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SOME PRODUCTS OF B-ELEMENTS
IN THE NOVIKOV E, TERM OF MOORE SPECTRA

JINKUN LIN

(Communicated by Frederick R. Cohen)

ABSTRACT. In this note, we prove trivialities and nontrivialities of products of
some higher-order ,B,’p,, /s elements in the E, terms of the Adams-Novikov
spectral sequence of Moore spectra.

1. INTRODUCTION

Let S be the sphere spectrum and M the Moore spectrum modulo a prime
p > 5 given by the cofibration

NEANEAY VRS X3

Consider the Brown-Peterson spectrum BP at p and the Adams-Novikov spec-
tral sequence (ANSS) Ext"' M = Extyy po(BP., BP.M) = n,_M . According
to Miller and Wilson [1] and Miller, Ravenel, and Wilson [2], there are -
elements .
I1<s<p"+p"'—-1 ifptt>2,
1<s<p® ift=1,
such that their images under the boundary homomorphisms associated with the
short exact sequence 0 — BP, & BP, — BP,/(p) — 0 are Bipn)s € Ext>* S =
Extyy pp(BP., BP.). We will write B, as B in Ext' M and B/ as
B in Ext’S.

The present note gives some results on trivialities and nontrivialities of prod-

ucts of higher-order fB-elementsin Ext*’* M , and we will consider p as a prime
> 5 throughout this note.

Bipn)s € Ext'>* M for {

Theorem 1.1. The following relations on products of B-elements in the E, terms
of the ANSS of M hold:

(N B:np,,_,/p,,_lﬂ,pn/pn =0 in Ext* M for ptt>2, n>2,and m=k(tp-1),
k#0, —1 (mod p).

(2) ,B,,,,pn-lﬂtp"/a = B,,npn—l/pn—l+lﬂtp”/p"—l = —ﬂ,lnpn—l/zﬂtlpn/a'ho #0in EXt3 M
for ptt > 2, n>2,and m = k(tp — 1), k # 0, —1 (mod p), where
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a=p"+p" ! —1 and hy € Ext' M is the v,-torsion free generator stated
in [1, Theorem 1.1].

The triviality in (1) will be proved by using a result in [1], and the nontriv-
iality in (2) will rely on the result on f;f;,n/, in [7]. By using the resuits in
Theorem 1.1, we have
Theorem 1.2. (1) The product B,’,p,,_,/p,,_,ﬂ,’p,,/p,, =2t- Bl’,p,,_,+(,p_l)pn_, <hyg #0
in Ex* M for ptt>2, n>2,and b#0, 1 (mod p).

(2) Bpprssho #0 in EX® M for 2<s<p"+p"' -1, n>1, pth>2,
and b# —1 (mod p) or b=tp—1 with p{t>2.

(3) Byp vho=0 in Ex®M for n>1 and b=tp—1 with ptt >?2.

2. PROOF OF THE MAIN THEOREMS
Let a: XM — M be the Adams map and K, be the cofibre of a” given by
the cofibration
2.1) M MK, ety

The cofibration (2.1).induces a short exact sequence 0 — BP,/(p) 4 BP./(p)
— BP,/(p, v{) — 0 and then induces the Ext exact sequence

o Ext M Y Extt 4 pr U Exes 4 g U Bt

where we write (j}). as the boundary homomorphism and (i}). as the reduc-
tion.
From [3, p. 422], i’ j!: K, — £r9*'K, induces a cofibration

u
(2.2) 39K, % Ky B K, S 3K,

which realizes the short exact sequence 0 — BP,/(p, v{) 2 BP, [(p, vf*) —
BP,(p, v{) — 0 and induces the Ext exact sequence ”
St g Ve s, 1+rq Pa s t+rq g (dp)e s+1,1
-+ — Ext>' K, = Ext K, = Ext K, =" Ext K,— -

where we write (i,j;). as the boundary homomorphism and y, = v]. From

the 3 x 3 lemma in the stable homotopy category, we can easily have
(2.3) Wiy = 0l Jrp = a"juy,-

Note that the behavior of w., p.,and (i, j/). in the above Ext exact sequence
is compatible with that of y, p, and i} j; in the cofibration, i.e., we also have

(2.4) Waliy)s = (G)s0s Ul = V1 (Jisr)s

in the Ext stage. _
If r =0 (mod p), K, is a split ring spectrum (cf. [5]), there exists J €
[Z-'K,, K,] such that

(2.5) diy=108, ji6=-0j., (6=1i))

and ¢ is a derivation behaved on the products in 7. K,, i.e.,
00=0, du=u@dAlg)+ullg Ad),
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where u: K, AK, — K, is the associative and commutative multiplication of
K,. Hence J,: Ext*'K, — Ext**""'K, also is a derivation behaved on the

products in Ext** K, , i.e., .0, =0, and
(2.6) 0. (xy) = (8.x)y + (- )¥x(3,y), x,yeExt"*K,.
Moreover, from (2.5) we have

3 (l:')* == ( ’_) é EXIS *M SN ExtS+l *K”

2.7) ) )
(JD)ebs = —8.(jl)a: Ext>* K, — Ext'™™** M,

where d,: Ext®' M — Ext**!*! M is the boundary homomorphism induced by
6 =ij € [Z"'M, M], and it is similar that J, is a derivation behaved on the
products in Ext*'* M

(2.8) O (xy) = (0. x)y + (D x(b,y), x,yeExt"*M.
Proof of Theorem 1.1. (1) Briefly write a = p" 4+ p"~! — 1. According to [1],
B,’p,, ja = Ci (tp") € Ext' M and ¢ (tp") is the v,-torsion generator of Ext' M

stated in [1, Theorem 1.1, p. 132]. Moreover, ,Bt’p,,/s =i ci(tp") = vf"’ﬂl’p"/a ,
and v{'B,,. ., = B, for u+s<a. Briefly write d = p"~'. Then

()« Bignjpn) = (1) w0 ™" Bipn o = Wal(Bipn /)

(2.9)
= 2t y, (0§~ ho) = 20 - 0P~ My (o),

where y: Z@-1D4K, — K, is the map in (2.2) and we use the relation i’c,(tp")
=2¢-v{""p, in [1, Theorem 1.1(b)(iii)].

Since hy € Ext"' 7K, converges to i'ijai € ng—1K; in the ANSS and
Syi'ijai =8iaijai = ilijad"'ijai = 0 € m.Ky, it follows that &, y.(hg) =
0 € Ext? K, . Hence, by applying the derivation J. on (2.9), we have

(2 10) (l:j)*dt(ﬂ;pn/n) = gt(i;)*(ﬂtlpn/pn)
' =2+ 8.3y (ho)) = 2t - 3. (V5P ) - (o).

Since v{?~" ¢ Ext"K, by [1, Proposition 6.3] and 4, is a derivation (cf.
(2.6)), then &, (v{ NP~y — (k4 1).okP=DdF 3 (P=Dd 55 by (2.10) we have

k k ds d
=0 (1) 84 (Bl pn) = 28 - 05 PG 0Py g

_ 2 = (kl)ip-1)dy
21 =710 (v )+ W (ho)
: 2t < _ -
= o0 (o, (ko)) by (2.6) and S.yho = 0]
_ 2t 5 (k+1)(tp—1)d 3
“k+1 15 v (v, ho) [since y, = v -1.

By applying the boundary homomorphism (j/,).: Ext’ K; — Ext’ M, the left-
hand side of (2.11) becomes B,’((,p_l) d/d Bippn by the Yoneda product and the
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right-hand side of (2.11) becomes

A = )
rrl () B (uiEHDEP=1 )
_2t . ~
= k—-i-la*J*(vékH)(tp l)dho) (. (2.5), (2.4)]
=0eExt’ M,

since J, jL (08P p0y = B up—1aan € ExtS s divisible by p (cf. [2,
Theorem 2.8(c), p. 477]). So we have the desired triviality.

(2) Let m': MAS — M be the restriction of the multiplication m: MAM —
M . Since m’ = m(1; A i), the following diagram commutes:

Bipn-1 ® Bipnja € Ext' (BP., BP.M) ® Ext*(BP., BP.)

ll@i.

Blpn-1 ® 64 B4y € Ext'(BP., BP.M) @ Ext*(BP., BP.M)

— Ext*(BP., BP,M A S)
l(lMAi)t

— Ext*(BP., BP.M A M)
—=— Ext*(BP., BP.M)3 B, ._.Bipr/a

—— Ext’(BP., BP.M) 38, .- .6.Bpn /s
where the top and bottom rows are products in the ANSS. Hence, we have
ﬂ,’npn—lﬁtp"/a = ﬂ,/npn—la*ﬂtlpn/a and by (2-8)
n—1
B,Inpn—lﬂtp"/a = ﬂ,lnpn—laazﬂt/pn/a = l}’lnpn-—l/IJrl—l.'.[’UIlJ 5*'Bt/p"/a
n—1
= 'B;np"—‘/p"-l-e-la*(vf Btlp"/a) = Br/np"—‘/p"“+lﬂlp"/l7"—1
as desired. Moreover,
Bylnp"—lﬂtp"/a = ﬂr’np"—l/p”-|+16*(vlﬂt,p"/p")
= ,Inpn—l/pn—l+lv[5*ﬂtlpn/pn + ,B,Inpn-l/pn—1+l(6*U1)ﬁ,’pn/pn

= ﬂ,,npn—l/pn—lﬂtp"/p” - ﬂ,lnp,._|/p,._1+lﬂt’pn/pn * hO
= _ﬂ;np,,_,/z/?,’p,./a - hy [the st term is zero from (1)].

From [7, (4.1.3), p. 132] B/Byr/a # O in Ext’ M if and only if r #
(up® — p~1) — (tp" — p"~') for any ptu > 2 and e > 1. Now if mp"~! =
k(tp — )p"=! = (up® — p¢~') — (tp" — p"~!) for some pfu >2 and e > 1,
then (k+ 1)(tp —1)p"~! = (up — 1)p~", and it is impossible since k #0, —1
(mod p) . Hence, ﬂ,'np,,_,ﬂ,pn/a #0. Q.E.D.
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Proof of Theorem 1.2. (1) From (2.9) we have
V3 (i)a (Bipnjpn) = 20 - 03 - 01"~y (o)
=2ty (VST Vpg) d=prt.

Hence, by applying the boundary homomorphism (j}).: Ext' K, - Ext! M,
we have B, Bi = 20 jL(W¥P Vhg) = 2By, ko Moreover, if
b+tp—12£0, —1 (mod p), it follows from

0# ﬂ(b+tp—l)dal = j*(ﬂ(lb+1p—1)dh0)
(cf. [2, Theorem 2.8(b)(i), p. 477]) that ﬂ(,b+tp—1)dh0 #0.
(2)If b# —1 (mod p) and B; ., ho =0, then B; ,-hy =0 in Ext’ M, and
so in Ext*S we have

0 # ﬂbp"al = j*(ﬂép" ‘ ho) = 0’

which is a contradiction, where we use the result in [2, Theorem 2.8(b)(i),
p. 477] on Byma; #0 in Ext®S if b# —1 (mod p).
If b=tp—1 with ptt > 2, from Theorem 1.1(1) we have

! !
Bbp"/sﬂtp"+‘/p"+‘+p"+l—s * hO ?{: 0 s

and so B}, -ho #0 in Ext’ M.

(3) Let b = tp — 1 with ptt > 2. It is known that there exists f €
[2*K;, K] such that the induced BP, homomorphism f, = vf”", and so
2t fi'ijai € K, is detected by 2¢- v hy = ilc(tp™+!) € Ext' K (cf. [,
Theorem 1.1(b)(iii)]). Hence j'fi'ijai € n.M has BP filtration > 2 since
Jiile (tp™*!) = 0. This means that Bl’,p,, -hy=0 in Ext* M. Q.E.D.
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