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ON A CONJECTURE OF REVESZ

QI-MAN SHAO

(Communicated by Rick Durrett)

ABSTRACT. Let {X,, n > 1} be ii.d. random variables with P(X; = £1) =
1 - Révész (1990) proved
1 <limi -Yxg. , _§.
< liminf (max g'{'é',’.‘-j(zk logn)™"*(Sj4x — Sj)

<l 2klogn)~12(S; x — ;) < s.
_hﬂi}épo?fsxn lsll?ér’:‘—j( og n) (Sj+k —Sj)) <K as

and conjectured K = 1, where S, = > 7, X;. In this note we show that
Révész’s conjecture is true but the conclusion is not valid for general i.i.d.
random variables with finite moment generating function.

1. INTRODUCTION

There has been a great amount of work on increments of partial sums for
independent, identically or not necessarily identically distributed random vari-
ables during the last two decades. One can refer to Csorgé and Révész [2],
Hanson and Russo [5, 6], Shao [9 -11], and the references therein. Lately, for
1.i.d. random variables {X,, n > 1} with P(X, = 1) = %,Révész [8] studied
the limit behavior of the sequence

L,= max max k- Y3S, . ,.-S;
"7 0<j<n 1<k<n—j (Sjrie = 5;)

and proved
.. L, . Ly
< ——— < ATe 172
L hminf ey < Imsup o

where the exact value of K is unknown (cf. [8, p. 171]). Révész [8] conjectured
that K = 1. This conjecture is related with the well-known Darling and Erdés
(1956) theorem as well as the law of the iterated logarithm

=K<oo a.s.,

lim (2loglogn)~'/? max k™28, =1 as.
n—oo 1<k<n

The aim of this note is to give an affirmative answer to the Révész conjecture.
Indeed, we obtain the following more general result, which, in turn, shows that
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the conclusion is not valid for general i.i.d. random variables with mean zero,
variance one, and finite moment generating function.

In what follows we will use the following notation: x* = max(0, x), logx =
Inmax(x, e), where In is the natural logarithm, and [x] denotes the integer
part of x.

Theorem 1. Let {X,, n > 1} be a sequence of i.i.d. random variables with
EX,=0 and EX} =1. Put Sy =0 and S(n) =¥, .;c, Xi. Assume

(1.1) EeXil < 0o for some sy > 0.
Let p(x) = inf;>oe~"*Ee'X1 be the Chernoff function of X, . Define
2a(c)
¢) = sup{x: p(x) > e/}, “— sup & .
a(c) = sup{x : p(x) > } of = sup —7

Then we have

(1.2) lim max max Sisk =S, *

noto 0sen 1<ken—; (2klogm)iz = & 4%

Corollary 1. Let {X,,n > 1} be a sequence of i.i.d. random variables with
P(X, =+£1)=1. Then we have

(1.3) lim max max Sisk =5

n—o0 0<j<n 1<k<n—j W =1 as.

From Theorem 1 and Lemma 1, in the next section, one can obtain imme-
diately

Corollary 2. Let {X,, n > 1} be a sequence of i.i.d. random variables satisfying
EX,=0, EX?=1, and Ee®Xl < 0o for some sy > 0. Assume that

(1.4) Ee =0 forevery t > 0.
Then
(1.5) lim max max Sjek =S _ 0 as.

n—oo 0<j<n 1<k<n—j (2k logn)!/2

2. PROOF
We start with a preliminary lemma.

Lemma 1. Let X, be a random variable with EX; = 0, EXl2 =1, and

Eesil < oo for some sy > 0. Let to = sup{t > 0 : Ee'X” < oo}, p(x)
be the Chernoff function of X,, and a* be as in Theorem 1. Then

1
2.1 a‘Zmax(l,—).
(2.1) o
Proof. From the proof of Theorem 1 (cf. (2.25)) one can see that o* > 1. So
it suffices to show that

(2.2) ot >

1
vV 2[0 '
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Obviously, (2.2) is trivial if a* = co. When o* < 0o, we have

a(c) < a‘\/g foranyc > 0.
From the definition of p(x) it follows that forany ¢ >0 and 0 <ée< 1

ele>p ((1 + 8)a*\/§) = inf Ee/i—(+2)" V270

> inf Ee!™i—(+ V20 {Xl > (1+ s)a*\/g }
12

_p (Xl > (1 +g>a*\[§)
X2 1
=P (°"" (W) 2 exp (m)) :

which yields immediately

X2
E exp m < 00.

Thus, by the definition of ¢

(2.3)

1
> .
b2 307 epan
This proves (2.2), by the arbitrariness of .
We give a general result on the increment of a Wiener process, which is of
independent interest.

Theorem 2. Let {W(t), t > 0} be a standard Wiener process. Then
- W (t+s) - W)
24 lim sup sup su =
(24) D D S s {log 2 + loglog(a v (s + 1)))) 72

Proof. From the well-known law of the iterated logarithm it is obvious that the
left-hand side of (2.4) is greater than or equal to 1 almost surely. Noting that

sup sup W (i +s) - W)
>0 s>0 (25(log £ + loglog(a V (s + 1))))1/2
is a nonincreasing function of a, we only need to show that
|W(t+s)—W()] 2
@3 F (S,‘;},’ 338 (25(log = + loglog(a v (s + D)2 > ) 0
as a — oo forevery 8 > 1. We have
(2.6)
sup sup W(t+5) = W(0)
>0 s>0 (2s(log ¥ + loglog(a V (s + 1))))1/2

a.s.

[W(t+s)— Wl

< su su su su .
-°°<1p<oo —oo<lp<oo oi—lglt)go: oj-lg?goj (2s(log igi + loglog(a v @li1)))1/2
-W
< sup sup sup sup ' W (t+5s) (1)

—00<j<oo j<i<oo 0<1<i 0<s<6) (201(log Gi-j + loglog(a v 0”')))1/2 )
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Applying Lemma 1.2.1 of Csorgé and Révész (1981), we get that there is a
positive constant K depending only on 6 such that for each —co < j < i < o0,
a>1

|W(t+s)-W()]
(27) P (02}15‘ Oss?SpeJ (201(log 0i-j + loglog(a \V; 0|J|)))1/2 >0

< K60/ exp(—0(log 6~/ + loglog(a v 81)))
(2.8) < KGO0 j| + a)~?
Now (2.5) follows from (2.6) and (2.8) immediately. This completes the proof
of the theorem.
We are now ready to prove our main result.

Proof of Theorem 1. We first prove

(2.9) liminf max max Sjsk =S, *

e’ b e’ > a.s.
n—oo 0<j<n 1<k<n—j (2k logn)‘/2 -

We have, for every ¢ >0,

Sivk =S
liminf max max —Zk 2/
n—oo 0<j<n 1<k<n—j (2k logn)1/2

S S

> j+[clogn] —
(2.10) hr?—l»}:gf o<,<21 [clogn] (2[clogn] - log n)!/2

_(&\'? Sj+iclogn) = S; _ ¢a(c)

- (2) hﬁglf 0<jenelogn] [clogn] ~— 2
by (1.1) and the Erdds-Rényi law of large numbers (cf. [2, p. 98]). (2.9) follows
now from (2.10) immediately.

We next show that

a.s.

S]+k - SJ *
(2.11) hnm_gp olgja?n 1<I£1<ar§—; (2k logn)1/2 Sa
which together with (2.9) will imply (1.2).

If a* = 00, (2.11) holds obviously. So we only need to consider the case
of a* < oo which, by Lemma 1, also implies # > 0. Let {W(t), t > 0}
be a standard Wiener process. Using Theorem 2 and Erdés-Rényi law of large
numbers, one has

a.s.

. (W(j+k)-W(3)
. 1 = .S.
(2.12) rvoo OSjST—?[)c‘logn] clogrl;l%?cén—j (2k logn)1/2 L oas,
(2.13) lim max U rlcloen) -W() oo

n—oo 0<j<n—[clogn]  (2[clogn] log n)1/2

for each ¢ > 0. Hence, for any fixed 0 < & < 1, by (2.12), (2.13), and the well-
known Komlés-Major-Tusnady [7] strong approx1mat10n theorem, there exists
a positive ¢; = c;(¢) such that

. | j+k SJI
2.14) lims max m stk Pl <146 as.,
( ) ln_.ol:p 0<j<n—[c; logn] ¢;logn<k<n—j (2k log n)‘/2 s+

(2.15) liminf  max Sjtlcilogn = S >l-¢ as.

n—oo  0<j<n—[c, logn) (2[c; log n]logn)!/2 =
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For 0 < ¢ < ¢, using the Cauchy-Schwarz inequality, we obtain

limsup max max M
nooo  0<j<n 1<k<(n—j)aclogn (2k logn)l/2
Ytk o xr
< limsup max max e
- n_.oop 0<j<n 1<k<(n—j)Aclogn (2k logn)1/2
(2.16) (th X-+2)1/2
1

. i=1+j
< limsup max max !
- n—.oop05j<n 1<k<(n—j)Aclogn (2103)1)1/2

el 1/2
(; -

+ lim su max
2 n—»oop 0<j<n—[clogn] 210gn

Set
p(x) = }Ege—thet(Xﬁ_EX’ﬂ) , é(c) = sup{x D p(x) > e—l/c}.
Since 7, >0,

Jtlclognl y+2 _ py+2 .
(2.17) limsup  max Lizisj K i )= ca(c)
n—oo 0<j<n—[clogn] 2logn )

by the Erd6s-Rényi law of large numbers.
From the definition of ¢, it follows that for every 0 <t < ¢

e~le < pa(c)) < e—t&(c)Eet(Xl"z—EXl”);
that is,
cé(c) < % + cIn(Ee! X" =EX{™)).

Therefore, we can take 0 < ¢; = ¢(¢) < ¢; such that

(o) Czd(Cz) 12 1 *
. -4 — < —= < .
(2.18) (2+ > ) < g tesatte

By (2.16)-(2.18), we conclude

Sivk—S;
2.19 limsup max max T _<a*+e as.
( ) ,._.oop 0<j<n 1<k<(n—j)Aczlogn (2k logn)1/2 = @

We show below that

. Sj+k - S]

limsup max max Ty p—
2.20 n—oo 0<j<n cylogn<k<clogn (2k log n)l/
(2:20) vea(c)

<(1+4+3¢) su
( )czscstl)wl \/_

< (14 3¢)a* as.

Let n > O such that (1 +#)(1 +2¢) < 1+ 3¢ and ¢ < 1. Write d; =
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o(l+({+1)n), I >~-1. We have

2.21)
ik~ S
limsup max max —iﬁ
n—oo 0<j<n c;logn<k<c, logn (2k lngl) /
ik~ S;
<limsup max max max —L"z
m—oo em<n<emt! 0<j<nc;logn<k<c;logn (2k log n) /
S; S
<limsup max max jtk — o)

Mmoo 0<j<emtl cym<k<c,(m+1) (2km)1/2

Sj+k - S
<limsup max max max —12
m—oo 0<j<em+! 0<I<(c)—c)/(ncy) exm(1+In)<k<c;m(1+(I+1)n) (2km) /

al+U+Dn) S =S
<limsup max max .
e 0<j<em+t 0<I<(e—¢2)/(ney) 1<k<md; (2c2(1 + In))1/2 md,

\/‘TI S1+k —

1+ n)limsup max max
< " m—~oop 0<j<em+! 0<IL(c1—¢c2)/(ne2) 1<k<md1 V2 md,
Since p(x) is continuous and strictly decreasing for x with p(x) > 0 (cf. [1]),

we have

p((1+e)a(d))) < e "% forany0 << (¢ —c2)/(nca),
and hence, we can take a > 0 such that
(222)  p((1+e)a(d))) < e™*0/4 forany 0 <1< (¢ — c2)/(nc2).

Applying the well-known Ottaviani maximum inequality, the Chernoff theorem
in [1], and (2.22), we arrive at

(2.23)
\/_ J+k
P 0<r?<%+' 0<1<(:|n_ac)2()/(”cz) 1<k<md, V2 md,
Vea(c)
>(1+2¢) su
- ( )CZSCSI;)+C| \/i
[(c1—c2)/(c2))
<2emt S P vai S > (1+2¢) sup veale)
=0 l<k<md1 \/-Z dl 2<c<1+¢ \/i
[(c1—c2)/(nc2)]
oy \/— mdl <c<l+¢ \/i
[(er=c2)/(ne2))
<d4e™' N P(Symay > [md))(1 + €)a(d))
1=0
[(er=c2)/(nc2))
<de™! S (p((1+€)a(d))))m]
1=0

[(c1=c2)/(ne2)] 24¢ 2
<demt S enp(~(1+ O)md)/di) < 2 exp (2 ) eom,
1=0 2

(4]
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provided that m is sufficiently large. This proves (2.20), by (2.21), (2.23), and
the Borel-Cantelli lemma.
Putting (2.14), (2.19), and (2.20) together, we obtain

(2.24)  limsup max Sjk =

MSUp max | X iogmyi < M1+ e, (1+30)%)

On the other hand, a combination of (2.15) with the Erdés-Rényi law of large
numbers yields
a*>1-¢,
and hence
(2.25) a*>1

by the arbitrariness of ¢. (2.11) now follows from (2.24), (2.25), and the
arbitrariness of ¢, as desired. The proof of Theorem 1 is now complete.

Proof of Corollary 1. By Theorem 1 and Lemma 1, it suffices to show that

(2.26) ar < 1.
It is known that (cf. [2, p. 98])
(2.27) a(c)=1 for0<c<l,

and if ¢ > 1, then «(c) is the only solution of the equation
2

(2.28) (14 a(c)In(1 +a(c)) + (1 —a(c))In(1 — a(c)) = -
An elementary calculation yields

(1+x)In(1 +x)+ (1 = x)In(1 — x) > x?
for each 0 < x < 1, which implies
(2.29) ca*(c) <2 foreachc > 1
by (2.28). This proves (2.26), as desired.
Remark 1. From the proof of Theorem 1, one can see that a* < oo if 5> 0.

Remark 2. Corollary 2 tells us that the necessary and actually sufficient condi-
tion for

lim max max (S

- 1 1/2 N
n—000< j<n 1<k<n—j ik —Sj)/(2klogn)'/* < oo as

. 2
is Ee'X!" < 0o for some ¢ > 0.

Remark 3. It also looks interesting to study the limit behaviour of the sequence

Jj+k 12
K"-OT%zKT?,’fJ j+k = Sj (Izj;l){/) ) n=1,2,....
We conjecture that
1 < lim i—— =K<oo as.

n—oo (2logn)!/2

aslongas {X,, n> 1} are ii.d. random variables with EX, =0 and EX} <
Q.




582 QI-MAN SHAO

ACKNOWLEDGMENTS

This work was done while the author visited the University of Cincinnati as
a Taft postdoctor. The author is very grateful to Magda Peligrad and Joanna
Mitro for their help. Thanks also to Professor Résész and the referee for their
valuable comments and suggestions.

REFERENCES

1. H. Chemoff, A measure of asymptotic efficiency for tests of a hypothesis based on sums of
observations, Ann. Math. Statist. 23 (1952), 493-507.

2. M. Csorgé and P. Révész, Strong approximations in probability and statistics, Academic
Press, New York, 1981.

3. D. Darling and P. Erdés, A4 limit theorem for the maximum of normalized sums of indepen-
dent random variables, Duke Math. J. 23 (1956), 143-155.

4. P. Erdés and P. Rényi, On a new law of large numbers, J. Analyse Math. 23 (1970), 103-111.

5. D. L. Hanson and P. Russo, Some results on increments of the Wiener process with applica-
tions to lag sums of i.i.d. random variables, Ann. Probab. 11 (1983), 609-623.

, Some limit results for lag sums of independent non-i.i.d. random variables, Z. Wahrsch.
Verw. Gebiete 68 (1985), 425-445.

7. J. Komlés, P. Major, and G. Tusnady, An approximation of partial sums of independent
R.V.’s and the sample DF. 1, Z. Wahrsch. Verw. Gebiete 32 (1975), 111-131.

8. P. Révész, Random walk in random and non-random environments, World Scientific, Sin-
gapore, 1990.

9. Q. M. Shao, Limit theorems for sums of dependent and independent random variables, Ph.D.
Dissertation, Univ. of Science and Technology of China, Hefei, People’s Republic of China,
1989.

10. —, Random increments of a Wiener process and their applications, Tech. Rep., Ser.
Lab. Res. Stat. Probab. No. 184, Carleton University, University of Ottawa, Canada, 1991;
Studia Sci. Math. Hungar. (to appear).

, