lin;Vi+1»
Win,tin; = biwiyy

where wi(wy =1, Wpyy = 1), Wiy, ..., Win, € X, yiy1 =V, Yny1 =V'),
Vi, oy Vin €Y, Sit, ..., Sin,and iy, ..., tin, €S,

Set sj; = sija1si; and &; = tijat;; .

Subcase 3.1. There exist some of all the sj;, #};, which are under a; with
respect to > ¢ . Then we shall show that there exist u, v € S such that a; > u,
a>v and x®y =xu®y, xX'®y =xv®y'. Suppose first that all s,,, t,,
(2<i, 1<p<i-1,12q9<m), s;,,tqg (1<q<r-1) belong to %, ,
but aq, >z S,{r .

Set u = a;sj,a;. Since eu = u for all e € S with e > ¢ a,, it follows from
(11) that

apwpt = bywpu (1<p<i-1), Wil = Wi_U.

By applying (6) to the equations just above, we obtain u = w;,_u, so that
U = Wjr—1Sir—1U = W;,s,,u . By Result 3(iii), # is not the greatest lower bound
of Z#,, , since by Result 3(ii) and (9) |%#,| = 2. So there exists ¥’ € S such
that «' is a lower bound of %, but u’' # uu'. In the same way as above,
v = va = w,sju'. Hence u' = uu', which is a contradiction. Thus it
must hold that all s,,,¢, 2<i, 1<p<i-1,1<gq<n), s,fq,t;q
(1<g<r-1),and s, belongto %, ,but a > 1.

Then, by Result 3(i), axtj;ax = betj;br (1 <k < n),say a*. From equations
(11) on the right, we have a*y = a*y;,; (1 < k < i), which, together with
(10), yields x ® y = x ® a*y . By the same way as above, we can find b* € S
satisfying that b, > b* and x' ® y' = x' ® b*)y’, as required.

Moreover, by multiplying the right side of (8) by a*, b*, respectively that
a*y =a*y’ and b*y =b*y’. Hence, x®y =x'®a*y’ and xX'®y' = xQb*y.
By Lemma 3(ii), we conclude that x® y =x'®y’.

Subcase 3.2. All the s] s t ; belong to Za, . By applying Lemma 1 to (11),
we obtain schemes joining (x, y;) to (x, y;+1) as follows:

! ! !
X = XS8j1 5 SiVi = tiyiz

/ ! / !
Xty = XS5 SipYia = i3,

(12)

/ _ / / ) .
Xt p—1 = XSip, SinVin, = LinVi+1,
Xtip, = X.
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From (10) and (12), it follows that x ® y = x’ ® y’. This completes the proof
of the main theorem.
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