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ABSTRACT. For each manifold class . it is given a functor ©7 satisfying the
Eilenberg and Steenrod axioms except the excision axiom. It provides a nice
unification of geometric treatments of homology and homotopy theories.

INTRODUCTION

The geometric treatments of homology and homotopy are very different. Nev-
ertheless, from the axiomatic viewpoint, both give functors satisfying the first
six axioms of Eilenberg and Steenrod (E.S.).

Their different behaviour under an excision is essentially the chief distin-
guishing feature of homology and homotopy.

The present note exhibits a nice interpretation of this formal resemblance by
constructing a geometric theory which, generalizing the objects and the relations,
allows for the unification of the treatments and also provides for make new
functors.

The unifying notion is that of % -singular sphere for the objects, while it is
that of ¥ -cobordism for the relations. By # we mean a manifold class, whose
definition is reproduced in §1.

For each manifold class # , we construct a functor 87 , from the category of
pointed pairs of topological spaces to the category of graded groups, sastisfying
the first six axioms of E.S. &7 agrees with the homology functor H if %
is the class & of the geometric cycles without boundary, and it agrees with
the homotopy functor I1 if # is the class 2% of the standard PL-spheres.
Moreover, if ' Cc ¥ , there is a homomorphism

Yo 5:07 (X, 4,x) - 607 (X, A4, x),

and it is shown that Y»y & and Y5 & give a factorization of Hurewicz
homomorphism for each manifold class & .
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1. PRELIMINARIES

Let & = {Z}n>0, Where each 7, is a class of compact n-polyhedra (closed
under PL-isomorphisms) satisfying:
(a) S°eSA;
(b) VZe & and Vx € X, Lk(x,X) € F_y;
(c) VEe S and VY € F,, 2+X € Fymar;

(d) VZeF, and Vx e Z, Z—st(x, %) ¢ F;.

The set ¥ is called a manifold class. The elements X of %, are called
F.-spheres. The cone ¢ *X on an #,_;-sphere X is called an %,-disc, and a

polyhedron of the form X — sot(x, Y), L€ and x € X, is called an %,-
pseudodisc. Note that an .%,-disc is an %,-pseudodisc and that the suspension
of an %,-pseudodisc is an %, -pseudodisc.

An ¥ -manifold of dimension » is a polyhedron M”" such that each link
is either an %,_;-sphere or an .%,_,-pseudodisc. The boundary of M, M,
consists of points whose links are .#,_-pseudodiscs. The polyhedron M —9M

will be denoted by M .

As an immediate consequence of the definition we observe that the boundary
of an ¥ -manifold of dimension n is itself an % -manifold of dimension n—1
without boundary.

A manifold class & is said to be connected if, for each pair P,, P, of
Fu-pseudodiscs with P, ~;0P,, PLUs P, € F,.

If & is connected, the cylinder and the cone on an %,-pseudodisc are %, .-
pseudodiscs (see [4]). Moreover, it is easy to prove that, if P, P, are %-
pseudodiscs and x; € 0P, x; € P, such that st(x,, 0P) =gz st(xz, 0P),
then the polyhedron P, U, P, is an #;-pseudodisc. Details about manifold
classes can be found in [1, 4].

From now on we will sometimes omit the prefix % , if no ambiguity arises,
ang all the manifold classes are assumed to be connected and such that % =
{S°}.

The hypothesis % = {S°} implies that any % -manifold M of dimension
n is a geometric n-cycle, so it makes sense to define M to be orientable if M
is orientable as geometric cycle.

The following manifold classes satisfy the above conditions:

PY = {standard PL-spheres},

# = {homology spheres},

h = {homotopy spheres},

% = {%,}, where % = {S°} and %, = {compact geometric n -cycles
without boundary} if n > 0.

A PZ-manifold is simply a PL-manifold; an #-manifold is usually called a
homology manifold; an 4-manifold is a homotopy manifold; and a #-manifold
is a geometric cycle.

Evidently for each manifold class # we have £¥ C ¥ C % .

