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ABSTRACT. Let K be a CM-field that is a quadratic extension of a totally real
number field k. Under a technical assumption, we show that the relative class
number of K is large compared with the absolute value of the discriminant
of K, provided that the Dedekind zeta function of k has a real zero s such
that 0 < s < 1. This result will enable us to get sharp upper bounds on
conductors of totally imaginary abelian number fields with class number one or
with prescribed ideal class groups.

Let K be a CM-field that is a quadratic extension of a totally real number
field k.

If the Dedekind zeta function of K is nonpositive at some sy that belongs to
the interval 10, 1[, then it is well known that we can get good lower bounds for
the residue at s = 1 of this zeta function and for the relative class number of
K. In Proposition A, we give explicit forms of such a result. They will enable us
to consider in Corollary ¢ the class number one problem for cyclotomic fields
in a more efficient way than those one can find in the literature (see [7, 12]).

Now, if the Dedekind zeta function of k has a zero in ]0, 1[, then in The-
orem 1 we give lower bounds for the relative class number of K. Our proof
assumes the technical assumption d(K) > 4Vd(k)? where N is the degree of
k and where d(k) and d(K) are the absolute values of the discriminants of k
and K.

Let us stress that, under this previous technical assumption, one remarkable
consequence of Theorem 1 is that the zeta function of k has no real zeros in the
open interval ]0, 1[ provided that the relative class number of K is less than
or equal to 2 (or provided that this relative class number is not “too large”).
If we can deduce from this that the zeta function of K is nonpositive on this
interval, then from our previous lower bounds for the relative class numbers
we may get very good upper bounds on the discriminants of K, provided that
the relative class number of K is less than or equal to 2 (or provided that this
relative class number if not “too large™).

Our main application of these techniques is the proof in Corollary b that
the zeta function of the real quadratic subfield k of a totally imaginary cyclic
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quartic number field K with ideal class group of exponent < 2 and discriminant
d(K) has no real zero in the interval 1 — 2/Log(d(K)) < s < 1. This is the
result we needed in [5] in order to prove that there are exactly 33 such quartic
number fields.

Let k be an algebraic number field with class number A(k) and regulator
Reg(k). Let d(k) be the absolute value of the discriminant of k. Set

[k: Ql=ri+2r,,  A=27"d(k)/ g~ (n+2)/2
2" h(k)Re g(k)

AMK) = =)

where w(k) is the number of roots of unity of k,

Fi(s) = #T (3) " Ts)2uts),
so that Fy(s) has a simple pole at s = 1 with residue equal to A(k).
Whenever y € (R})"*2, we set
Iyl =1---- Yr)Wrar e oo Yri+n)?s so that |2yl = ANy, 2 > 0;
Tn(y)=yi+-+yn+2n+1+ -+ Yr4n), sothat Tr(ly) =
It is well known (see [4]) that we have the integral representation

Fi(s) = (’Sl(l‘)l) +I(s)
with
(1
R0 =3 [ exp(-nd(k) N Ny(B M TN + M
yl>1 y

where the sum is taken over all integral ideals B # 0 of k.
From now on, we assume that s is a real number such that % <s<l1.

For y = (J’1,--~>)’N) € (RY)N weset Tr(y) =y +---+yny and |y| =

YN
If Kisa totally imaginary number field of degree 2N that is a quadratic
extension of a totally real number field k of degree N, then Ik(s) and Ik(s)
are integrals in (R%)Y and we have:

Tr(y) = 2Tr(y) and ||y|lk = lyl*, so that |ly[l > 1 if and only if |ly[| > 1;
Tr(y)=Tr(y) and ||yl =lyll, so that [|y[l > 1 if and only if ||y[| > 1.

Moreover, we have the natural injection map ik, from the group of frac-
tional ideals of k in the group of fractional ideals of K that satisfies

Nx/o(ix/x(B)?*N = Nyjo(B)7Y
whenever B is an integral ideal of k. We thus get

(2) Ik(s) 2 E/MN exp(—27d (K)~'*" Niyo(B)N Tr(n)) Iy II° + |IYIl"s]‘i—y

and
(3)

d
R =3 | exp(=md(k) ™ Ng (BN TRIyIP + Iy
yli21
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where the sums are taken over all integral ideals B # 0 of k.
Hence, if we assume that we have d(K) > 4¥d(k)?, noticing that we have
l¥lI> > |ly|| whenever ||y|| > 1, then (2) and (3) provide us with

(a) Ix(s) > Ix(s).

