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ABSTRACT. We prove a sharp interpolation theorem for Orlicz spaces with the
Luxemburg norm. As a corollary we obtain a sharp form of an exponential
integrability theorem, due to Grafakos, for the multilinear fractional integration
operator. This generalizes a theorem of Adams.

1. INTRODUCTION

In his 1988 paper [A] Adams proved a sharp form of certain limiting cases of
the Sobolev embedding theorem by first establishing the following exponential
integrability theorem for the fractional integration operator I, (Riesz potential
of order a) defined by I,(f)(x) = [g. f(x =y)ly|*"dy (0 < a < n). The
symbol p’' = ;‘_’—l denotes the conjugate exponent to p, w,_; the surface area
of the unit sphere in R”, and |Q| the Lebesgue measure of the set Q C R".

Theorem A (Adams [A]). For p € (1, ) and a = > there is a constant
co = co(p) depending only on p such that for all f € LP(R") with support
contained in a domain Q in R", |Q| < oo,

! n_|L(f)(x) ”’)
1 ——/ex (——— dx < ¢.
D I i i A "
Furthermore, (1) fails if o s replaced by a larger constant.

Grafakos [G] extended this result to cover a multilinear analog of I, , namely,
the operator I,(fi, ..., fx) defined by

Lfi e s F)0) = [ filx = 009) - fi(x = Oyl dy,
Rn
where 6; € R\0, 1< j < K. He proved the following theorem, which may be
called a multilinear fractional integration theorem.
Theorem B (Grafakos [G]). Let p € (1, %), 3 = Zle 517’ pj € (1, 0], and
a = 5. Assume the real numbers 0; # O are distinct. Let B be a ball in R",
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and let f; € LP) be supported in B. Then for any y < 1, there exists a constant
Co(y) depending only on n, o, 6;’s, and y such that

2) ’ﬁa/exp(w” l“fm SO

dx < C s
a1 | WAl 1 kNl > < G

where L = Hf=l-|0j|"/"1. Furthermore, (2) failsif y > 1.

Note that Theorem B leaves the case y = 1 open. The proof of (2) was based
on complicated estimates involving properties of the multisublinear maximal
function defined by

1
M(fi, s J) ) Srl>lIO> |B(O, )| Js,n
where B(0, r) is the Euclidean ball of radius r centered at the origin in R".
(Here 6; € R"\0 are assumed to be distinct.) The purpose of this note is to
show that the end point case y = 1 of (2) is actually an easy consequence
of Theorem A, once we establish a sharp form of a multilinear interpolation
theorem for Orlicz spaces (with the Luxemburg norm). We will state and prove
this interpolation result in §2. Our observations may be combined with the
known results and stated as follows:

Theorem 1. Let K> 1, pe (1, ), a= ,%,%,-Zfl,, and p; € (1, ).
Then there exists a constant ¢y = co(p) depending only on p such that for all
fj € LPi(R") with support contained in a domain Q in R", |Q| < oo,

|filx = 61y)--- fxk(x = 0ky)ldy,

1 n |LL(fi,..., f)(x) ”’)
3 —-—/e < dx <c¢,
3) @ ) P @t AT Tl X<
where L = H;il |6j|"/Pi . Furthermore, (3)
constantf

Remark. The constant ¢y in (3) is in fact identical to the one appearing in
(1). So it depends only on the ratio n/a = p. On the other hand, note that
the constant Cy(y) in (2) depends on the other parameters also. In particular,
Co(y) m o0, as y = 17

Theorem 1 will be proved in §3.

