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ABSTRACT. R” is the union of countably many sets, none containing two points
a rational distance apart.

0. INTRODUCTION

The aim of this paper is to prove that it is possible to color the points of R”,
the n-dimensional Euclidean space, with countably many colors such that if
two points are a rational distance apart then they get different colors. This was
conjectured by Erdés. If G, denotes the graph on R” where points a rational
distance apart are joined, then the result can be reformulated as the statement
that the chromatic number of G, is countable. Erdds observed that the result
for G, can be deduced from an earlier theorem by him and Hajnal [4], namely,
that a graph is countably chromatic, unless it contains K(2, ), the complete
bipartite graph on classes of size 2 and w;, respectively. It is easy to see that
G, does not contain this latter graph. One might be tempted to think that a
similar argument works in general. It is, however, fairly easy to find even a
K(w, 2”) in G;: take a line, a point p outside it, and let all points on the line,
at rational distance from p, constitute one class. The other class will be the
points of a full circle, perpendicular to the line and containing p. And even
a graph omitting K(w, w) can be uncountably chromatic by an old result of
Erd6s and Hajnal [4].

One of the early instances of theorems producing “paradoxical” decompo-
sitions of Euclidean spaces can be found in [1], where Ceder showed that the
plane can be colored by countably many colors so that the three corners of an
equilateral triangle never get the same color. His clever proof “defines” the
coloring from a Hamel basis. Most other proofs, however, use a different tech-
nique. In order to show that R” possesses a certain coloring, one proves, by
transfinite induction on |X|, that every X C R” does. A prime example can be
found in [2]. In another such example, see [6], we prove that R3 can be colored
with countably many colors with no monochromatic regular tetrahedron. This
has recently been extended to higher dimensions by J. Schmerl [7].
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Our present proof is even more complicated. When coloring the points of a
certain set of transfinite induction, it may happen for a point x that there is
no color left, all possible colors having been used by the points already colored
which are at a rational distance from x. To overcome this difficulty, we assign
a set of colors to sets that occur as the points in rational distance form a certain
point. For technical reasons we need the more complicated notion of configu-
ration, an intersection of finitely many such sets. By transfinite induction we
assign color sets to configurations, along a well-selected well-ordering.

Notation. We use standard axiomatic set theory notation, for example, cardinals
are identified with initial ordinals. 4 denotes Euclidean distance.

1. CONFIGURATIONS

If o, B are real numbers, let « = § mean that a — f € Q. For the rest of
the proof, we fix n.

Definition. A set F C R” is a configuration, if F = @, R", {a} for some
a € R, or there exist distinct points a;, ..., a, € R* and reals oy, ..., a;
such that

F={xeR":d*x,a)=q; (all 1 <i<1)}.

Definition. If a € R”, then G(a) = {x € R*: d%(x, a) € Q}. This is clearly a
configuration.
Lemma 1.1. There are continuum many configurations.

Proof. As every configuration is determined by a finite sequence of points and
reals, there are at most continuum many of them. And the number of singletons
is already continuum.

Lemma 1.2. The intersection of two configurations is again a configuration.
Proof. Immediate from the definition.

Lemma 1.3. If F, O F, are configurations, |F,| > 2, and F, is determined

by ay,...,a, and «,, ..., o, then there exist points by, ..., b; and reals
Bi, ..., Bs,suchthat F, isdeterminedby a,,...,a,, by,...,bs and oy, ...,
alaﬂl9'“9ﬂs'

Proof. Simply select by, ..., bs, Bi,..., Bs determining F, as in the def-
inition of configuration. If a; = b; and o; # B;, then we have conflicting
demands, so F;, =92.

Lemma 1.4. There is no strictly decreasing sequence Fy O --- D F,,s of config-
urations.

Proof. Assume that R* = Fy D --- D F,,3, with |F,.3] > 1. We can as-
sume, by Lemma 1.3, that there are sequences ag, ..., ag, ..., such that F;
is determined by ao, ..., ay;), @, ..., ay ) for some natural numbers 0 <
t(0) < --- < t(n +2). We can assume as well that ao = 0. Using scalar prod-
ucts, the congruences on distances can be written as x2 = ap, (x — a;)? =
x?-2(x, a) + a} = a;. Using the former congruence, the latter one can be
rewritten as (x, a;) = B; for some B; € R calculable from ay, a;, a; (j > 0).
As there is no strictly increasing sequence of vector subspaces of length n+2 in
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R”, there is an i such that all vectors a;, #(i—1) < j < t(i), are linear combi-
nations of the vectors a;, kK <t(i—1). If a; =} A,ax, then the equation we
have for a; is B = (x, aj) = > A(x, ax) =3 APk, so, unless B; £ 3> A4 B
in which case F; = @, all the equations defining F; relative to those defining
F;_; can be omitted, i.e., F;_; = F;.

Lemma 1.5. The intersection of arbitrarily many configurations is again a con-
figuration.

Proof. Let & be a nonempty family of configurations. Select, as long as possi-
ble, Fy, ..., F; € & such that the series of intersections FyN---NF; is properly
decreasing. By Lemma 1.4, the procedure must stop after finitely many steps,
and then we get an intersection Fy N --- N F;, which is the intersection of all
members of ¥ and is a configuration by Lemma 1.2.

Lemma 1.6. For every X C R" there is a unique least configuration F D X .
Proof. Immediate from Lemma 1.5.

Definition. If F, F, are configurations, (F;, F>) is the least configuration F O
F,F.

Definition. If F is a configuration, F* = {y € R": d?(x, y) € Q (all x € F)}.
As F+ =R"nN{G(x): x € F}, it is a configuration, by Lemma 1.5.

Lemma 1.7. If F is a configuration, then F 0 F~ is countable.

Proof. 1t is a set such that the square of the distance between any two points is
in Q, so it is necessarily countable.

2. CLOSED AND NICE SETS

Definition. If X C R” and ¥ is a set of configurations, then (X, &) is closed
if:
2.1) X|+o=|¥+w;
(2.2) If F €& iscountable, then F C X ;
(23) o,R"e ¥ ;
(2.4) if x € X, then G(x) € ¥ ;
(25) xeX iff {x} eF;
(2.6) if Fe¥ ,then FL{, FNF+ €% ;and
(2.7) if F ¢ & , then there exist finitely many subsets F;, ..., F, of F and
supersets F!, ..., FS of F,allin & , such that, forall F', F" € &,
if F"C F C F”, then there are i, j with F'C F;, F/ C F".

Definition. A quadruple (X, % ,X',¥') isniceif X CX'CR*, ¥ C &'
are sets of configurations, (X, %) is closed, and:

28) X' -X|+w=|F"-F|+ow;

(2.9) if F € &' is countable, then F C X’;

(2.10) if x € X', then G(x) e F';

(2.11) xe X' iff {x} eF';

(2.12) if Fe %', then FL, FNF+ e ¥';and

(2.13) if F;,F,eF' —F ,then FNE, (F,F)eF".
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Lemma 2.1. If (X, %, X', %) is nice, then (X', %) is closed.

Proof. We really only have to check (2.7) for (X', &'). If F ¢ ', then, in
particular, F ¢ %, so there exist Fy,..., F, F',..., F5, asin (2.7). Let
F,,, be a maximal subset of F in &' —F (exists, by Lemma 1.4). If now
F'CF, F' e %', theneither F'€ ¥ ,and then F' C F; forsome 1<i<¢t,
or F'e ' -%, and if we let F”" = (F', F,;1), then F” € &', so either
F"e ¥ ,and again F' C F; forsome 1 <i<t,or F' € %' —-% , and then
F" = F,.; by maximality, so F' C F;,;. A similar argument works for the
upper approximations.

Lemma 2.2. If A is a limit ordinal, {X,: a < A}, {%:a < A} are continu-
ous, increasing sequences such that (X, , X,, %,) is nice for a < A, then
(X, &, X,, ) is nice, too.

Proof. (2.8) is an easy computation, using the assumption that the sequences are
continuous and increasing. Of the other clauses, only (2.13) needs explanation.
If R,hbe%-%,then F,F , e %, -% forsome a < 1,50 FNE,
(FlaFZ)e'?a Q'Z°

Lemma23. If (X, ¥, X', %) isnice, k=|X'-X|=|¥F"-F|> w, then
there exist continuous, increasing sequences {X,: a < k}, {%:a < k} such
that X, = X', F=F', | X, - X| <k, |%H-F|<k (a<k), and

(2.14) (X,¥F, X,, %) is nice (a <k); and

(2'15) (Xas ‘9;9 Xa-)-l s '?a-')-l) is nice (Cl < K) .

Proof. Enumerate X' — X as {x,:a<k} and &' —-& as {F,:a<k}. Let
(Xs» &) be minimal such that X, 2 {xz: g < a}, S 2 {F3: B < a}, and
(X,&, Xa, %) is nice. These sets exist, as we only have to close under the
algebraic operations described in (2.9)-(2.13). By a well-known Lowenheim-
Skolem type argument, in every structure with countably many finitary opera-
tions, for every subset Y of the ground set there is aset O Y of size |Y|+ w
closed under the operations. As (X,, %) is closed, (X, %, Xas1, Fas1) IS
nice.

3. INDEPENDENT SUBSETS
Definition. [w]® ={AC w:|4|=w}. AC* B iff A— B is finite.
Definition. A family {D;: i € I} of subsets of w is independent if
Din---ND;N(w—Djs1)N---N(w — Dy)

is infinite for different members D, ..., D; of the family.
Lemma 3.1. If D,, ..., D, are independent subsets, ¢ is a Boolean combina-
tion of the sets Dy, ..., Dy_,, and DN o is finite, then 6 = @.

Proof. o can be written as g, U --- U g;, where each o; is the intersection of
some D;’s and some (w — D;)’s. If Dy No; is finite, then, by independence,
for some j, both D; and (w — Dj) occurin 0;,50 0, = 2.

Lemma 3.2 (folklore). There exists an independent family of size continuum.

Proof. It suffices to give an independent family on any other countable set; our
selection is ¥ , the set of all finite collections of rational intervals. If a € R,
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let

D(a)= {{Il, ,IS}EJZ a€l U"-UIS}.
If different real numbers a;, ..., a; aregiven,and 0 < i < s, then clearly there
are infinitely many sets of the form K = {I,,..., I;} such that ; U---U;
contains ay, ..., a; butexcludes aj.,..., as,1.e., K € D(ey)N---ND(a;)N
(# = D(ai+1))N---N(F = D(ay)) .

4. COLORINGS

Let @ be the set of all configurations. By Lemmas 1.1 and 3.2 there exists a
function ¢: ® — [w]® such that its range {¢(F): F € ®} is independent. Fix
such a ¢ for the rest of the proof.

Definition. If (X, &) is closed, then the pair (f, y) of functions with f: X —
W, y:F —[w]? is good if:
(4.1) if F; CF,, then y(F)) C y(F);
(4.2) f(x) € w(G(x)) (x € X);
(4.3) each y(F) is a Boolean combination of finitely many ¢(F;)(F; € ¥);
and
(4.4) if y(F))N---Nny(F)C* w(FHU---Uy(FS), then F; C F/ for some
i,j.
Lemma 4.1. If (X, % ,X',%') is nice and (f, y) is good with respect to
(X, %), then there exists a good extension (f',y’') of it to (X', F') such
that:
(45) f Fe¥, xe FN(X'-X), then f'(x) € y(F); and
(4.6) if x,yeX'—=X, x#y, d(x,y) € Q, then f'(x)# f'(y).

Proof. By transfinite induction on k¥ = |[X' - X|+ w.

If x = w, enumerate first &' — % as {Tp, T,...}. We are going to
define y'(T,) by induction on 7, so that at every step %, = F U{Tp, ..., T}
satisfies (4.1), (4.3), (4.4). Assume that y'(Tp), ..., ¥'(T,-;) have already
been constructed. Let F; (1 < i <t), F/ (1 < j < s) be finitely many
members of #,_; such thatif Fe%,_,, FC T,,the F C F; forsome 1<
i <t, and, likewise, if Fe€%,_;, FOT,,then F D F/ forsome 1<j<s.
Such families exist, as (X, &) is closed. By the inductive hypothesis on (4.1),
w'(F;) C y/(F/) whenever 1 <i<t, 1 <j<s. We need to select y'(T)
such that y'(F;) C v'(T,) C y'(F/) for all choices of i, j. We do this by
defining

V(T =YW E): 1< <sinfpTulUtv'(F): 1<i< .

This choice obviously ensures (4.1) and (4.3).
We show by induction on 7 < w that %, satisfies (4.4) as well. Assume that
the statement is true for n — 1, and

(4.7) ' (G)N---ny'(Gy) C* ¥'(GYu---UY'(GY)

for some Gi,..., Gy, G, ...,G" € %, . If T, occurs on both the left-hand
side and the right-hand side, then the result is trivial, so assume first that 7,
occurs on just the left-hand side, G, = T,,. Then (4.7) can be rewritten as

(4.8) ANBN(p(T,)UC)C* D
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where 4 = y/(G))N---Ny'(Gye1), B=y'(F)n---Ny'(F*), C=y'(F)U
Uy (F), D=y'(G)YU---Uy'(G¥). (Notice that C C B.) 4, B, C, and
D are Boolean combinations of ¢ values from %,_,, so, by Lemma 3.1, as
¢(T,) is independent from them, 4N B C* D holds, i.e.,

(4.9) W'(G) NNy (Gu-t) NY'(FH NNy (F) C* D.

By the inductive hypothesis, either G; C G’ for some i, j,or T, C F' C G/,
and we are done.

A similar argument works if 7, appears on the right-hand side of (4.7).

In order to define f’, enumerate X' — X as {xo, x1,...}. If the f'(x;) for
i < k have already been selected, we try to find a value for x = x; such that
fl(x)# fl(x:) for i<k, f'(x) € ¥'(G(x)),but f'(x) e n{y'(F):1<i<t}
where Fi, ..., F; is a finite set of minimal elements of ¥ containing x . Such
a family exists by (2.5) and (2.7). We can select f’(x) unless ({y'(Fi): 1<
i <t} C* y¥'(G(x)). But then, by (4.4), for some 1<i<t, F; C G(x) holds,
SO X € I"}"- ; therefore, x € F; nF,.l C X, which by (2.6), Lemma 1.7, and (2.2)
is a contradiction.

If x> w,let X,, % begiven as in Lemma 2.3 for (X, ¥, X', ¥’). By
transfinite recursion on a < k, let (fy, ¥o) = (f, v) if a =0, (fox1, Vasr1)
extend (f, Y.) according to (4.5) and (4.6), (fa, ¥e) = (Up<a f5> Ug<a ¥p) if
a is a limit ordinal. We claim that /' =] f,, ¥’ = v, work. (4.5) is clear,
so assume that x,y € X' =X, x#y, d(x,y) € Q. If x,y € Xo41 — X,
for some a < k, then f'(x) # f'(y) by assumption. If, however x € X,,
¥ € Xay1 — X, forsome a < k, then f'(x) ¢ ¥'(G(x)) and f'(y) € v'(G(x)),
so f'(x) # f'(y) again.

Theorem 4.2. There existsan f:R” — w suchthat, ifd(x,y)e Q and x#y,
then f(x)# f(¥).

Proof. Apply Lemma 4.1 to (2, {&,R"}, R", D), f = &, and y, where
y(2) = ¢9(2) N ¢(R") and y(R") =¢(2)U p(R").

Theorem 4.3. If X C R" is uncountable, then there existsa Y C X, |Y|=|X|,
omitting rational distances.

Proof. The statement follows trivially from Theorem 4.2 if k¥ = |X| has un-
countable cofinality, for then one of the color classes has full cardinality in X .
Assume, therefore, that cf(x) = w. Let F be a configuration such that it has
the property that |F N X| = k but this does not hold for any proper subconfigu-
ration of F. Such an F exists by Lemma 1.4. Ifnow x € F and x ¢ FNF+,
then F N G(x) is a proper subconfiguration, so |G(x) N X N F| < k for all but
countably many x € X N F, and we may assume so for all. Decompose X N F
into a disjoint union X = |J X,,, where |X,| =k, , each k, is an uncountable
regular cardinal, and 3 k, = k. By the trivial part of this present theorem,
we can assume that rational distances are omitted inside each X, (by omitting
some of their points, if necessary). For every x € X, there is a k < w such
that |G(x) N X N F| < k. As Kk, is uncountable and regular, we may assume,
by omitting more points, that the same k = k(n) < w works for every x € X,,
and we may assume further that n < k(n). Letn(0) =0, Yy = Xo. Select
n(1) = k(0), and then let Y; C Xp(;) be a set of size k,(;) such that no point
in it is in rational distance from a point in Xy . This is possible, as by our con-
ditions, every point in X, disqualifies < x,;) points, and, as that cardinal is
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regular, only < k,(;) points must be left out together. Then let n(2) = k(n(1)),
select Y C Xp(z), etc. Ourset willbe YouY  U---.

From Theorem 4.2 it is also easy to deduce that every set X C R” of pos-
itive outer measure has a subset of positive outer measure that omits rational
distances: one of the color classes must intersect X in positive outer measure.
We have, however, been unable to prove the existence of such a subset with the
same outer measure, even in the case n = 1. If X is Borel, a straightforward
transfinite selection gives this. We will return to this question in another paper.
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