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ABSTRACT. We show that if N C M C L C K is a Jones’s tower of type II;
factors satisfying [M: N] < oo, NNNM =CI, N'nK a factor, then M'NK
bears a natural Hopf x-algebra structure and there is an action of M’ NK on
L such that the resulting crossed product is isomorphic to K.

1. INTRODUCTION

Since Jones’s fundamental work [4], understanding the structure of subfac-
tors of type II; factors has become one of the most important subjects in von
Neumann algebra theory. Finite index subfactors with trivial relative commu-
tant are of particular interest.

Several authors have tried to explain the relationship between subfactors and
the crossed product construction related to group or, more generally, Hopf al-
gebra actions. Treating the hyperfinite factor case Ocneanu has provided in [5]
a very interesting and general scheme for studying this problem.

In this paper we give a simple proof of the following theorem, which was
also announced by Ocneanu. If N C M C L C K is a Jones’s tower of type
II; factors with finite index, NNM = C, and N'nK a factor, then M'NnK
has a natural Hopf x-algebra structure and acts on L in such a way that the
resulting crossed product is isomorphic to K. This can serve as an intrinsic
characterization of crossed products of type II; factors by outer actions of
finite-dimensional Hopf *-algebras (the downward construction plays a role).

A similar theorem for infinite index inclusion is conjectured in [3].

The preliminary section of our article contains some elementary and proba-
bly well-known facts. Next we give a detailed construction of a Hopf algebra
structure on M’ N K. The comultiplication is defined as a map dual to the
multiplication in N’ N L, duality between the two relative commutants being
established by a very natural bilinear form.

In our approach we managed to avoid all cohomological complications.

As a byproduct we obtained a sharper version of the Pimsner-Popa trace
inequality [6, Proposition 1.9].
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In the last section we give a simple formula for the action and prove the
isomorphism theorem. ‘

2. PRELIMINARIES

Let 1 € NCM be type II; factors with finite index [M : N] = 4 and trivial
relative commutant NN M = CI. Let L be the Jones extension of M by
N, that is, L = (M, en), where en is the Jones projection. Similarly, let K
be the Jones extension of L by M with the corresponding projection ey . By
Proposition 3.1.7 of [4] we have [K: L] = [L : M] = 4, and it is clear that
M'NL=L'NnK=CI.

We denote by 7 the canonical trace on K and by E;, and Ey the conditional
expectations related to 7 from K onto L and M respectively. Clearly Ey =
EmoEL.

We denote NNL by A, MNnK by B, and N'NnK by C. All of them
are finite dimensional C*-algebras (cf. [4, Corollary 2.2.3]). Proposition 1.9 of
[6] implies that ey and ey are minimal and central projections in A and B
respectively.

We denote by D the two-sided ideal of C generated by ey (which coincides
with the ideal generated by en). We denote by E, and Ep the conditional
expectations related to 7 from C onto A and B respectively. For any c € C
we denote by C its image under the projection of C onto D.

The following proposition is easily established by considering the tower of
commutants K’ C L' C M’ C N’, with L represented on L2(L, 7).

Proposition 1. There is a tower of type 11, factors I e P C Q C R C S such
that:
(1) [Q:P]=4;
(2) PNQ=CI; ]
(3) R is the Jones extension of Q by P (with the corresponding projection
ep);
(4) S is the Jones extension of R by Q (with the corresponding projection
eq); and
(5) there is an isomorphism 6:P' NS — C such that 6(P' N R) = B,
0(Q'NS)=A, O(er) =em, O(eq) =en.

An easy proof of the following proposition is also omitted.

Proposition 2. Forany a€e A, beB, ceC, xeM, yeL:
(1) Em(c) = 1(c)];
(2) Ea(b) =1(b)I, Eg(a) =1(a)];
(3) t(ab) =1(a)r(b);
(4) if xa=0 then either x =0 or a=0, and if yb =0 then either y =0
or b=0;
(5) EL(C)= A and, therefore, Er|c = Ea;
(6) both A — A and B — B are isomorphisms.

Proposition 3. 4 map A® A — D defined by a, ® a — ajema, is a linear
isomorphism. Similarly, a map B® B — D defined by by ® b, — biexb, is
a linear isomorphism. This implies that D = AeyA = BenB and dimA =
dimB=d.
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Proof. The map A® A — D has a trivial kernel. Indeed, if {a;} form a
t-orthonormal basis of A then {aieMd}} are pairwise 7-orthogonal, nonzero
vectors and, hence, linearly independent.

The map is onto. To this end it suffices to show that AepA is an ideal of
C. Let a;,a € A and ¢ € C. By Lemma 1.2 of [6] we have caema; =
A7 'Ep(ca em)ema; and Ep(cajem) € A by Proposition 2(5).

With the help of Proposition 1 one can prove in the same way as above that
the map B® B — D is an isomorphism. 0O

Corollary 4. Forany ac A, beB, ceC:
(1) em and enx are minimal projections in C;
(2) emaem = t(a)em,
enben = t(b)en;
(3) Cem = Aem—more precisely, cey = AEs(cem)em , and
Cen = Bexn—more precisely, cen = AEg(cen)en ; and
(4) D=AB and D= My(C), where d = dimA = dimB.

Part (1) of the following proposition is established by examining the represen-
tation of L on L?(L, 7). Part (2) is proven similarly with help of Proposition
1.

Proposition 5. Let D act on # as a full algebra of endomorphisms. Since en
and ey are minimal in D (Corollary 4(1)), they project onto one-dimensional
spaces, say, spanned by & and { respectively. Then:

(1) ¢ is cyclic and separating for A. If J denotes the corresponding mod-
ular involution then

(a) JA§JA = §

(b) if x,y € A then Jy(xemy)Js = x"emy” ; and

(¢) if xi,yi €A and Y x;exy; € B then Zy,eNx, €B.

(2) & iscyclic and separating for B. If Jg denotes the corresponding modular
involution then

(a) JBKJB = _

(b) if x,ye€ B then Je(xeny)Jp = x*eny* ; and

(c) if xi, yi€B and ¥ xieny; € A then Zy,eNx, €EA.

3. DuaLITY BETWEEN N'NL AND M'NK

From now on we fix a system of matrix units in A = @, A, , with each A,
a factor, as follows:

{sf;1sfi = p is a minimal projection in A, and sj; is
a partial isometry with domain p} and range p;'}.
We denote by /a/ the natural number such that A, = M,,(C).

Definition 6. For any «, i, j we define 7 as

1 = 205) et

Proposition7 {/f5;} are pairwise orthogonal minimal projections in D such that

Z % =Dj. Moreover, emf; = dijemp§. fiem = dijpfem. and s fo sy =
Sl -
j
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Proof. Each f,‘j is selfadjoint and

f;‘;frgn = t(p?)_lr( f)_lr(sgsfm)s%msrﬁn = aﬁéimaj" i(;‘
Hence, they are pairwise orthogonal subprojections of pj. Since 1(f3) =

~7(em) , they are minimal in D.
By virtue of Proposition 3 there are scalars ¢,,, such that

B =D 15 =D tunSjmemsy;.
i m,n
Multiplying it from the left by S5 emSy; (for an arbitrary k) we get
0= Z UenSjieMSy;-
n

Since s%emsy; are linearly independent, #, =0 forall n and }, fi5 =P .
The remaining claims are easily verified. O

Corollary 8. For any o, i we have 1(p?) = Ja/A™!.

Since 7(p®) > 7(p}), the preceding corollary is a sharper version of Propo-
sition 1.9 of [6]. It also says that A(x) := Ad~!7(X) would be the Haar trace
on A (see Appendix 2 of [8]) if we could define a Hopf algebra structure on
A.

Definition 9. We define a bilinear form (-, -): Ax B — C by
(a, b) = A*t(aemend).

Proposition 10. The form defined above establishes duality between A and B.
Proof. Let b € B and, for any a € A, (a, b) = 0. Hence, 0 = t(Aemend) =
7(AemAend) = t(endD) . In particular, 0 = r(eNEE*eN) and faithfulness of 7
implies 0 = exb and, hence, b =0.

Similarly, a =0 if (a,b)=0 forall beB. O
Definition 11. We denote by {v;} the basis of B dual to {sf} viz. (-, ).
That is,

(Sfl s 'U?j) = 5aﬂ51k5jl-

From now on we assume that one of the following easily equivalent conditions
is satisfied.
(1) C is a factor (i.e., C=D).
(2) d=4 (d=dimA=dimB, A=[M:N]).
(3) t(p#)=/a/A"! forany a,i.

Proposition 12. (1) viem = oijem .

(2) (@) (v)envg=/a/7'f3;
(b) eNVf; = envj;sf;, hence [a/ ‘/2eNv;’j is a partial isometry with do-
main [} and range en .

(3) (a) emenvy = /a/'emss;
(b) emen(vg)* = /a/'emJpsSJp-
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( ) T((UZ)*Umn) =5aﬂ61majn/a/

a) Yi(vy)envy =/a/” ‘s;';;

b) Y, v keN ’U;’k )= /a/” lJBSO‘ JB.

a) Ex((v3)*envh) = 8aplir/o/ 253

b) Ea(vjen(v ﬂ)) OapOi/a/ 2 Jns I .

Proof. (1) and (2): Since ex and f2 are both minimal projections in D, there
isa ¢ € D such that c*enc = f7. By Corollary 4(3) there is a b € B such that
enb = enc; hence, b*enb = c*enc = f. Since ey is minimal and central in
B, there is a scalar ¢ such that bey = tey . We have |24~ ey = |t|2emenem =
em(b*enb)em = em f2em = empfem = T(p?)em . Therefore, |t]2 = At(p?) = /a/
and we can finda 6 € R such that w = e'?/a/~!/2b satisfies w*eyw = /a/~!
and wep = ep . Now we have

(sB,, w) = A*1(sE .emw*enw) = T(p%) " A1(sE emf2) = OapimOin.
Therefore, w = v% and we have proven (1) (in case i = j) and (2)(a).

Again by Corollary 4(3) there is a u € B such that enu = envy;ss; . We have

) (
(
(6) (
(

(Shn s ) = AT(shaem(v]) envs®) = At(p%) " 1(sh,emf55%) = 8apOimdin;
hence, u = vf; and (2)(b) is proven.
If i # j then
0= (I, v) = 2*t(emenvs) = {Proposition 2(3)} = A21(viem)T(en).
This proves (1) in case i # j.

(3) is established by a direct computation (with help of Proposition 5(2)).
(4)

T((v?j)‘vrﬁn) = AT(( ) eNv ) At(s 1](’011)*61“'0 nm) (2)(b)
= aﬂatmlt(( “) eannsnj)
= 0ap0imAT((VF;)" env5, (2)(b)
= BapdimhT( (07" env5, 1) @
= aﬂ5imajnif((vfj)*eNUfj) = Japdim jn/a/_l~
(5)(a)
D (Wh)envs = Y 55 (ve) envi, sy, (2)(b)
k k
= [a/7" Y sh Sy (2)(a)
k

= [a/7'sg Y f = a7 sE,
k

(b) follows from (a) with the help of Proposition 5(2)(b)
(6)(a) If k # 1 then E((vg,)*envy;) =0. Indeed, for any g, m, n
(shn (V) envf}) = T(sha S (V3) envii /i) (2)(b)
= OapOknOimT(J11 S0k Jick (Vi) “envj)
= GapOknOimT(Sii Sii Sk (Vi) "envjy) = 0.
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Since clearly E5(f2 )= /a/~!pg, we obtain

Ea((vg)"env’) = sy Ea((vey) envf})st, (2)(b)
= OopOiSi Ea((viy ) enaviy ) sk ;
= SapOit/a/ ™ SZEA(SE)SE (2)(a)

= daﬂdk,/a/‘zsf;.
(b) Since JgAJp = A by virtue of Proposition 4(2)(a) we have E,(JgxJp) =
JsEA(x)Jp and the claim follows from (a) and Proposition 5(2)(b). O

Corollary 13. The matrix [v®], whose i, j entry equals v® , is a unitary element

Of M o /(B) -
Remark. This fact corresponds to the duality between unitary modules of a
Hopf x-algebra and unitary comodules of its dual (see [8]).

ij’

4. HOPF ALGEBRA STRUCTURES ON N'NL AND M'NK

Definition 14. We define linear maps A: B—-B®B, ¢:B—C,and S:B— B
as follows.

(1) A(b) =3 bl®bR, where Y bF®bR is uniquely determined (by virtue
of Proposition 10) by equality (xy, b) = 3(x, bF)(y, bR), to be sat-
isfiedbyall x,y€A.