Observe that a closed #-manifold of dimension n > 0 is a #-sphere. This
property characterizes the manifold class % according to

Theorem 1.1. Let F be a manifold class such that each closed F,-manifold,
n>0,isan & -sphere. Then ¥ =% .
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Proof. Since % = {S°}, we can proceed by induction. Suppose that F,_; =
%,_1 . Then, by the previous observations, it suffices to prove that %, Cc %,.
Let X be a compact geometric n-cycle without boundary. Since Lk(x, X) €
C_1 = F_1, foreach x € X, X is an ¥ -manifold without boundary and
hence an # -sphere. O

2. THE FUNCTOR 67

From now on all % -manifolds are assumed to be orientable. If M denotes
an oriented % -manifold, —M will denote the same manifold with the opposite
orientation.

Definition 2.1. An ¥ -cobordism between two oriented # -spheres X, and X,
is an oriented ¥ -manifold W such that:

(a) W is the disjoint union of X, and -ZX,, and
(b) WuUc*X,Ucy*Xy is an & -sphere.

An % -cobordism between two oriented pseudodiscs P;, P, is an oriented % -
manifold W such that:

(@) oW = PLU-P,UW,, where W, is a cobordism between 0P; and
0P, ; and
(b') WuUc *x P Uc,* P, is an & -pseudodisc.

Observe that if X in an oriented % -sphere or an oriented % -pseudodisc,
X x I realizes a corbordism between X and X . If W is a cobordism between
X; and X,, and W’ is a cobordism between X, and X; (X;,i=1,2,3,
is an oriented ¥ -sphere or an oriented # -pseudodisc), then it is a little trou-
blesome to prove that W Uy, W' is a cobordism between X; and X;. Fur-
thermore, a cobordism between pseudodiscs is itself a pseudodisc. This follows
using essentially the property of # to be connected and the fact that the cone
on a pseudodisc in a pseudodisc (see [4]).

Remark 2.2. If & =%, (b) follows from (a) and (b’) follows from (a’).

Remark 2.3. If & = L¥, a cobordism between spheres is a cylinder and a
cobordism between pseudodiscs is a PL-disc.

Definition 2.4. Let (X, xp) be a pointed topological space. A singular & -
sphere of (X, xo) is a triple (X, D, f), where X is an oriented ¥ -sphere,
D c X is a top-dimensional simplex, and f: (£, D) — (X, Xxp) is a continu-
ous map. Two singular & -spheres (X, Dy, f1), (Z2, D2, f2) of (X, xp) are
F -cobordant if there exists a triple (W, W', g), called % -cobordism, where
W is an ¥ -cobordism between X, and X,, W' Cc W is a L¥-cobordism
between D; and D,,and g: (W, W) — (X, xo) is a continuous map, so that
the following conditions hold:

(1) W'ndW =D, UD;;
(2) g/Zi=fi,i=1,2.

From the previous observation it follows that the # -cobordism relation be-
tween singular # -spheres is an equivalence relation.
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Theorem 2.5. Let (X, Dy, f), (£, D,, f) be singular spheres of (X, xo). If
there exists a connected PL-manifold M C X, containing D, and D,, such that
f(M) =xq, then (£, Dy, f) and (£, Dy, f) are cobordant.

Proof. Without loss of generality, we can suppose that X is triangulated so that
D;=v;*8D;, i =1, 2. Choose a simplicial path s in M x I, without loops,
from v; x {0} to vy x {1}, such that s(/) N M x {0} and s(I)N M x {1}
are singletons. Let U be a regular neighborhood (nbd) of s(I) in M x I.
Then the triple (£ x I, U, f x id) is a cobordism between (X, D;, f) and
(29 D2 ’ f) . 0

Given a singular sphere (X, D, f), Theorem 2.5 allows us to assume, up

to a cobordism, that D has a collar C in £~ D and f is constant on C.
One can see that such singular spheres are cobordant iff there is a cobordism
(W, W', g) between them such that W' has a regular nbd N which is a PL-
manifold and g/N is constant.

Let ©7 (X, xo) denote the set of F -cobordism classes of singular %,-
spheres of (X, xo). In order to define an addition in 67 (X, xo), n > 1,
it is convenient to consider only singular spheres and cobordisms satisfying the
above conditions.

