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ABSTRACT. Let M = @, In be the topological sum of countably many
copies of the unit interval 7. For any ultrafilter u € w*, we let M% =
N{clgp(U{In : n € A}) : A € u}. It is well known that M* is a decom-
posable continuum with a very nice internal structure. In this paper, we show:

(1) every nondegenerate subcontinuum of B[0, oo) — [0, co) contains a
copy of M¥* for some u € w*.

(2) there is no nontrivial simple point in Laver’s model for the Borel con-
jecture.

The second answers a question posed by Baldwin and Smith negatively.

0. INTRODUCTION

In this paper we study subcontinua of the Stone-Cech compactification of the
nonnegative reals. We refer to [9] and [12] for background on this topic. The
unit interval [0, 1] is denoted by /. Let I, = I x {n} for n € w, and let
M =@, I, be the topological sum. For any ultrafilter u € w*, we let

M* = (Y{clgu((J{In:n€A}): A€ u}.

It is not difficult to prove that M* is a continuum (see, e.g., [5]). If we let
i: M — w be the map defined by i(r) = n for any r € I, and Bi: M
— Pw be the extension of i, it is easy to see that M* = Bi~'(u). So
every subcontinuum of SM — M, and therefore, every proper subcontinuum
of B[0, o0)—[0, 0o), can be embedded into M* for some u € w*. Moreover,
we have

Theorem 1. Every nondegenerate subcontinuum of B[0, co) — [0, co) contains
a copy of M* for some u € w*.

Forany map f €I and u € w*, let f* = {F C M : F is closed and
{n:(f(n),n) e F} €u} and P* = {f*: f €®I}. It is well known that f* is
a cut point of M* if {new: f(n)#0, 1} €u [9, (1)]. It is also well known
that there are many indecomposable subcontinua with cardinalities 2¢ in M*
for any u € w* [9, (19)]. Therefore, by Theorem 1, we have
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Corollary. (a) Every subcontinuum of B[0, co) — [0, oo) contains an indecom-
posable subcontinuum.

(b) B[O, o0) does not contain a nondegenerate hereditarily indecomposable
subcontinuum.

Assertion (a) is due to Bellamy [2]. (b) was proved by Smith in [10] (van
Douwen also announced it in [4]). The following problem was first posed by
van Douwen (see the remarks at the end of [11]).

Question 1 (van Douwen). Is there any cut point of M* which is not in P*?

Definition 1. A point x € fM is said to be (nontrivial) simple if for any F € x
thereis U € x suchthat U C F and UNI, = @ or UNI, is a (nondegenerate)
interval.

Fact 1. (a) [12, §1, Corollary] If x is a cut point of M* and x ¢ P*, then x
is a far point of M .

(b) [12, Theorem 1.1] x € M* is a nontrivial simple point if and only if x is
a cut point of M"* and remote point of BM .

The author [12] proved under CH that there is u € w* such that there is
a cut point of M* which is not simple. Baldwin and Smith [1] proved that
MA ountable implies that there is a nontrivial simple point. They asked

Question 2 (Baldwin and Smith [1]). Is there any nontrivial simple point in
ZFC?

Theorem 2. There is no nontrivial simple point in Laver's model for the Borel
conjecture.

We would like to mention that the conclusion in Theorem 2 holds in any
extension of the model of ZFC + CH by w,-iteration with countable support
of nontrivial proper forcing notions which add dominating reals and have the
Laver property (see [6]). ’

Question 1 remains open!

1. PROOF OF THEOREM 1

Let X = [0,0) and K C X — X be a nondegenerate subcontinuum.
The following lemma was proved by Smith in [10] for locally compact, locally
connected metric spaces. We give a direct proof here.

Lemma 1.1. Let {Uy, Uy, ..., Uy} be a finite open cover of K in BX such
that UiNK # @ forall i < m. Then there is a closed interval H C X such
that HNU; # @ for i<m and HCY{U;:i < m}.