Moreover, from (2) we have

@ KoY [

exp(—znd<x)-'/ZNNk/Q(BWNTr(y»||yu3%
B Yl

yli>1

and from (3) we have

() his)<2) / exp(~nd (k)™ Ny BN Tr() |22
B “lylx1 y

where the sums are taken over all integral ideals B # 0 of k.

We change variables in (4), making the multiplicative translation y =
d(K)!'/?NY/2d(k)!/N . We note that, under the hypothesis d(K) > 4Vd(k)?,
the domain ||Y|| > 1 is included in the domain ||Y|| > 2¥d(k)//d(K). Using
Y5 > |Y||*/> whenever ||Y| > 1, we get

(D) (85" (1),
(c) Ix(s) > % (%)S/Z L(s), % <s< 1.

Now, as K is a CM-field of degree 2N that is a quadratic extension of a
totally real number field k of degree N, it is well known that we have

MK) _ h(K)
Ak) — Qu(K)’

where h*(K) is the relative class number of K and where Q =1 or 2 (see [12,
Theorem 4.12]). Moreover, if % < so < 1 is areal zero of {y, then we have
{k(so) = 0 since K/k is normal, so that Fy(so) = Fx(so) =0, so that

AK) _ Ix(s0)

Ak) — I(s0)

Hence, we get the following theorem whose assertion (b) is much more
precise than the one given in [6] (note that as soon as the totally real number
field k is fixed, then there are only finitely many totally imaginary number fields
K that are quadratic extensions of k and such that d(K) < 4Vd(k)?):

Theorem 1. Let K be a CM-field of degree 2N that is a quadratic extension
of a totally real number field k of degree N. Let us suppose that we have
d(K) > 4Vd(k)2.

If the Dedekind zeta function of k has a real zero sy such that % <s<l1,
then we have the three following lower bounds for the relative class number h*(K)




428 STEPHANE LOUBOUTIN

of K:
(a) h*(K)>Quw(K)>2,
* Qu(K) e o 1
(0) B(0) > S d ) 5o =5,
$0/2
€ h*(K)> %Qw(K) (%%) if% <so< 1.

Hence, the zeta function of k has no real zero in the interval 1—2/Log(d(K)) <
s < 1 provided that we have h*(K) < \/d(K)/e2Vd (k).
Remark. Theorem 1 does not apply to the class number one problem for cyclo-
tomic fields, for d(K) = d(k)? whenever K = Q({,) with n not a prime power,
and d(K) = pd(k)?> whenever K = Q({,.), with p an odd prime. Nevertheless,
in Corollary ¢, we will manage to consider the class number one problem for
cyclotomic fields (with prime powers conductors). Theorem 1 does not apply to
the class number one problem for totally imaginary biquadratic abelian number
fields with group (Z/2Z)?, for d(K) = d(k)?> whenever K = Q(v/=p, v/—9),
p and g prime and congruent to 3 mod 4.

In fact, Theorem 1 applies nicely to class numbers problems for totally imag-
inary cyclic number fields with bounded degrees.

Theorem 2. Let K be a CM-field of degree 2N that is a quadratic extension of
a totally real number field k of degree N. Let Res,({x) be the residue at s =1
of the Dedekind zeta function {x of k. Let us suppose that the Dedekind zeta
Sunction s — (x(s) satisfies
k(1 —2/Log(d(K))) < 0.
Then, we have the following lower bounds for the relative class number of K:
1 20w(K) Vd(K)/d(K)
h*(K)> f(N,K )
K2 IV, K) Res, (@) e@m)V ™ Logld(K))

with the two possible choices:

2nNel/N
(a) f(N’K)zl_E(_K)'/T
or
(b) f(N,K)= %exp <—a(—i{%> , whenever N > 2.

Proof. We get the desired result from Proposition A thanks to

Res; ({x) v [dk) AK) _ v h*(K) [d(k)
Res, ({x) ) =7

= 217\ 2) 10 oK) \| 4K

Proposition A. Let K be a totally imaginary number field of degree 2N . If its
Dedekind zeta function s — (x(s) is such that {x(so) < 0 for some sy real in
[4, 1[, then we have the following effective lower bounds for the residue at s = 1
of this zeta function:

(@ Res () > (1 = 5010 {1 - i |

(b) Res; (k) > -2-(1 — 50)d (K)o~ D2 exp (___27:_N) , whenever N > 2.

d(K)1/2N
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Proof. From (1) where we use only the term of the sum corresponding to the
ideal B equal to the ring of algebraic integers of K, and where we disregard
10972 we get

the term with ||y|[g
Vd(K) Res;({k) A(K) / 1
= > e —2nd(K /ZNT So
EY 5ol =500 ~ a1 =55) 2 Sy SR 2RAKTTION I
Setting y = d(K)'/2VY , we get

Res; ({k)
6) (2N

> so(1 - so)d(K)(S‘”/z/ exp(—27zTr(Y))||Y||s°%7Y
1Y 1>d(K)-12

= (1 — 50)d (K)®~V/2{ f(s0) — Jk(s0)}
with

() . _ sdY
fls) = s[(z )] and JK(s)—s/YW SR T OIYI

Since {Y;||Y| < d(K)~!'/?} is included in {Y;3i € {1,...,N}/Y; <
d(K)~'/2N} | we have (usmg e~ <1,y>0)

N—1 ,d(K)~Y/¥
R e R R

Hence,

Res; ({k)

Gy 2 (1= s)d (K021 (s0) {1 _ 2

—50/2N
50T (s0) ¢ ) }

Since s — f(s) decreaseson ]0, 1[, we have f(so) > f(1) = (1/2n)" . Since
s — (2m)S/s'(s) increases on ]0, 1[, we get the desired ﬁrst result In order
to get the second desired result, we start from (6) and use the third point of
the following lemma with x = d(K)~!/2¥ (so that from the Minkowski’s lower
bound d(K)!/2N > aN2/((2N)1)'/¥ we have x < 3, 2N > 4):

Lemma. Set Py(t) = ,,_0 Lin/n). Then,

(1)
exp(=Tr(Y))dY = Py(t)e™ !, N>1.
Tr(Y)>t
(i)
/ exp(=Tr(Y))dY =1 - Py(t)e” ", N>1.
Tr(Y)<t
(iii)

—2aNx

/ exp(-2nTr(y))dy = ¢ (1 = Py(2rN(1 — x))e~22N(1=x)),
>|lylizx¥

(2m)¥

(iv) xy = 1 — Py(xN)e~™N s an increasing sequence that converges towards
1,s0that xy >%, N>2.

Proof. Part (iii) is proved from (ii) using the fact that the domain {y;y €
(R*)¥, yi > x and N > Tr(y)} is included in the domain {y;y € (R})" and
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1> |lyll > x¥} and changing variables making the translation y; = x + Y;/2x.
Part (iv) follows from the inequality Py, ((N + 1)n) < e"Py(N7). Indeed, we
have

Pya((N+ 1)7) = f; r (X 1)”3(1\’;1)”%@5)"

n=0 n=0

N-1
<e (PN(Nn) + (N]:,t!) > =e <PN(N7z) + n%)
<e(l+mn)Py(Nm). O

Remark. Theorems 1 and 2 apply nicely to the determination of CM-fields K
with “small” class numbers, provided that the fields K are CM-fields that are
quadratic extensions of totally real number fields k such that {x/{x is non-
negative on ]0, 1[. Indeed, Theorem 1 then implies that the zeta functions {y
have no real zero in the interval 1 —2/Log(d(K)) < s < 1. Hence, {x(so) <0
and {kx(sp) < 0 with sp = 1 — 2/ Log(d(K)), so that Theorem 2 provides us
with good lower bounds for 4*(K). Since we seek “small” class numbers, this
will provide us with upper bounds on d(K).

Let us point out that these assumptions “ {x/{x are nonnegative on ]0, 1[”
are satisfied as soon as the number fields K are totally imaginary and cyclic
over Q and such that 4 divides [K: Q] = 2N, for {x/{x is then a product of
L-functions that come in conjugate pairs.

For example, we first give the following corollary, which greatly improves
upon the upper bounds given in [1] or [10]:

Corollary a. Let K be a cyclic quartic totally imaginary number field with con-
ductor f and class number h(K). If h(K) = 1 then f < 4500. If h(K) =
then f < 10000.

Let K be a cyclic octic totally imaginary number field with conductor f and
class number h(K). If h(K) =1 then f =32 or f is prime and f < 3000.

Proof. We only prove the first point. Let k be the real quadratic subfield of K,
let fi be the conductor of k, and let L(s, x;) be the L-function of k. First,
fx divides f, so that we have f; < f. Moreover, d(k) = fi and d(K) = £ f?.
Hence, d(K)/4?d(k)? = f%/16f; is greater than or equal to 1 as soon as we
have f > 16. Hence, from Theorem 1(a) we deduce that the Dedekind zeta
function of k has no zero on the interval [% , 1[ as soon as A*(K) =1 or 2,
provided that we have f > 16. Since the Dedekind zeta function of K can be
written (k(s) = Cu(s)|L(s, xf)lz, s €]0, 1], we can apply Theorem 2. Since
Res;({x) = L(1, xj) < $Log(fk) + 1 < 1 Log(f) + 1 (see [8, Lemma 8.4]) and
since 52 < d(K) < f3, Theorem 2 provides us with the following lower bound
from which we get the desired results:

2 4me!? f
(-7

h(K) > h*(K) > Tem2 \' T 5f2)1/4) (Log(f) +2)Log(f)

O

Corollary b. Let K be a cyclic quartic totally imaginary number field with con-
ductor f. Then the Dedekind zeta function of the real quadratic subfield k of
K has no zero in the interval [1 —2/Log(d(K)), 1[ provided that the ideal class
group of K is of exponent < 2.
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Proof. If the ideal class group of K is of exponent < 2, then k is principal and
Sk = 8 or f; is prime and such that fy =1 (mod4). Conversely, if f; =1
(mod 4) is prime, if k is principal, and if we define f, by means of f = £ f5,
then the ideal class group of K has 2-rank ¢—1 where ¢ is the number of prime
ideals that ramify in the quadratic extension K/k. Hence, ¢ < 1+2w(f;) where
w(f;) is the number of prime divisors of f; (the proofs of these assertions can
be found in [5]). Let us suppose that the Dedekind zeta function of k had a real
zero o such that 1 —2/Log(d(K)) < so < 1. Then, as d(K ) Af?= 212
and d(k) = fy, Theorem 1 would imply 4“2 > h(K) > h*(K) > \/fifr/4e .

Now, fi > 211 implies \/f;/4e > 4/3, so that we would have 4¢(2) >
4f,/3. Since 4 divides f, assoon as f; iseven, this inequality is never satisﬁed.
On the other hand, if 5 < fy <211, then s+ L(s, x;) has no zero on ]0, 1]
(see [9]). Thus, we get the desired result. O

Lower bounds for the relative class numbers of cyclotomic fields. Now, we would
like to show that Theorem 2 applies to CM-fields with unbounded degrees. For
example, we show that Theorem 2(b) enables us to get good upper bounds on
the conductors of the cyclotomic fields (with prime-power conductors) with
relative class numbers equal to 1. We first give a less tedious proof and more
precise form of Lemma 11.5 of Washington [12]; i.e., we give an upper bound
on Res;(k) with k being the maximal totally real subfield of a cyclotomic field
with prime power conductor.
We define g(b) =b -1+ H(b, 1), where

1 1 Re(s) > 0,
H(b’s)zz((n+b)s"(n+1)s)’ {b>0. -

n>0

Whenever y: N — C is a complex-valued function which is periodic mod
m , such that y(m) =0 and E;":_l‘ x(a) =0, we have
i a
Lo =S A0 =5 S ra (5.).
n>1 a=1

Consequently, whenever x,, is a nontrivial (not necessarily primitive) even
Dirichlet character mod m we have > /= axm(a) 0 and

L(1, xm) = -’%r:i x(a)g (—:;) .
a=1

Lemma (i). g(b) >0 and g(b)*+ g(b)g(1 -b) < 1/b?, 0<b< 1.
Proof. Follows from the following two inequalities:

_ 1 1 ! 1 . (1-b)
g(b)—b—1+5—l+§<m—m)Zb+5—2— b >0,

| b 1 b 1
g(b)—b—1+5-§m§b—1+5—§m—5—1. O

Lemma (ii). |TT, cven 5,21 L(1s Xm)| < (22/6)00M=2/% where the product is
over the (not necessarily primitive) even Dirichlet characters mod m .
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Proof.

and GCD(a, m) =1,
Oor —1 otherwise.