Now given two singular n-spheres (X,, Dy, fi), (X2, D3, f2), n> 1, let

1, Dy, i)+ (22, Do, o) =(Z,D, f),

where X is the oriented sphere obtained by gluing X, — D; and X, — D;,
f = fiu f,and D is a top-dimensional simplex chosen in an open bicollar N
on dD; ~ 0D, in X, on which f is constant. Being n > 1, N is a connected
P -manifold; so by Theorem 2.5, the cobordism class of (£, D, f) does not
depend on the choice of D in N.

Theorem 2.6. The cobordism class of (Xy, Dy, fi) + (X2, D, f2) depends only
on the classes of (X1, Dy, f1) and (£, D2, f2).

Proof. The statement follows on observing that we can add the cobordisms,
likewise the spheres. The 2% -cobordism contained in a cobordism plays the
role of the simplex contained in a sphere. 0O

The previous theorem allows an addition in 8,? (X, x0), n>1, by taking

[(Zl s Dl’ ﬁ)]+[(z2a D23 f‘Z)] = [(zl 5 Dl 5 fi)+(22, D29 .fZ)]’

We shall say that a singular n-sphere (X, D, f) is cobordant to zero (0-
cobordant) if there is a triple (P, A, g), where P is an oriented (n + 1)-
pseudodisc, A C P is a top-dimensional simplex, and g: (P, A) — (X, Xp) is
a continuous map such that 6P =X, AnX =D, and g/ = f. The triple
(P, A, g) is called a cobordism to zero of (X, D, f).

All the spheres (X, D, f) are cobordant to zero provided f is constant.

Let Dy denote a PL n-disc contained in the standard oriented n-sphere S”.
Then we have

Lemma 2.7. A singular n-sphere is cobordant to zero iff it is cobordant to
(8", Do, fo), where fy is constant.

Proof. Assume (X, D, f) is cobordant to (S, Dy, fo), and let (W, W', G)
be a cobordism between them. According to the definition of cobordism, W, =
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W UcxS" is a pseudodisc and W, = £. An extension G’ of G to W, can
be defined by G'/c * S" = constant map. Let D' = W' Uc * Dy ; the triple
(Wy, D', G') is the required cobordism to zero.

Conversely, assume (P, A, g) is a cobordism to zero of (£, D, f). Let

D' c A be aPL (n+ 1)-disc, and let D” Cc 9D’ be a PL n-disc; it is easily

checked that the polyhedron P\—Io)’ determines a cobordism between (X, D, f)
and (D', D", fy). If D' coincides with S", up to orientation-preserving

PL-homeomorphisms, the statement is proved. Otherwise, gluing P — D’ and
S" x I by an orientation-reversing PL-homeomorphism between §D’ and S” x
{0}, we have a polyhedron which determines a cobordism between (X, D, f)
and (8", Dy, fo). O

By the above lemma, the 0-cobordant singular spheres belong to the same
cobordism class. Such a class is the zero element of ©7 (X, xo). Moreover,

for each (X, D, f), the pseudodisc (X — D) x I determines, in a natural way,
a cobordism to zero of (X, D, f)+ (-Z, D, f). Hence, each element of
©7 (X, xo) has an inverse.

Finally one can see that the addition in ©7 (X, xo) is associative and com-
mutative, so we have

Theorem 2.8. ©7 (X, xo) is an abelian group for each n > 1.

The graded group {©7 (X, x0)}.>1 Will be denoted by 87 (X, xo).
Like the homotopy groups, €% (X, xo) does not depend on the choice of xg
in X, provided that X is path-connected.

Theorem 2.9. Let &' C F be manifold classes. Then there exists a canonical
homomorphism Y¢. &: 07 (X, x0) — 67 (X, Xo), for each n > 1.

Proof. Since an #'-sphere (cobordism) is also an ¥ -sphere (cobordism), it
makes sense to define

Yo 5 [(Z,D, fls €67 (X, x0)—[(Z, D, )l €6 (X, x0).
Obviously Y5 & is a homomorphism. O

Let (X, A) be a pair of topological spaces and x; is a point of 4. By
relative %,;-sphere of (X, A, xy) we mean a triple (P, A, f), where P is an
oriented #,;-pseudodisc, A C P is a top-dimensional simplex meeting P in a
top-dimensional simplex, and f: (P, A) — (X, xo) is a map which carries 0P
to 4.