Proof. Let V =J{Uy, Uy, ..., Uy} and V' = V' NX. Then there are disjoint
open intervals {J, : n € w} sothat V' = J{J, : n € w}. Let 4y = {n €
w:J, N0y #2}, Vo=U{Jn:n € Ap},and Wy ={Jn:n ¢ Ao}. We
have K C V C (clgx Vo) U (clgx Wo) and (clgy Vo) N (clgy Wo) C (clgx Vo) N
(clpgx Wo) = clpx(VoN W), where Vo and W, are the closures of ¥, and
Wy in X respectively. Since V' is an open neighbourhood of K, we have
K n(clgx(VoNWy)) = @; therefore, K C clgy ¥y since K is connected and
Kﬂ(ClﬂxVo)DKﬂUo#g.
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Ifwelet A, ={new:J,NU;# @ for j<i} and V;=U{J, : n € 4;}
for i < m, we can easily show by induction that K C clgy V; for i < m; so
Am # @ . This completes the proof of Lemma 1.1.

Welet Up and U, be disjoint open sets of X so that (clgx Up)N(clgx Uy) =
@ and U NK #@ (i=0,1). Let & be the collection of closed intervals
so that an interval [a, b] belongs to & if and only if the following conditions
hold:

(1) [a,b]Nn(UpuU;)=2 and a#b,

(2) {a,b} CcBr(Uyn X)UBr(U; N X) and a € Br(Uy N X) if and only if

b eBr(U,NX),

where Br denotes the boundary operation in X . Since clgy Up and clgy U,
are disjoint, % is discrete. We enumerate & as {J, : n € w}. We need only
show that there is u € w* such that N{clgx(U{Jn : n € 4}) : A € u} C K.
Let Z be an open neighbourhood base of K in BX. For U € Z, we let
Ay={new:J, cU}. Then Ay # @ for U € Z, since the H given by
Lemma 1.1 for the cover {U, Uy, U} clearly containsa J, forsome n € Ay .
Since Ay C Ay for U Cc V and U, V € Z, {Ay : U € Z} has finite
intersection property. Let

My = ({clgx((J{Jn:n€Au}): Ue¥}.

It is immediate that My C N{clgyy U : U € #} = K. Note that
ClﬂX(U{Ji i<n})NK=2 fornew.

So if u is an ultrafilter on w and {4y : U € Z} C u, then u € w* and

(Velgx ((J{n:ned}): deu} cK.

This completes the proof of Theorem 1.

2. PROOF OF THEOREM 2

Recall that there is a natural partial order <, on M* for u € w* defined
as follows: x <, y if and only if there are F € x and H € y such that
{new:Fnl,<HNI,} €u,where FNI, < HNI, means that r <s for all
(r,n)e FNnI, and (s, n) € HNI,. It is easily seen that (P*, <,)is a linearly
ordered set. In fact, (P*, <,) is isomorphic to the ultrapower (“I/u, <,).
Moreover, if x,y € M* and x <, y, then there is a p € P* such that
xX<yp<yy.For f,ge?l and A4 € u, we let

[f, &; Al = J{lf(n), g(n)] x {n} : n € 4}
and
Uf, &5 ul = (clgm(Lf, g; A : A € u}.

It is easily seen that M* = [0, 1; u], where O(n) =0 and 1(n)=1 for n€ w.
[f, g; u] is a continuum since it is homeomorphic to M* if f* <, g*. For
x € M*, we let

[x]u={y € M*:y and x are <, -incomparable, or x = y}.
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Note that [f, g;ul={ye M¥: f* <,y <, g} for f, g € I, therefore, we
have that for x € M*

(l) [x]u=ﬂ{[fa g;u]:quu-xSugu}'

We can also prove that
[xlu = (ClﬂM (U{[fa g uj: S <u 8% <u x}))

N (cl,m (U{[f, g uls x <u f* < g"}))
(see [9, (16); 12, Lemma 1.2]).

Lemma 2.1. (a) 4 point x € M"* is a nontrivial simple point if and only if
{lf,g;4):f,g€%I, A€u,and f* <, x <, g'} is a filter base for x .

(b) A point x € MY is a cut point if and only if {[f,g;Al: f,g€“ I,
A€u,and f*<,x <, g"} is a neighbourhood base for x .
Proof. (a) is obvious. For (b), we assume that 0% <, x <, 1*. It follows
easily from (1) that [x], = {x} if and only if {clgp([f, g;4]) :f,g€“I,
A€u,and f* <, x <, g%} is a neighbourhood base of x. Note that in (2)
clgp(U{LSf, g;ul: f, g €I and f* <, g* <, x}) and clgy(U{LSf, &; ul;
f,g€®l and x <, f* <, g*}) are connected. Therefore, if [x], = {x}, x
is a cut point of M¥; if [x], # {x}, then x is not a cut point of M¥, since
M"\{x} is connected.