2. A MULTILINEAR INTERPOLATION THEOREM FOR ORLICZ SPACES

Let (X, #, 1) be a o-finite measure space. A convex function Q: [0, c0) —
[0, oo] is called a Young’s function if Q(0) =0 and Q is not identically O or
oo on (0, co). Given a measurable function f on X we let

I flle = inf{l >0 :/ (m>du < 1} (Luxemburg norm),

1= sup / fgdu) (Orlicz norm).,

llgllgs <1

where Q* denotes Young’s complementary function of Q (defined by Q*(¢) =
sup,>olst — Q(s)] for £t > 0). |fllp and | f o are equivalent norms on the
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Orlicz space L2(X) = {f : |fllp < oo}. The letters ®, Q, and R (with
subscripts) will stand for Young’s functions. Given a Young’s function Q its
(generalized) inverse is defined by Q~'(¢) = sup{/ > 0: Q(/) < t} (for ¢t >0).
We will write R, for Young’s complementary function of Q,, £ =0, 1. R;
will denote the intermediate function defined to be the inverse of the function
RyU(1) = (Ry'(1))!=5(R7'(2))* for 0 < s < 1. For more details on Orlicz spaces
see [KR, R].

We now state our interpolation result. Note that all the norms in the state-
ment of Theorem 2 are the Luxemburg norms (see the remark after the proof
of the theorem). Let (X;, #;, u;) be o-finite measure spaces and

T:Lq’“‘(Xl) X oo X L‘DK,I(XK) N LQI(X)

denote a multilinear operator. M, will denote constants independent of the
functions f;.

Theorem 2. Let T be a multilinear operator such that

K
”T(fl’ 9fK)"Q1SMt’H”f}”‘Dj',’ £=0, 1.

j=1

If ®7L(0) = (@] (1)~ (@7 (0F, 1<j<K, 0<s< 1, and QF = (Ry)",
then

K
(4) 1T, s fllgr < My M [N lle, , »
j=1
where f; are (integrable) simple functions.
The following lemma is stated on p. 135 of [KR] in the case when u is
finite. Essentially the same proof can be used to show that it is valid when u

is o-finite and f € L' n L2(u). We wish to thank Steve Bellenot for helpful
conversations about the lemma.

Lemma 3. If Q and Q* are continuous and f € L' N L2(u) then

]
1/llo =Sup{|/fg dul: lelp- < 1}.

Proof of Theorem 2. As was observed in [R] we may assume all of our Young’s
functions are continuous and strictly increasing. By Lemma 3 we have

ITCho s fllgs =sup{‘/T(f1, ,fK>gdu|:||g||x, <1},

if the f;’s are integrable simple functions. Fix a number s € (0, 1). For
1<j<K,¢=0,1,and z € C, let f; and g be (integrable) simple
functions with ||fjlle,, = 1 and ||g||%, = 1. Then it suffices to show that |I| =
| [T(h,..., fr)gdul < My~ M; . Let oj = D7y, aj (1) = (aj,0(1))! 72 -
(@j,1(0)%, Be=R;", and B.(2) = (Bo())' =7 - (B1(1))*. Define

fj‘z = aj,z((pj,s(|f}|)) cela),
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Let ¢ > 0. Since R; is continuous by assumption, we have
1
1 = » =inf —(1 R
lelts, = int 7 (1+ [ Ri(kighan)

(see [KR, p. 92]). Hence there exists a number k; , € (0, co) such that

(14 [ Rtk e} < 1+
§,€E

Now define
1 .
8= k__ﬂz(Rs(ks,e|g|)) - el amB(8),
5, €
Then I(z) = [T(fi,z,... , fk,z)8:dp can be shown to be continuous in the

strip {z€ C:0<Rez <1} and analyticin {z € C:0 < Re z < 1} (see [R]).
By Holder’s inequality (6),

) <IT(fryips -5 Jroivdllgo - 18iyllR,

K
< Mollgipllz, [T 15 vle;s (v ER).

j=1

Now [®; o(lfj,y)duj = [®j olej,o(®@;s(1fi]) = [®;s(fj]) < 1, since
I fille, , =1.So |Ifj,iylle; , < 1. Also,

. _ el 1
l&giyllk, = Inf | 1+ [ Ro(k|giy]) ) < 1+ [ Ro(ks,e|&iyl)
>0k ks,e

- (1 + [ Rolpo(Ruthe.clg))

(14 [Riedleh) <140
S, €

Therefore, |I(iy)] < (1 +e)My Vy € R. Similarly, |I(1 +iy)] < (1 +&)M;.
Hence by the three lines theorem, it follows that

I =) <(1+e)My—M;, 0<s<l.