(2) e(b) is defined by bem = e(b)em

(3) S(b) is an element of B uniquely determined (by Proposition 10) by
equality (x, S(b)) = (x*, b*), to be satisfied by all x € A.

Theorem 15. B equipped with its C*-algebra structure, comultiplication (A),
counit (¢), and coinverse (S) introduced by Definition 14 is a Hopf x-algebra
and a finite-dimensional compact matrix quantum group as defined in [8] by
Woronowicz.
Proof. (1) Since en is a minimal and central projection in A, there is a selfad-
joint, multiplicative functional #n: A — C such that aeny = n(a)en for any a €
A. Forany x,y € A, we have (xy, I) = A2t(xyemen) = A2n(xy)t(en)t(em) =
n(xy) and (x, I)(y, I) = A*t(xemen)T(vemen) = n(x)n(y) . Hence, (xy,I) =
(x,H(y,I) and A(I)=1Q1.

We keep the notation of Proposition 5. We have 7(enxen) = A~1(x¢, &) for
any x € D; hence, (a, b) = Aaemé, b*¢) for any a € A, b € B. For any
X,y € A we have

(xy, b%) = Mxyemé, bE)
= M{(JsxJB)(JByJB)em , b*¢)
=22 (JexJpeme, (bF)*¢) (JoyJpeme, (bR)*E)
=Y (x, BH))w, (BF)).

This proves that A(b*) = A(b)*.
(2) Associativity of the multiplication in A implies (A ® id)A = (id®A)A.
(3) Since ey is a minimal and central projection in B, ¢ is a selfadjoint,
multiplicative functional.
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(4) For any ¢ € B we have (I,c) = A%t (eMeNc) = ¢(c). Therefore, for
any a € A, (a,b) =(a-1,b) =Y (a,bF)I,bR) = (a, T e(bF)bF); hence,
b =Y e(bF)bF and (id®e¢)A = id. Similarly, (s®1d)A id.

(5) Let b € B and b = 5 x;eyy; with Xx;, y; € A. By Proposition 5(1),
Y viemxi = Ja(>_yfemx;)Ja belongs to B. Since

(a, Y viemx;) = (a* , Zy;emx;>

for any a € A, S(b) = Jp,b*Jy for any b € B. This implies that S is a
x-preserving, antimultiplicative involution.
(6) We claim that S(vf;) = (v§;)" . Indeed, by Proposition 12(3) we have

(a, (v%)") = A*t(aemen(v$)®) = Ja/ ™' A21(aem JpssiJB) = [/~ At (Jpsf Jpa).
Similarly,
(a*, (v;)*) = (v senema) = [af” 1221 (JBsi;Jeema) = /a/'llr(aJBsf-"jJB),

and the claim follows. Since it is an immediate consequence of our definitions
that A(vf) = 3, v ® vg;» it now follows easily from Proposition 12(1) and
~ Corollary 13 that m(S ® id)A = ¢ = m(id ®S)A, where m: by ® by — bib; .
(7) Now we are in a position to prove multiplicativity of A.
Let usdefineamap T: B®B — D by T: b, ® b, — bienS(b;) . By Proposi-
tion 3 and (5) this map is a linear isomorphism. We claim that T(A(B)) = A.
At first we notice that (4) implies that A is an injective map. We have

T(A(v Z vienS(vg)) = Z v en(vs)"

belongs to A by Propositions 5(2) and 12(5). Since {A(v, y )} form a linear basis
of A(B), we see that T(A(B)) C A, and, since T is injective and dimA(B) =
dim A, we conclude that T(A(B)) = A

Now we define a new multiplication ® in D by x©y = T(T~!'(x)T~()).
One can easily check that if by, b,, c;,c; € B then (bjenc;) © (benca) =
bibencycy (by (5) S is an antimultipicative involution).

Since A has a multiplicative inverse ¢®id, in order to prove multiplicativity
of A it suffices to show that A(B) is closed in B® B under multiplication or,
equivalently, that A is closed in D under ©. We have

T(A(vS)) © Zv,k (Z vhen(v ) v%)*

and ), v5 en( ,,,)* is in A. We have to show that }_, v a(v$)" isin A for
any a € A. Since A =NnNL and ), vja v;’k) being in D is in N, it
remains to show that ), vja v;’k)* is in L. But there are elements x;, y; in
M such that a = Y x;eny;s . Therefore,

Zv,ka v —Zv,k <szenys) sz <Zv,ken(v,k )ys,

and, since ), v;‘;(eN(v;?k) belongs to A C L, we are done.
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(8) One can check that a matrix with blocks [v*] along its diagonal satisfies
the requirements of the definition of a compact matrix quantum group. 0O

Corollary 16. A with its natural C*-algebra structure, comultiplication, counit,
and antipode defined as dual to multiplication, unit, and antipode respectively in
B (viz. (-, -)) bears a Hopf x-algebra structure dual to that of B.

5. ActioN oF M'NK oN L
Definition 17. We define a bilinear map B x L — L (denoted by b — x) by
setting b — x = AEp(bxewm) .
Lemma 18. For any b€ B, x € L we have bx = Y ((bF) — x)bR.
Proof. Since {vf;} form a basis of B and A(v{}) = 3, v5; ® vg;, it suffices to
show that VX = AY g EL(v;’;cxeMw,‘(’j . At first we prove this for x = ey .

Since dimB = A and E|g = 7, we infer that B contains a quasi-basis for
Ep (see [6, 7]). It follows that there are elements x}; € L such that

a — Y Y
vijeN - ansvn.v'

yns

Multiplying this equality by (v,fm)* (for any fixed B, k, m) from the right and
taking E;, of both sides we get

vh)) = Y xLEL(v](v,)")
yns
= xlr(uil ) =18/ xL,..

yns

EL(vijen(

Since Ej|p = E,, by virtue of Proposition 12(6)(b) we have

vien =Y /B/Ea(vien(vf, )l
Bkm

= [a/™"> (Jas§ JB) Vg
p

On the other hand, with the help of Propositions 5(2) and 12(3) we get
Ex(vienem) = [a/ "Ex((JasS Jo)em) = A7 o/~  Jps§, Jb.

Thus the lemma is proven for x = en. The general case follows from the fact
that for any x € L there are y,, t, € M with x =3 y,ent, (cf. [3, Theorem
3.6.4(iii)]). O
Proposition 19. The map introduced by Definition 17 is a left action of B on
L.
Proof. (1) I — x = AEr(xem) = AxEr(em) = x.

(2) b— I =2AEL(bem) =¢(b)I.

(3) By virtue of Lemma 1.2 of [6] we have

b1b2 — X = AEL(blbzxm)
= AEL(b1AEL(byxem)em) = by — (by — X).
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(4) Proposition 12(3) implies that Ej(emend) = EL(S(b)enem) for any b €
B. Since any x € L can be written as x = ), u;eNw;, u;, w; € M, the above
gives Ep(emxb) = EL(S(b)xem). Thus, forany b€ B, x € L, (b — x)* =
AEL(emx*b*) = AEL(S(b*)x*em) = S(b*) — x.

(5) By the preceding lemma bx = A Er(bfxem)bR forany beB, x € L.
Multiplying this equality from the right by yemt with y, ¢ € L arbitrary and
then taking trace of both sides we get 7(bxyem?) = At(3. EL(bFxem)bRyem?) .
This yields

Ep(bxyem) =4 Er(bfxem)EL(bRyem).
This means that b — (xy) = Y (bf — x)(bR — y). O
At this point we have no difficulties in proving our final result.

Theorem 20. Let B act on L from the left as in Definition 17. A map ¢ such
that ¢: x®bw— xb, x € L, b € B, is a x-isomorphism from the crossed product
L x B onto K.

Proof. If {b;} forma t-orthonormmal basis of B then {(b;, b})} form a quasi
basis for E;, (cf. [7; 6, Proposition 1.3]). Thus the map is a linear isomorphism.
We have ¢(I®I)=1 and forany xe L, b€ B

B((x @ b)) = ¢ (31 — x) @ (BR)")
=Y (b = x) (bl
On the other hand, since A preserves *, applying Lemma 18 we get
P(x ®b)" =b"x* = ((bF) — x")(bN)",

thus ¢ preserves . ¢ also preserves multiplication, since for any x;, x; € L,
by, b, € B we have (again by Lemma 18)

d((x1 ® b1)(x2 ® b2)) = X3 (Z(blL - xz)bf) b,
=x1b1x20;, = ¢(x1 @ by)p(x2® by). O
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