Forany Cc? ] and ue w*,welet C*={f*e P*: fe C}. Wesaythata
pair & = (C, D) of subsets of “I determines a cut point x in M* for some
u € w* if the following two conditions hold:

(1) C¥*<y, D¥,ie., f*<,g" forall feC and geD.
(2) {clgm([f,8;A4]): feC, geD, Acu,and f*<,x <, g'} isa
neighbourhood base for x.
It is easily seen that for a cut point x of M*,if C' C C and D’ C D satisfy
that C’* is cofinal in C* and D’ is coinitial in D%, then (C, D) determines
x if and only if (C’, D’) determines x. Note that Lemma 2.1(b) says that
every cut point of M* is determined by a pair of subsets of “I.

Lemma 2.2. Let MM C N be transitive models of ZFC such that there is r €
®w NN dominating every h € wNM, i.e, h(n) < r(n) for all but finitely
many n € w. If u is a nonprinciple ultrafilter on @ in N, then no cut point of
M* is determined by a pair of subsets of “I in M.

Proof. Let & =\J, ., %n be a collection of closed rational subintervals of the
unit interval I such that %, is finite, pairwise disjoint and, for any interval
J C I, if the length of J is larger than 1/n, then {He€ %, : HC J}| >2.
For n € w, we enumerate %,y as {H,, ;:j < m,} sothat H, j_; < H, ;j,
i.e., the right end of H, ;_; is less than the left end of H, ;, for j < m,. Let

Fi=|J{Hyn 2j+i:n € w and 2j + i < m,}

for i=0, 1. Then FynF; = @. Suppose that ¥ = (C, D) is a pair of subsets
of ®I in 9. For (f, g) € C x D, we define h; ,: w — @ by

by g(n) = { E‘“‘{’" 1S () = g(m)| > 1/m}if f(n) # g(n),

otherwise.
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Then hy , € M. If C* < D*,thenfor A€ u and i =0, 1 wetake [f, g; 4A]N
F; # @, since hy g(n) < r(n) for all but finitely many n € w. Therefore, no
cut point of M* is determined by % .

Let P,, be the w,-iteration of the Laver forcing with countable support,
and let G, be P,,-generic over V. We assume that the continuum hypothesis
holds in V. It is well known that a Laver real dominates every real in the
ground model; therefore, by [3, Lemma 5.10; 7, Lemma 11], we have

Corollary 2.3. There is no cut point of M* determined by a pair of subsets of
@] with cardinalities w, in V[G,] for any u € w*.

The following property of the Laver forcing is weaker than the Laver property
in [6]. It is well known that both the Laver forcing and the Mathias forcing have
the Laver property and the Laver property is preserved under countable support
iterated forcing. We refer to [6] for details.

Lemma 2.4 [6]. For every P,,-name f for a function from w to w and for
every peP,,, if plt* f(n) < 27’7 then there exist an extension q of p and a
sequence {F, : n € w} of finite subsets of w in V such that q v “f(n) € F,”
and |F,| <2 for ne w.

Lemma 2.5. Suppose that p IFp,, f:w — I". There are an extension q of p
and a sequence {c, : n € w} of codes for closed nowhere dense sets in V such
that q - Ipwz “f(n) belongs to the set coded by c, for n € w”.

Proof. We modify Miller’s argument in [7, §6]. As usual, we deal with the
Cantor space 2%, with the product topology, and the product measure g on it.
We work in V[G,,]. Assume that f: w — 2“ is a sequence of reals. For
n € w, we define m,: (2°)Y — 29 by m,((xn)) =Xn. Let X = {x € “w:Vn €
w(x(n) < 2”3)}. We fix the bijection e: @ x @ — w such that e(n, m) <
e(n,m+1) for n,me w. Define : X — (2)? by

0(x)(n) = x(e(n, 0))"x(e(n, 1))~---,

where we identify 27" with sequences of 0’s and 1’s of length n3. By Lemma
2.4 there is a sequence {F, : n € w} of finite subsets of w in V such that
0-'(f)(n) € F, for n€e w. Let C = {x € X:Vn € w(x(n) € F,)}. Then
f(n) € m,(6(C)) for n € w. It is easily seen that 7,(6(C)) is a closed subset
of 2% and

1(ma(6(C))) = lim Fewml _ L _ g

m—oo e(n,m)’ m—oo 2e(n,m)

This completes the proof since every closed measure zero set is nowhere dense.