Since & > 0 was arbitrary, we conclude that |I| < My ~M;. O

Remark. Rao (see [R, Theorems 1, 2, and 4]) originally proved an analog of
Theorem 2 with the sharp constant M(; M} using the Orlicz norm on both
sides in place of the Luxemburg norm. Since the two norms are equivalent
(Ifle < A5 < 201 fllg ). it is easy to see that Rao’s result implies (4) with the
constant M, ~*M; replaced by AM, *M; with some constant 4 > 1 (see the
remark following Theorem 2 in [R]; also see [M, p. 102] in this connection).

Corollary 4. Let T be a multilinear operator such that for p; ¢ € [1, oo]

K
”T(fl 3 ey fK)“Q S MlH”ff”P;J (e =09 l)

j=1
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If =3 =124 1<j<K, 0<s<1, then

K
ITCfis s fille < M= M [T 1l
j=1
Proof. Just take Qy = @} = Q, and ®; ((¢) = /s (when pj s = oo, take
®; (1) =0 for t <1,and = oo for ¢t > 1) in Theorem 2. (In fact, in this
case the arguments simplify considerably. So we may give a short direct proof
with g, = g and

[,z = |13 L elah)  (if p; < 00),

where pj%z) ==z 2+ pf| (Let f;j,. = fj,if pj = 00.) The rest proceeds exactly

as in the proof of the Riesz-Thorin theorem (see [SW]) once we use Lemma 3
and Holder’s inequality (6).) O

Corollary 5. Let K > 2, p € [1, o), where 117 = flp
Suppose T is a multilinear operator and that

E)  NTU, s fllg < MG [ 1fele G =1,...,K).
L#j

and pj € (1, o0].

Then

K

1T, follo < TIN5l
j=1
Proof. We use a straightforward induction argument. If K = 2, the corollary
follows from Corollary 4. Now assume that the corollary is true with K replaced
by K —1 for some K > 3. Interpolating the estimates (Ex ) and (E;), using
Corollary 4, gives for 1 <j <K -1

(Fj) NT(frs -5 ol < Mﬁ/pKMf/q”lelpKHﬁllq II 1fello s
t#K ,j
where 1 = Yo 5 - We may assume g < oo, since otherwise there is nothing

to prove. Now fix a function fx and apply the ingvuction hypothesis to the
estimates (F;), 1 < j < K — 1 (with the constants M, = M,’é/”"Mf/quKll,,K ).
We get

- q/p
T, ... H "1£llp,)
K-1

K
= MY fllpe TT M2 1 £illn,) = H (M2 f,). O
j=1 j=1

3. PROOF OF THEOREM 1

Fix a domain Q in R" 0<|Q] <oo,and p € (1, o). Define a Young’s
function Q by Q(t) = CIIQI (exp( 1 t" )— 1), t>0,where ¢; =cp—1 (>0)
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and ¢y = ¢p(p) is the constant appearing in (1). Then (1) may be rewritten as

Q/ of et )ax <1

which is equivalent to the norm estimate

(7) Ha(Nllg < /1, (VS € LP(Q)),

in view of the definition of the (Luxemburg) norm. In exactly the same way,
the estimate (3) is equivalent to

K
®)  Malfis- s flllo < L7 TTIA M, (V) € L2(Q), 1 < j < K).

j=1
We will deduce (8) from (7) and Corollary 5. We have for 1 < j < K

L(fis ... fOW) < / 150 = 0] ple=dy T fello
Rn

U4
=10;17L(1 /i) (x) T ] 1 /el co-
£
Hence
Ma(fis -5 Sl < 16,17 a1 5Dl [ ] I1felloo
1231
<1671l [T 1felleo (b (7)) (1<j<K).
£
Therefore, an application of Corollary 5 gives

: K
ILa(fis - s fidlle < TTA6 1711 A515,)

J=1

=[J6;1=""% || £ill,) (since & = n/p)
K
=L T IAllp, »

J=1

with L = Hﬁ, |6|"/7i . This finishes the proof of (8) and Theorem 1. O
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