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ABSTRACT. The auréole of an analytic germ (X, x) C (C", 0) is a finite family
of subcones of the reduced tangent cone [Cy x| such that the set Dy , of the
limits of tangent hyperplanes to X at x isequal to |J(Proj Ca)V . The auréole
for a case of quasi-ordinary singularity is computed.

1. INTRODUCTION

When they studied the limits of tangent spaces to an analytic space, Lé and
Teissier introduced the notion of auréole. Let (X, x) ¢ C" be a germ of
analytic space. There exists a finite family {C,} of subcones of the reduced
tangent cone |Cy, | such that the set Dy , of the limits of tangent hyperplanes
to X at x isequal to |J(ProjC,)" . This family is called the auréole of (X, x).
The auréole is an important geometric object. In this paper we will compute
the auréole for a case of quasi-ordinary singularity.

A quasi-ordinary singularity is an analytic germ (V, 0) of dimension d
which admits a finite map (i.e., proper with finite fibers) of analytic germs
n:(V,0) — (C%, 0) whose discriminant locus D (the hypersurface in C¢
over which 7 ramifies) has only normal crossings as singularities. In the hyper-
surface case, every quasi-ordinary singularity (¥, 0) can be parametrized by a
fractional power series

C=HX", X)) =Y X x g

(H a power series) in the sense that (V, 0) is the image of the map ®: U —
C4+! (U some neighborhood of 0 in C¢) given by

(1) Dxy, ..., xg)=(x}, ..., x5, Hlx, ..., Xg))

and (V,0) is equipped with a set of fractional monomials {X l"/ "X f;’/ "1,
called characteristic monomials, which is totally ordered by divisibility. These
monomials determine quite a lot of the geometry and topology of (V, 0). (For
more details about quasi-ordinary singularity, see [2] or [3].)

The main result of this paper is (cf. Theorems 3.0.7, 3.0.10, and 3.0.14).
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Theorem. Suppose the reduced discriminant locus |D| is given by X,---X, =0
and X{"... X" is the smallest characteristic monomial. Then the auréole
of (V,0) C (C%',0) is determined by the following subcones of the reduced
tangent cone |Cy o|:
(ifn>a+-+a, Cr={(x1,...,x5,2)€C | x;=0,i€l} for
Ic{l,2,...,e} and I # @;
Q ifn<a+-+a, Cr={(x1,...,%q,2) € Cl* |z
i€l} for 1c{l,2,...,e} suchthat n>Y%, a; or I
(3) if n=a,+--- +a., the irreducible components of Cy .

xi=0,

This result shows that the characteristic monomials determine the auréole of
(V,0).

2. AUREOLE

Let X C .S x U be a closed subspace with U an opensetin C” and f: X —
S be the restriction of the first projection S x U — S to X . Let &(X) be the
closure in § x U x P*~! of the set of couples (x, H) where x € X° and H
is the direction of a hyperplane in C” containing the tangent space at x to the
fiber of f. A point of ;(X) isacouple (x, H) where x € X and H isalimit
of hyperplanes in C” tangent to the fibers of f at smooth points of the fibers.
Let x; be the morphism induced by the projection S x U x P"~! —» § x U.
Then Z(X) is called the relative conormal space of f : X — S and «;
is called the relative conormal morphism. If S is a point, then we get the
(absolute) conormal space #(X) and (absolute) conormal morphism x . Note
that Dy , = k~!(x) is the set of the limits of the tangent spaces to X at x.

Let (X, x) C (C", 0) be a analytic germ. Then we have the following nor-
mal/conormal diagram of (X, x):

EyZ(X) 5% #(X)

K’ K

EYX 7 X

where e is the blowing-up of x in X, & is the blowing-up of x~!(x) in
#(X), and k' is the morphism by the universal property of blowing-up. Let
E=kKkoé =c¢eok, |E7'(x)] = UD, be the decomposition into irreducible
components, and V, = |k'(D,)| C |e~!(x)| = | Proj Cx /.

Definition 2.0.1. The collection {V,} is called the auréole of X at x or the
auréole of (X, x).

Let C, be the corresponding cone of ¥, in Cx . By abuse of language we
also call C, the auréole.

Let f: X — C be the deformation to the normal cone Cyx x, kj: % (X) —» X
the relative conormal morphism, and g = fox; : %(X) — C. We have the
following result (cf. [4, 2.1.4.1]).

Proposition 2.0.1. The cones C, are the image in {~'(0) = Cx » by k; of the
irreducible components of the fiber q='(0) = Ky (Cx .x).
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By definition, k. '(Cy,x) consists of the limits (¢, ¢) of (p, H) € X° x P!
as p approaches g € Cx » x {0}. p can approach ¢ from inside the fiber
f71(0) = Cx,x x {0} or from other fibers §{~!(z) with ¢ # 0. However, if
(X, x) is a reduced hypersurface germ in (C4*!, 0), we need only consider the
second kind of limits by the following lemma.

Lemma 2.0.2. Let (X, 0) be a reduced hypersurface germ in (C4+!' 0). Let
f: X — C be the deformation to the tangent cone and X° C X —§~1(0) be an
open dense set such that §|X° : X° — C has smooth fibers. Then % (Cyx ),
the conormal space of Cx o identified with a subspace of C4*! x C x P4 by
the inclusion C4*! x {0} x P4 — C4*! x C x P4, is contained in the closure
of k7 '(%°) in CH*! x Cx P, where ki : G(X) — X is the relative conormal
morphism.
Proof. Let
f(Zy, ..., Z400) = /(Z)+ fri(Z)+---=0
be the defining equation of (X, 0), where the f; are homogenous polynomials
of degree i and f, is the initial form of f. The tangent cone Cy o is a
hypersurface and is defined by f,(Z) = 0. Then (cf. [4]) ¥ c C¢*! x C and is
defined by
T7f(Z)=f(Z)+ Tf1(Z)---=0

and Cy o is defined by f,(Z) = 0. Let p = (z1,...,2441) € Cx o be a
smooth point. Since Cy ¢ is a hypersurface, the tangent direction ¢, to Cyx o
at p is unique and ¢, = (D\f,, ..., Dy f,) where D; =9/9z;.

We now show that (p, ¢,) is a limit of the points of 1(%°). Let {t,} C
C* be a sequence of nonzero numbers approaching 0 and X, = f~!(¢,). Let
Pn € X, N X° such that p, — p. The tangent direction to X,, at p, is

Hp,, = (hn,l el hn,d+l)

where h, ; = Dif,(z) + tyDif,41(z) + -+ . Then lim,_o hy, ; = D;f, and so
lim(p,, Hp,) = (p, ¢,) . Therefore,

T'={(p,p,)|p€Cy o} Cr(Z).
Since ' (Cx o) is the closure of T in C4*+! x {0} x P4, it follows that &(Cyx o)
cr/'(*¥). O

The family {C,} contains the irreducible components of |Cx x|. In general
it also contains much more. The cones in the family {C,} which are not
irreducible components of |Cy .| are called exceptional cones. But if (X, x)
itself is a cone, there is no exceptional cones (cf. [1]).

Proposition 2.0.3. If (X, x) itselfis a cone, then
DX,x = Pl‘Oj ICX,xlv 5

where Proj|Cx |V is the dual of Proj|Cx «|. So if (X, x) is a cone, then X
has no exceptional cone at x .
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3. THE CASE OF A QUASI-ORDINARY SINGULARITY

Let (V, 0) C (C4*!, 0) be a quasi-ordinary hypersurface singularity defined
by a pseudopolynomial

fZ)=Z"+a(X)Z" "+ + gu(X)

where g;(X) = gi(Xi, ..., X;) are power series. We may assume that the
quasi-ordinary projection 7 : (¥, 0) — (C¢, 0) is induced by the projection

Di(X1yeeey Xg, 2) = (X1yoeny Xg5 )

Then (V, 0) being quasi-ordinary means that the discriminant of f has the
form
A=XxboxkuX,, ..., X;), u0,...,0)#£0,

for some e <d. Let { = H(X,l/", e Xa',/") be a parametrization of (¥, 0)
with respect to n. We assume in this paper that the smallest characteristic
monomial of { is M =X f‘/ "...X%/" ie., M contains the same variables X;
with those of A/u. Then we may assume that

C= X0 xe e (x [, X Koty e Xg)

where ¢ is a unit (cf. [1, p. 17]). Let K = C((X,, ..., X4)), the quotient field
of C[[X;, ..., X;]]. It can be shown that the initial form f; of f is (cf. [2,
Lemma 2.5])

Zm ifay+---+a,>n,
2) fr={(Z - X" XY g+t ae =,
chmau/n_,,X;nae/n ifa,+---+a, <n,

where & = £(0,...0), m = [K({) : K], ¢t = [K(X™/"...x%") : K], r =
K(): K(XB/" ... x&/™)], and ceC.

Let f: X — C be the deformation to the tangent cone Cy . Since Cy o
is defined by T-*f(TX,,..., TX;,TZ) =0 (v = ord(f7)), similar to (1),
%X —§~1(0) is the image of the map ® : W — {t = 0} — C4+! x C (W some
neighborhood of 0 in C4*!) given by

(3) Dwy, ..., wy, t)= (W, ..., W, Wey1s...,Wq, N, ")

where n = t*7"wi' - wie(twy, ..., tWe, "Weyy, ..., "Wy) and a = a; +
e ta,.

Let X° C X be the open dense subset of points where w;---w, # 0. Then
the tangent to the fiber X, = §71(¢) at p = D(wy, ..., wy, ) € X =X NX%,
for ¢ # 0 is given by the direction H, = (h; :---: hy,;) where

ta-_—nw;ll ~~~wé"
___TD?__
twi - wgeDie, e<i<d,
-1, i=d+1,

(aje + tw;D;e), 1<i<e,
@) h =

with D; = 8/9z; as before.
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We are going to use Proposition 2.0.1 to compute the auréole for (V, 0).
For this purpose, we need a description of Ky l(CV,O) . By definition and
Lemma 2.0.2, x{ '(Cy .0) consists of the limits of the pairs (p, H,) as p ap-
proaches the pointsin Cy o x {0} C X where p = ®(w,, ..., wy, t) € X7 and
Hp = (hy:---:hgy) is a tangent direction to X, at p.

Lemma 3.04. Let (V,0) C (C%',0) be a quasi-ordinary singularity and § :
X — C be the deformation to the tangent cone Cy o. Let C C X be a curve
parametrized by o : (D, 0) — (X, p), D adiscin C centered at 0, such that

o(D-{0}) cx-fY0), and o(0)=pe€f'(0)=Cy,o

Then there exists a parametrization ¢ : (D, 0) — (X, p) of C and an analytic
map o' : D* — C4*! such that the diagram

Cd+l
7 e

D* X

G

is commutative, where D* = D — {0} and ® is as in (3).

Proof. Suppose d = (0, ..., d4,2) where 0i(t) = a;7¥ + higher-order terms,
1 <i<d+2. Define ¢(tr) = o(t"). Then 6; = t"i¢;(1), €(0) # 0, and the
v/ei(t) are analytic near 7 = 0. Define 7' : D* — C4*! by

iv/ei(t), 1<i<e,
g{(1) = ¢ 6i(1), e<i<d,

Va2 \/e4.0(T), i=d+1,

where the branches of the (/¢;(7) are chosen in such a way that 6,,,(7) =
®D,,,00'(1) (Dyyy is the (d +1) component of P). It follows that
Qd+!
2 e

X

&
is commutative. 0O

Let (¢, ¢) € k7'(Cy,0). Then (¢, ¢) isalimit of (p, H,) as p — g along
acurve C in X. By Lemma 3.0.4, C is given by

(5) {wi = b;7" + higher-order terms (b;i #0, v, 20), 1<i<d,

t = t. ™ + higher-order terms (t: #0, vy, >0).
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If p=®w,,...,wy,t) € C, then the components of H, = (h; : - : hgyy)
have orders (cf. (4))
= (a—nmv + (Xi, avi) — nvj, 1<j<e,
(6) ord:(h;) { > av: + (X5 avi) e<j<d,
=0, j=d+1.

Since limH, = ¢, ¢; # 0 if and only if ord.(h;) = min;{ord(h;)} .
There are three cases.

Casel. n>a=a,+---+a.
Lemma 3.0.5. If n > a, then ¢4, =0, qjp; =0 for 1 < j<e,and ;=0
fore<j<d.

Proof. Suppose ¢4,; # 0. Then in (6) ord.(h;) > ord(hg41) = 0 for each j.
Let v, = max,<j<e{vi} . Then ord;(h) > 0 implies

e e e
(@a—ny, + zaﬂ/i > ny > Za,vk > Za,'l/,'
i=1 i=1 i=1

e
>(a—ny + Zaiu,-.
i=1

This contradiction shows that ¢;,; =0.
Since p — ¢ along C, lim,_gpy,; = lim,o Py, o 0'(1) exists; so, the
order of py,1 =1 (see (3)) along C satisfies

e
ord.(1* "w' .- wlk) = (a — n)v, + Za,-ui >0.
i=1

Now suppose g; # 0 for some j, 1< j<e. Then v; =0 in (5) and

e
ord:(h;) = (a—n)v + Y _ aiv; > ord(hayy) = 0.
i=1
Since ¢4, =0, 9; =0. Thus gj¢; =0 for 1 <j<e.
If j > e, then ord.(hj) > av, + Y ;_, aiv; > 0 = ord¢(hs,;) and so ¢; =
0. O

Proposition 3.0.6. If n > a, the ideal J in Gy 5[Y,, ..., Y, Yau1] which de-
fines |i;'(Cy 0)| in C4*' x Cx B? is generated by {X;Yi}1<cice, {¥j}e<jzar1
X,---X,,and T, where C;,, =C[[ Xy, ..., Xa,Z,T]].

Proof. From (2) we know that if n > a, the reduced tangent cone |Cy o| is
defined by X;---X, =0. By Lemma 3.0.5,

J C ({XiYih<i<e> {Yitecj<dsr» X1+~ Xe, T).

Conversely, let (g, ¢) € C4*+! x C x P4 such that g9, =0, 1 < j <e,
9;=0, e<j<d,and g ---g. = 0. It suffices to show that (g, ¢) is a limit
of (p, Hy) as p — q along some curve C . Without loss of generality, we may
assume that ¢y =---=¢. =0, ges1--- ¢ #0, ¢1---9s #0,and ¢4y =--- =
9. = 0 where 1 <5 < ¢ < e. Choose positive integers vy, Vs, ..., Ve, Vi,
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complex numbers b, by, ..., b., to suchthat vy =v, =--- =y, =v >v; for
s<i<e,and

tobaln‘bge' .
i=+nbi;l———a,‘8(0,...,0), lslsc)

such that

e
@-nv+) aw;>0
i=1

if g4,1 = 0 and such that
e
(@a—n)y + Zail/i =0,
i=1

Qa1 =15 "0 ---bie(0, ..., 0)
if g441 #0. Let C be the curve in X given by

bt 1<i<ec,
w; = < by, c<i<e, t=tot™.
qi, e<i<d;

Then (p, Hp,) approaches (¢, ¢) as p — q along C. O
Theorem 3.0.7. If n > a, the auréole of (V , 0) consists of V; = Proj C; where
Cr={(x1,...,%g,2) €C*' | x;,=0,iel}

Jor Ic{l,2,...,e} and [ # 2.

Proof. Let P C Oy5[Yy, ..., Yy, Yz, ] be a minimal prime over J (&,
and J are as in Proposition 3.0.6) homogeneous in Y. Since P is prime,
Xy---X.€J CP implies X; € P forsome j, 1<j<e.Also X;Y;eJCP
implies X; or Y; € P for some i, 1 <i<e. Therefore,

P = ({XiYier, {Y;}jgr, T) C P

where I C {1,2,...,e}. Itisclear that J C P;. Since P is minimal over J
and P is prime, Py = P. These P;’s determine the irreducible components of
Ky 1(CV,O) . The image of these irreducible components in Cy ¢ are

Cr={(x1,...,%3,2)€C¥* | x;=0,iel}, Tc{l,2,...,e}.
By Proposition 2.0.1, the C; determine the auréole of (¥, 0). O

Casell. n<a=a;+---+a,

Lemma 3.0.8. Let (¢, 9) € x;'(Cy o). If n<a,then ¢jp; =0 for 1< j<e,
pj =0 fore< j<d,and ¢j---9;j =0 for 1 < ji,..., jx <e such that
n<aj+---+aj,.

Proof. Since ord.(hj) > ord.(h;) in (6) for e+ 1< j<d, ¢;=0.
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Now assume ¢; # 0, 1< j<e. Then v; =0 (cf. (5)) and

e
ord,(hj) = (a—n)+ Y _ aw; > orde(hgy,) = 0.
i=1
Thus ¢; =0 and so ¢;¢; =0.
Suppose ¢, ---¢;, #0 and n < aj; +---+a; where 1 < j,..., jx <e.
Then
ord.(hj,) =--- =ord.(h;) = miin{ord,(h,-)}.

Let A be this integer. Then it follows that A < ord,(h4,,) = 0. Since ord,(h;) =
ord.(h;) implies v; =v; if 1 <1i, j <e, we have (cf. (6))

Vjy ==V =V = max{u,-}.

! 1<i<e

Then

A=(a—n)y, + (XE: a,»u,-) - nv

i=1

i=1,i#j

=(a—njy + ( 28: aiVi) +(aj, +---+a; —n)yv>(a-n)>0.

But we have shown that 4 < 0. This contradiction shows that ¢; ---¢; =
0. o

Proposition 3.0.9. If n < a, then the ideal J in G ,[Y,, ..., Y;, Y ,.,] which
defines |ic; ' (Cy )| in CO*' x Cx B4 is generated by {XY}1<i<e {Yj}e<j<d
Z, T,and {Yll ij}lﬁjl,-~~,.ik56’,'l$aj,+"'+ajk .
Proof. Let N be the ideal generated by the elements as stated. We want to
show that J = N . It is clear by Lemma 3.0.8 that J C N.

Conversely, let (g, ¢) be in the zero locus of N. It suffices to show that
4, 9) €xy ! (Cy,0) - Renumbering the variables if necessary, we may assume

p=(@1::0c:0:---:0:0444)
and
q=(0,'--,qur+la-~-,qd,0,--~,0)

where ¢1-- ¢, # 0, ¢41---q; # 0, and ¢ < r < e. Then n > a +
-+ 4+ a.. Similar to the proof of Proposition 3.0.6, we choose positive inte-

gers vy, ..., vy, Iy, nOnnegative integers v..;, ..., vy, and nonzero complex
numbers by, ..., by, ty such that
vi=-=v.=max{yvi}=v>v; forj=c+1,...,r;
1<i<r

e <0 ifgs;=0,
(a=n)y + (’Z:;azl/x) —nv {=0 if 9y #0;

b =q;, r<i<ge;

limb;t = q;, e<i<d,
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and
fg""by ;"bf_,"’ a2(0, ..., 0) = { Pl Pax if 9a.1 #0,
nb; ?i if 94,1 =0.
Let C be the curve in X given by

bitvi, 1<i<rore<i<d, "
w; = t=1T".

b;, r<i<e;

Then (p, H,) approaches (g, ¢) along C. Therefore, (¢, ¢) € K '(CV,O).
This completes the proof. O

Theorem 3.0.10. If n < a, the auréole of (V' , 0) consists of Vi = Proj C; where

Cr={(x1,...,%3,2)€C* | z2=0,x,=0,iel}
for Ic{1,2,...,e} suchthat n>3 ;. a; or I =2.
Proof. Let P; be the ideal in &,,,[Y,, ..., Y, Y;,1] generated by {Xi}ier,

{Y;i}jer» Z,and T for some I C {1,2,...,e} suchthat n > 3 ;a;. It
is obvious that X;Y; € Py for 1 <i<e. If n <aj +--+aj , then some
Ji¢ I since n >3 a;;thus, Y;---Y; €(Y;)C Pr. Hence, J C P;, where
J is as in Proposition 3.0.9. It is also clear that P; is prime and homogeneous
in the Y;. We will show that these P; are the minimal primes over J and
homogeneous in Y;.

Now, let P D J be any prime ideal homogeneousin Y;. If n < aj +---+aj,
for 1 <ji,...,jx <e,then Y;---Y; € JC P;so, Y; € P for some j.
Considering all such monomials Yj, ---Y;, , we get

({Xi/ },i1}1=l ,...,k s {va}]#ll > Z > T) - P

We may assume that n >a; +---+a;, or k=0.If n<a; +---+a,, then
Y,---Y, € JCP.Then Y, € P for some i, say i, and then

(XY izt k=15 {Yi}Yj#i» Z, T) C P.

Repeating this procedure, we get a set I' C {1,2,...,e} with n > 3, a;
or I' = @ such that

({X:Yi}ier, {Yj}jer» Z,T) CP.

Since X;Y; € P implies X; € P or Y; € P, there is a subset I of I' with
n>3y . a or I =@ such that

({XiYier, {Y;}jgr, Z,T)=P CP.

We have shown that:

(1) Jc P forany Ic{1,2,...,e} suchthat n> 3, ,a; or [ =2;
(2) If P> J is prime, then P; C P for some such /.

It follows that the P; are the minimal prime ideals over J homogeneous in
Y . These P; determine the irreducible components of Ky l(CV,O) in C9*! x

C x P4 . The images of these components in Cy o (identified as a subspace of
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C4+! x C x P9) under x; are
{Cery oo, X4,2,00€C¥2 | 2=0,x,=0,i€el}
for Ic{1,2,...,e} suchthat n >}, .;a; or I =&. Then
Cr={(x1,...,%4,2)€C | 2=0,x,=0,iel}
determine the auréole of (¥, 0) by Proposition 2.0.1. O
Caselll. n=a=a,+---+a,

Lemma 3.0.11. Let (¢, ¢) € k; ' (Cy0). If n = a, then ngip; + aida 1941 =0

for 1<i<e, 9j=0 fore<j<d, and ¢i”‘/"---¢£,“"/” = Agly,, where
tay/n ta,/n
_ al ...ae P
A= e €0,...,0)

and t are as in (2).

Proof. Let (p, Hy) approach (g, ¢) as p approaches g along a curve C in
X. It is obvious that ¢; = 0 for e < j < d since ord.(h;) > 0 = ord;(hz,;)
for e < j <d in (6).

Let k = min;<;<g41{ord:(h;)}. Then k < 0. Since (see (4) for notation)

Hy=(hy: thap) =tk o 1178 hgy)

at p € C—{q}, limH, = ¢ implies lim,_otkh; =¢; for 1 <i<d+1. We
have
Aidd41Pd+1 = li_{f(l)aiwf' cewle(twy, ..., "wy)(—17F)

and

k

ngip; = lir% nwrit*h; = lina tkw{ .. wl(aie + tw;D;e)
T— T—

=limt*
T—

a
WY WEEAiE = —AiGa 1041

Hence, ngqi¢; + aigay19a41 =0 for 1 <i<e.
If 94,1 #0, then

(p;an/n o ¢éae/n . f=|(‘f_khi)m'/"
Phi =0 (—Tk)
— (<1)'lim (wi -+ we) [T, (aie + tw;Dye)'%/n
7—0 nt'w{al e wéat’
ta,/n ta,/n t
_ 4y ae " e(0)
= (1) - =1
and so ¢}"/" ... gi%/" = g}, .

If 94,1 =0, then kK <0 and ord,(h;) =k forsome j=1,2,...,e, say,
ord.(h,) = k . If we can prove that there exists at least one h;, 1 <i <e, such
that ord,(h;) > k, then ¢; = 0 and we have ¢'®/"...pM%/" = Aph, (= 0).
This is done by the following lemma. O
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Lemma 3.0.12. If

k= Stpslgﬂ{ordf(hi)} <0,

then there exists an h;, 1 <i<e, such that ord.(h;) > k.

Proof. Suppose the lemma is not true. Then ord.(h;) = k forall i = 1,
2,...,e. Thisimplies v, =--- = v, (cf. (6)). But then

e
k = ord.(h;) = <Z a,-) vy —nv; = 0.
i=1

This contradicts Kk <0. O
Proposition 3.0.13. If n = a, the ideal J in G;.,[Y,, ..., Yz,1] which de-
fines k7 (Cy o) in CH! x Cx P4 is generated by {nX;Y; + a;Z Yy, 1 }1<i<e

{(Yi}ecjca, T, Z'—e(Q)X\®/" .. X%I" and AY,  — YI®/" ... Y!%/" | where
A is as in Lemma 3.0.11.

+1

Proof. Let N be the ideal generated by the elements as stated. By Lemma
3.0.11, J ¢ N. To show that N C J, it is enough to show that, if (g, ¢) €
C¥+!'x Cx P is in the zero locus of N, then (g, ¢) € k;'(Cy o) . We consider
two cases.

l. 94,1 #0. In this case ¢;--- ¢, #0.

If g441 # 0, then ¢q;---¢, # 0. Choose integers Ve,;,...,V; (=0 or 1)
and complex numbers by, ..., b; such that

bt =g, l1<e<e;

lirrébir""=q,-, e<i<d,;
T—
bt b2e(0, ..., 0) =gy
and . .
bll...be" (pi .
——q;e(0,...,0) = ———, 1<i<e.
nb{' i€ ) Pd+1
Then (g, ¢) is the limit of (p, H,) along the curve given by
Wi = b, 1<i<e, f=1
YT b, e<i<d; -
If g441 =0, then ng;p; + aiga119441 =0 and ¢;--- 9. #0 imply ¢; =0,
1 < i < e. Choose nonnegative integers v} =---=v, =v >0, vj=0 or 1,
e < j <d, and nonzero complex numbers b, ..., b; such that
vV>vj, 6’<de;
lim b7 = q;, e<i<d;
7—0
and . "
... e .
By b 0. 0)= -2 1<i<e.

b
nb! Vd+1
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Then (g, ¢) is the limit of (p, H,) along the curve given by
w; = b;t", 1<i<d,; t=r1.
2. 9441 =0. In this case ¢;---¢, =0.

We may assume ¢;---¢.#0, ¢..1 =---=¢,=0 forsome ¢, 1 <c<e.
Choose integers v} =---=v,=v >0, vj=0o0r 1, ¢ < j<d, and complex
numbers by, ..., by such that

v>v;, e<j<d,;

lirr(1)b,-r”’=q,-, e<i<d,;
T

limbrt"™ =g, c<i<e;
=0
and pat .. p
'—l'ntheai&'(O,...,O)=¢i, ISISC
Then (g, ¢) is the limit of (p, H,) along the curve given by
w; =bit", 1<i<e; =T

In either case, (¢, ¢) € K '(Cy o). This completes the proof. O

Theorem 3.0.14. If n = a, then (V,0) has no exceptional cones and so the
family {Ci} consists of the irreducible components of Cy o only.

Proof. Let (V',0) = (Cy,,0) and ' : ¥ — C be the deformation of V' to
the tangent cone Cy: o and «xy : % (X') — X' the relative conormal space.
Then repeating the proof of Proposition 3.0.13 for (V',0), {, and xy, we
will get the same ideal J as in Proposition 3.0.13. Then by Proposition 2.0.1
(V, 0) has the same auréole as that of (Cy o, 0). Then the theorem follows
from Proposition 2.0.3. O
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