Corollary 2.5. Let x € M* be a nontrivial simple point and € = (C, D) a pair
of subsets of 1 determining x . Then in V[G,,], forany v' € w* and u C ',
there is no h € ®I such that C* < {h*} < B¥ .

Proof. Let h € “INV|[G,,]. Then by Lemma 2.4 there is a sequence {c,:n €
w} € V of codes for closed nowhere dense sets of I such that A(n) € eval(c,)
for n € w. Working in V', let F = U{evalV(c,,) x {n}:n € w}. Then F is
nowhere dense in M . Therefore, there are f € C, g € D, and 4 € u such
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that [f, g; A]NF = &, since x is a nontrivial simple point and is determined
by €. Soin V[Ggy,], h* <y f* or g¥ <y h* forany u' € w* and ucu'.

Now we are in a position to complete the proof of Theorem 2. Suppose
there there is a nontrivial simple point x € M* in V[G,,]. Then there is a
pair € = (C, D) of subsets of ®I determining x. By Lemma 5.10 in [3]
there is a < w, such that, in V[G,], x’ is a nontrivial simple point of M u
and €' = (C', D’) determines x', where x’ = x N V[G,], v = unV[G,],
C'=CnV[G,],and D'=DnV[G,]. By [7, Lemma 11, Corollary 2.5], C"*
is cofinal in C* and D'* is coinitial in D¥. Therefore, &’ determines x in
V[Gw,]. This is impossible by Corollary 2.3.

NOTE ADDED IN PROOF

We refer to the author’s Continua in R*, Topology Appl. 50 (1993), 183-
197, for more information. In particular, a consistent answer to Question 1 has
been given by A. Dow and K. P. Hart.

REFERENCES

1. S. Baldwin and M. Smith, On a possible property of far points of B[0, o), Topology Proc.
11 (1986), 239-245.

2. D. P. Bellamy, A non-metric indecomposable continuum, Duke Math. J. 38 (1971), 15-20.

3. A. Blass and S. Shelah, There may be simple Pk - and Pg,-points and the Rudin-Keisler
ordering may be downward directed, Ann. Pure Appl. Logic 33 (1987), 213-243.

4. E. K. van Douwen, Subcontinua and nonhomogeneity of BR* — R* , Notices Amer. Math.
Soc. 24 (1977), A-559.

5. —_, The number of subcontinua of the remainder of the plane, Pacific J. Math. 97 (1981),
349-355.

6. H. Judah, S. Shelah, and W. H. Woodin, The Borel conjecture, Ann. Pure Appl. Logic 50
(1990), 255-269.

7. R. Laver, On the consistency of Borel’s conjecture, Acta. Math. 137 (1976), 151-169.

8. A. W. Miller, Some properties of measure and category, Trans. Amer. Math. Soc. 266 (1981),
93-114.

9. J. Mioduszewski, On composants of BR — R, Proc. Conf. Topology and Measure I (Zin-
nowitz, 1974) (J. Flachsmeyer, Z. Frolik, and F. Terpc eds.), Ernst-Meritz-Arndt-
Universitit zu Greifswald, 1978, pp. 257-283.

10. M. Smith, B([0, o)) does not contain non-degenerate hereditarily indecomposable con-
tinua, Proc. Amer. Math. Soc. 101 (1987), 377-384.

11. ., The subcontinua of B[0, co) — [0, oo), Topology Proc. 11 (1986), 385-413.

12. J. P. Zhu, On indecomposable subcontinua of B[0, 00)—[0, co) , Topology Appl. 45 (1992),
261-274.

INSTITUTE OF MATHEMATICS, UNIVERSITY OF TSUKUBA, TSUKUBA, 305 JAPAN
Current address: Department of Mathematics, Najing University, Najing, China 210008