Given a relative %,-sphere (P, A, f) of (X, 4, xo), (OP,AN3P, f/) is
a singular %,_;-sphere of (4, xo) which will be denoted by d(P, A, f).

Two relative # -spheres (P;, A;, &), i = 1,2, of (X, 4, xo) are called
F -cobordant if there exists a triple (¥, V', G) where V is an % -cobordism
between P, and P, V' C V is a L¥-cobordism between A; and A,, and
G: (V,V')—> (X, Xo) is a continuous map, such that the following conditions
hold:

(1) V'IAP=A;, i=1,2.

(2) Let W =8V —(P,UP,) and W' = WnV'. Then (W, W', G/) isan
F -cobordism between 9(P,, Ay, g1) and (P, A,, &) with G(W) C
A.
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The F -cobordism between relative spheres is an equivalence relation. Imi-
tating the techniques of Theorem 2.5, it is easily seen that the following holds.

Theorem 2.10. Let (P,A,, f) and (P, A,, f) be relative F -spheres of
(X, A4, xo). If there exists a connected L -manifold M C P containing A,
and A, such that M NOP is a connected L -manifold and f(M) = xq, then
(P,Ay, f) and (P, A,, f) are & -cobordant.

Given a relative % -sphere (P, A, f), the previous theorem allows us to
assume, up to a cobordism, that the frontier of A in P has a collar C in
P —int(A) and f is constant on C. Let 87 (X, 4, xy) denote the set of the
& -cobordism classes of relative #,-spheres of (X, 4, xp). We can introduce
in ©7 (X, A4, xp) (n>2) an addition by setting:

(P, Ay, fO)1+ (P2, A2, )T =1(P, A, f)]

where P is the oriented %,;-pseudodisc obtained by gluing P; and P, by a
PL-homeomorphism g: A, NndP, - A,NdP,, f = fiUf,, and A is a top-
dimensional simplex chosen in an open bicollar N on A N8P, = A;NGP, in
P on which f is constant. As for the singular % -spheres, one can see that the
above operation is well defined if » > 2, and it induces in ©7 (X, 4, Xo) an
abelian group structure. The zero element is the class of the triple (A", A" , fo)s
where A" isthe standard n-simplex, A" isan n-simplex of the first barycentric
subdivision of A", and f; is the constant map to xg.

Remark 2.11. A relative #,-sphere (P, A, f) is cobordant to (A",Z", fo),
that is, it determines the zero element of 8,;" (X, A4, xp), if and only if there
exists a triple (Q, D, F) where Q is an %,,;-pseudodisc, D is an (n + 1)-
simplex of Q, and F: (Q, D) — (X, xp) is a continuous map such that:

(a) PcoQ, DnP=A;

(b) F(OQ—-P)C A;and

() (8Q - ;’, Dn(@Q - Io’), F') is a cobordism to zero of 9(P, A, f).
This follows by using Lemma 2.7 and reasoning as in itself.

From the definition of # -cobordism between relative .#-spheres it fol-
lows that a cobordism between (P, A, f;) and (P, A;, f2) determines a
cobordism between the singular %,_;-spheres d(P;, A, fi) and 8(P,, Ay, f2)
of (A4, x¢). This implies that one can define a map 9: 8,? (X, A4, xp) —
efr_](A' Xo) by setting 9([(P, A, f)]) =[0(P, A, f)] .

It is easy to prove the following.

Theorem 2.12. 6 is a homomorphism.

The groups ©7 (X, xo) (n > 2) appear as special case of 87 (X, 4, x),
with 4 = {xo} . More precisely, we have

Theorem 2.13. There exists a canonical isomorphism ¢: 7 (X, xo) —
87 (X, {x}, Xo)-
Proof. Let (£, D, f) be a singular #,-sphere of (X, xo). We consider the

relative #,-sphere (X — D, D', f/), where D’ is an n-simplex of the collar

o

C on 8D in £ - D on which f is constant. If (£, D, f) is cobordant to
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(Z,D,f) and (W, W', F/) is a cobordism between them, then W —intW'

realizes trivially a cobordism between (X— D D, f /) and (- D "7 /).
it makes sense to define a map ¢: €7 (X, xo) — ©7 (X, {x0}, X0), by settmg

o((Z, D, ) =1Z-D, D, f/)].

An observation is necessary here, in order to simplify the proof. Let
(P, A, f) be a relative F,;-sphere of (X, {xo}, xo). Being f(0P) = Xxq, by
Lemma 2.7 there exists an # -cobordism (W, W', g) between O(P, A, f)
and (S"!, Do, fo). Then the triple (W Usp P, Dy, g U f), where D} is an
n-simplex such that Dj N S"~! = Dy and g(D}) = xo, is a relative F-sphere
cobordant to (P, A, f). Then for any element of €7 (X, {xo} , X0), We can
take a representative triple (P, A, f) such that 9P = S"!. It follows that
it makes sense to define a map ¥: ©7 (X, {xo}, x0) — 67 (X, Xo), by setting
Y((P,A, £)])=([(PUc*dP, A, f)]), where 8P = S*! and f is the ex-
tension of f by the constant map to xg. It is readily verified that ¥ is the
inverse map of ¢. So ¢ is a bijection.

We only need to prove that ¢ is a homomorphism. Let (Z;, D;, fi), i =
1, 2, be singular #,-spheres of (X, xo), and let (X, D, f) be a representative
element of [(X,, Dy, f1)]+[(Z2, D2, f2)]. It is easy to see that ¢([(Z, D, f)])

is represented by the triple (P, D, f), where P = (£, — lo)l) U - 132) is
obtained by identifying a top-dimensional simplex of (X, —D;) with a simplex
of (X, — D,), D is an appropriate n-simplex of P, and f = f{U f,. On the

other hand, (P, D, f) is also a representative element of ¢[(X,, Dy, fi)] +
¢[(Z2, D1, f2)]. The proof of theorem is now complete. O

Given a continuous map f: (X, 4, xo) — (Y, B, yo), we can define, for
each n > 2, a homomorphism 6% (f): 87 (X, 4, xo) — 67 (Y, B, y,) by

setting
87 (/)(P,A, ) =[(P,A, fog)l
Thus the process above described allows us to build a covariant functor 6~
from the category of the pointed pairs of topological spaces to the category of
graded groups.

Theorem 2.14. The functor 87 satisfies the following:

(1) Homotopy axiom. If f, fr: (X, A, xo) — (Y, B, y9) are homotopic,
then 8% (f;) =67 (f2).

(2) Dimension axiom. % ({xo}, x¢) =0

(3) Exactness axiom. For any pointed pair (X, A, xo), there is an exact
sequence

87, (X, A, x0) 567 (4, x0) 5 O] (X, x0) 5 67 (X, 4, x0) >

where, for simplicity, the letter i denotes the inclusion map (A, xo) C (X, Xo)
and at the same time the induced map ©7 (i) and j denotes the map obtained
by composing ¢ with the inclusion (X, {xo}, Xo) C (X, 4, Xp) .
Proof. (1) Homotopy axiom. Let F: (X x I, AxI,{x}x1I) — (Y, B, yo)
be a homotopy between f; and f>, and let (P, A, f) be a relative .#,-sphere
of (X, A, xo). Then the triple (PxI,AxI,(Fof)xid) isa & -cobordism
between (P, A, fio f) and (P, A, fof).So 87 (f1)=67(f2).
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(2) Dimension axiom. It follows immediately from the fact that a singular
F-sphere (X, D, f) is cobordant to zero provided that f is constant.

(3) Exactness axiom. iod = 0. This follows readily by observing that a rela-
tive sphere (P, A, f) of (X, 4, xp) is a cobordism to zero of iod(P, A, f).

Keri c Imo. Let (P, A, g) be a cobordism to zero of i(X, D, f), then
we have (X, D, f)=0(P,A, g).

joi=0.Let [(Z,D, f)] be an element of & (4, x;). Then

joi(lE, D, ) =[E-D, D, f)1 €67 (X, 4, o).

Since f(X — D) C A, the relative sphere (X — Io), D', f/) is cobordant to zero.
Kerj cImi. Let [(X, D, f)] be an element of Kerj, and let (Q, A, f)

be a 0-cobordism of (£ — D, D', f/) = j(X,D, f). There exists an ;-
pseudodisc P such that 8Q = PUZ—D and F(P) C A. So the singular sphere
i(PUcxdP,ANP, F/) is cobordant to (X, D, f).