S An(@T () =
Xm €ven
Am#1
Hence, by the arithmetic-geometric mean inequality,

2/(¢(m)—-2)

{ ¢(m)/2 -1 if a= +b(modm)

- d)(m) -2 a=1 b=1 m m Xm €ven
Xm#1
1 & a\? a a 1
i T @ e(@e0-2)s E
- m? a_lgm E\m m/ = = a?
(a,m)=1 (a, m)=1
+00
1 x? 1 n?
< —_—= -—)<Z. o
<> g% T (1-5) <%
a=1 p prime
(a,m)=1 p divides m

Now, in order to apply Theorem 2 to the cyclotomic case, and thanks to the
fact that the Dedekind zeta function of a CM cyclic number field factorises on
]0, 1 into a product of L-functions that come in conjugate pairs, apart from
the two L-functions associated to the principal character and to some quadratic
character, we must find an explicit zero-free region for an L-function associated
to a quadratic character.

Lemma (iii). Let y be a quadratic nonprincipal character mod f. Set N =
10(f). Then, for o > 1/Log(3) we have

N+2 N+2
, Log(n) I—g Log(n)
< —_ _
IL'(a, 2)I < ,.§=2 o S (N+2) n§=2 p

Proof. We have

(k+1)f+2
Lo, 0 =-22282 3 ( ) x(n)M) .

nd
k>0 \ n=kf+3

Now, n +— Log(n)/n° decreases for n > 3 provided that we have o >
1/Log(3). Moreover, in each set of f consecutive integers there are N of
them such that y(n) = —1 and N of them such that y(n) = +1. Hence, for
each k > 0 we have

(k+1)f+2

Log(n)
> x(m=3

n=kf+3

Suk_vk9
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with
kf+N+2 Log(n) (k+1)f+2 Log(n)
u, = Z o and v, = Z prant
n=k f+3 n=(k+1)f+3-N

Since (ux)k>0 and (vi)k>o are decreasing sequences converging towards 0, and
since U, < v, k>0, we get

Log(2
(o, 01 < PB4y (09— ) — (01 ) +
Log(2) 2 Log(n)
S 20 + uo = Z nU ‘ D

n=2

Theorem 3 (see [12, Lemma 11.10]). Let x be a primitive quadratic character
of conductor f. Then

o>09=1-—2 ifx(=1) = +1,

T Log(f)
L, 1) 20 for{a>a_l_\/_2n ) = 1
=20 =" Trwgy VAU ETE

Hence, L(a, x)>0 for 6 >0, =1-2/(f—-2)Log(f).

Proof. Since ¢ — L(o, x) has no real zero in the open interval ]0, I[ for
f < 24 (see [9]), we may assume that we have f > 24. Let us first assume
that x is even, and let k, be the real quadratic field with conductor f. Then
L(1, x) = 2hLog(eo)/v/f > Log(f — 4)//f where & > (/- 4+ /)/2 >
v/ f — 4 is the fundamental unit of k, and where 4 > 1 is the class number
of k. Let ¢ be such that go <o < 1. Then L(o, x) > 0. Indeed, if we had
L(o, x) <0, then from Lemma (iii) above and since we have N < (f —1)/2,
we would get a contradiction from

Log(f - 4)

vai

SL(I’X)<L(1’X)_L(J, X)
<(l-0) max L'(a, x)

gp<a<l
3 2Log((f +3)/2) Log(n)
< ao)exp( NG ) >

< (1~ ) Log(f ~ 4)Log(f) =

2<n<(f43)/2
Log(f - 4)

v

where the last inequality is valid for f > 24.
In the same way, we get the desired result if y is odd using L(1, x) > n/+/f,

f=5.
The third result follows from the first and second ones. O

Corollary c (see [12, Corollary 11.17]). Let p be an odd prime. Then we have
the following lower bound for the relative class number h*(K) of the cyclotomic
field K =Q(pe), a> 1, of degree 2N = [K: Q] = ¢(p?):

oz () L

76 \ 39
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so that 2N = ¢(p®) > 100 implies h*(K) > 1. Moreover, p > 89 implies
h*(K)>1.
Proof. Set h(p) = (1—1/p)p'/®?=1 | so that we have h(5) > h(p) > 1. We note
that

d(K) = (2N/h(p))*" < 2N)?, w(K) =2p® > 2N,

d(K)/d(k) = 1/pd(K) = VD(2N/h(p))"
Res; () < (72/6)N 172 [thanks to Lemma (ii)].

Noticing that we have d(K) > p?~2, then thanks to Theorem 3 we may apply
Theorem 2(b), so that we get the following lower bound from which we get the
desired results:

x 2nV/6 1/4,~zhip) [ 3N G 1
W (K) 2 55p e (n“h(p)) Tos(2N)"
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