00j=0. Let (X,D, f) bea singular #,-sphere of (X, xo). Then we
have 80 j([(Z, D, f))=3((2~-D, D', f))) =1(8D,D'nD, f/)]. Since f
is constant on D, the last class is zero.

Kerd ¢ Imj. Let (P,A, f) be a relative sphere of (X, 4, xp) such
that (P, A, f) is cobordant to zero, and let (P, A, g) be a 0-cobordism
of 3(P,A, f). The triple (PUP, A, fUg) is a singular sphere of (X, xo)
such that j([(PUP,A, fug)) =[(P,A, f)]. O

3. THE FUNCTORS 6% AND 67

We now show that the groups ©7 (X, A, xo) are actually the homology
groups if F = %, while they coincide with homotopy groups if & = Z¥ .

For the sake of simplicity, we will prove it only in the case of pointed spaces.
Theorem 3.1. 6% (X, xo) is isomorphic to H,(X , xo) for each n > 1.

Proof. Denote by ¥;: Gf(X , Xo) — H,(X, xo) the map described as follows.
Let a be any element of % (X, x). Choose a representative triple (X, D, f)

of «, and consider the singular cycle (X~ D, f) of (X, xp) and its homol-
ogy class o'. If (X£,D, f) is cobordant to (X', D', f') and (W, W', F)
is a cobordism between them, it is easy to see that the singular cycle (W —
int W', F/) is a homology between (£— D, f) and (X' — D', f'). Hence, we
may define ¥, by taking ¥(a) =a'.
¥, isonto. Let (Z, g) be a singular cycle of (X, xo) and o' its homology
class. The polyhedron £ = Z Ucx*8Z is a geometric cycle without boundary,
that is, a %’-sphere. Denote by g’ the extension of g to X by the constant
map and fix a top-dimensional simplex D in dZ . If « is the cobordism class
of (Z,cxD, g') wehave ¥(a) = o ;thatis, (£—(cxD)?, g'/) is homologous
to (Z,g). Let A=0Z - D and W =Z x I Uyx;c*(Ax1I). Then we have
that W is a geometric cycle with boundary
OW =Z x{0}UZ x {1}UDxIUcxd(4x1I)
=[Z x{0}ucx(4x{0H]U(Z x {1})
UDxTUcx(Ax{1})Ucx(8D x ).
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Define G on W tobe g xid on Z xI and the constant map elsewhere. Thus
(W, G) realizes the required homology.

¥, is a homomorphism. Let a; be an element of Of(X ,X0), i=1,2,and
(Zi, Dy, fi) a representative element of «;. Given an orientation-preserving
PL-homeomorphism # between two top-dimensional simplexes D and D)

of D, and 9D, respectively, we let C = (X; — D) U, (£, — D;). So we
have that (C, g,/ U g/) is a representative element of the homology class
Y (a; + @2). Now consider the geometric cycle W obtained by gluing the

cylinders (Z; — Bi) x [0, 1] along aDj x [1/2, 1]. The relative cycle (W, G),
where G = (g,/ xid) U (g2/ x id) reahzes a homology between (C, g1/Ug/)

and the disjoint union of (X; — Dl , &/) and (X — D2 , &/)-
¥, is injective. Let (£, D, g) be a singular sphere such that (X - D, g/)

bounds a geometric cycle (P, G), thatis, P = (Z—D)UZ , where Z is a cycle
with boundary 0D, and G,z is constant. If F denotes the extension of G to
P’ = PUcxZ by the constant map, it is easy to take a top-dimensional simplex
A in c¢xZ such that (P, A, F) realizes a cobordism to zero of (£, D, g). O

Theorem 3.2. ©77 (X, x,) is isomorphic to I1,(X , xq) for each n > 1.

Proof. Denote by ¥,: I1,(X, xo) — ©7< (X, xo) the map described as fol-
lows. Let S be any element of IT,(X, xo). Choose a representative triple
(8", N, f) of B,where N isthe north pole of S”. Without loss of generality,
we can suppose that f is constant on a top-dimensional simplex Dy containing
N . Having chosen an orientation of S”, the triple (S”, Dy, f) is a singular
sphere of (X, xo) and hence determines an element g’ of 877 (X, x;). Ob-
serving that a homotopy between (S, D f) and (S", Dy, g) is itself a R.Z-
cobordism between the same elements taken as singular spheres, we conclude
that B’ does not depend on the choice of the representative element of . It
follows that we can define ¥, by setting ¥»(8) = f’.

¥, is onto. Let (£, D, f) be a singular sphere of (X, xo) and ¢:S" —
X an orientation-preserving PL-homeomorphism such that ¢(Dy) = D. In
order to show that the singular spheres (S”, Dy, fo @) and (X, D, f) are
cobordant, we consider a PL-homeomorphism #4: (S"xI, S"x{0}, S"x{1}) —
(Cp, 8", L) (C, isthe simplicial mapping cylinder of ¢) such that h/gn. (0} =
id and Aysnxq1y = ¢ . This PL-homeomorphism exists (see [2]). The map
g=[(fop)xidloh™!: C, —» X agrees with fo¢ and f respectively. Since
C, is a ¥ -manifold with boundary S"UZ, let C’ = h(Dy x I); then we have
that (C,, C’, g) isa L -cobordism between (S", Dy, fop) and (X, D, f).

¥, is a homomorphism. To show this it suffices to observe that the sum
of the homotopy classes of (S", Dy, f) and (S”, Dy, g) coincides with the

o o

homotopy class of (8" — Dy Usp, S" — Dy, D, f/ U g/), provided we regard

(S" — Do us® — DO , D) as (8", Dy) up to PL-homeomorphisms.

Y, is injective. Let [(S", Dy, f)] be an element of Ker¥;, that is,
(8", Dy, f)PZL-cobordant to zero. Then, using Lemma 2.7, we can extend
the map f to a PL-disc. Hence f is homotopic to zero. O

By Theorems 3.1 and 3.2, we can affirm that the homomorphism ¥Y»y & of
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Theorem 2.9 is the Hurewicz homomorphism. Then for any manifold class .#
we have a factorization of the Hurewicz homomorphism. For, since ¥ C
F C %, the following diagram is commutative:

Yoy &

877 (X, xo) - 8% (X, xo)
() Yor s\ / ¥s ¢
G?(X s .X())

4. THE GROUPS 6 (X, 4, x9) AND 67 (X, xo)

In this section we wish to give a group structure even in 8? (X, A4, Xo)
and 9,7 (X, xo) so that the resulting groups enjoy the same properties that we
have already established for ©7 (X, 4, xo) and 67 (X, xo). Let [(Z;, D;, f;)]

(i =1, 2) beelements of 87 (X, xo). We may define £ = (£, —D;)U(Z,—Dy)
and f=fj,;Ufy;:Z— X asinthecase n> 1.

The difficulty lies in the choice of D in the regular nbd of 6D; in X on
which f is constant.

Because dD; is not connected, neither are its regular nbds; therefore, the class
of (X, D, f) generally depends on D and there are essentially two possible
choices of D. Then we need a rule to determine D.

Observe that, being % = S°, each F-sphere is a finite disjoint union
of standard 1-spheres. Let S; be the component of X; containing D; and

gi: [0, 1] = S; — D; be an orientation-preserving PL-homeomorphism. Then
we define [(X,, Dy, )]+ [(Z2, D2, f2)] = [(Z, D, f)], where D is chosen
containing g;(0).

It is easily checked that 817 (X, xo) is a group under the operation defined
above. It need not be abelian, because the choice of D depends on the order
of the addenda.

To give a group structure in 927 (X, A, xg), the trouble is again the choice
of the simplex A and it can be removed reasoning as in 67 (X, xo).

Thus we can define a new functor 6 by setting 6% (X, 4, xy) =
{87 (X, A, x0)}n>1 (87 (X,4,x0) =67 (X, x0) if 4= {x0}; it is sim-
ply a set otherwise). It satisfies the same properties of the previous one, but the
graded group ©7 (X, 4, xo) need not be abelian.

In particular, ® is in fact the homology functor H if & = &, and it is
the homotopy functor II if ¥ = 2.

5. FUNcTOrRs ©7 DIFFERENT FROM H AND II

An example of functor 7 different from H and IT can be obtained by tak-
ing & such that % = {S!} and % is generated by a given orientable surface
of genus g > 1 and the standard 2-sphere under the property to be connected.
For, in this case, it is not too hard to show that 919' (X, x¢) is abelian, so
©” is not I1. Moreover, if X is not connected, 67 (X, xo) coincides with
9;7 (K, xo) where K is the path-component of X containing Xxo. It follows
that 87 isnot H.

The following example proves that there exist manifold classes #. such that
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the groups ©7 (X, xo) are different from homology and homotopy groups even
if X 1is a connected topological space.
For each positive integer m, let & '(m) be a manifold class such that:

T=38" ifn<m;
Y is a finite disjoint union

of standard m-spheres if n =m;
T=8%%Y YeF ' (my ifn=m+l.

Now we denote by % (m) the manifold class generated by & ’(m) under the
property to be connected. An % (m)-sphere £ of dimension m + 1 satisfies
the following properties:

(1) X is a connected polyhedron.
(2) If X is not S™*! | T has at least two singular points.

(3) X isa finite union of standard (m+1)-spheres such that the intersection
of any two of them is either the empty set or a finite set.

It is easy to prove the above properties by observing that:

(a) they trivially hold for the spheres of ¥ '(m) of dimension m + 1.

(b) if P, and P, are & (m)-pseudodiscs of dimension m + 1, such that the
spheres P;Uc*dP; (i=1, 2) satisfy (1), (2), and (3), and 0P, =, 9 P;, then
the sphere P, Uy P, satisfies (1), (2), and (3).

We now show that if X 1is a topological space such that I1,,(X, xo) # O,
then the map Yoo o (m: 7% (X , xy) — GZ('")(X , Xp) 1s not surjective.

Let a # 0 be any element of 827 (X, x¢), choose a representative triple
(S™, D, f) of a, and consider the singular % (m)-sphere (X, D, g), where
T=S5US; (Si=~S8™,i=1,2) and g = fU f. The class [(Z, D, g)] does
not lie in Im¥%y g . For, if (£, D, g) is cobordant to (S™, D', h) and
(W, W', F) is a cobordism between them, then X' = WuUcxXZUc' *S™ is an
(m + 1)-dimensional % (m)-sphere, which contains, by (3), a PL-disc A such
that A coincides with a path-component of £ and ¢, ¢’ do not belong to
A. Then we can suppose A C W, and hence F), is an extension of f to a
PL-disc. This contradicts the hypothesis on f.

The last assertion shows that the functor 87 (") is different from the func-
tors H and II. For, let X be an (m — 1)-connected topological space (m >
1) such that I, (X, xo) is a finite group. By the Hurewicz theorem and
the commutativity of the diagram (), the map Yag g (m): 7% (X, xy) —
8,?: ('”)(X , Xp) is a monomorphism and it is not onto by the previous argu-
ments. Then, Il (X, x¢) being a finite group, O,f(’")(X , Xo) 1s isomorphic
neither to I1,,(X, xo) nor to H,(X, xo).

We close this section observing that there is not an analogue of the Hurewicz
theorem for any two functors 8% , 8" with F' c & .

From the above observation it follows that there is not a generalization of
the Hurewicz theorem to the functors 672, 67 (M _ This also does not occur
for the functors 87 (™ &% . For, let X be an (m — 1)-connected topological
space (m > 1) such that I1,(X, xo) # 0. As an immediate consequence of
the definition of % (m), we have 87< (X, xo) ~ Of('")(X, xo) for any X
and for any 4 < m — 1, and it is not difficult to see that this relation holds
even if h = m — 1. Then, by hypothesis on X, e{"'”(x, Xo) = 0 for any

TeF ' (my e
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h<m-1.Since Yoy g: 077 (X, x9) — 8% (X, Xo) is an isomorphism and
Yoz 7m: 057 (X, xo) — 85, ™ (X, xo) is not surjective, the commutativity

of the diagram (*) assures that WYg(,,) #: Gz(m)(X, x0) = ©%(X, xo) is not
an isomorphism.
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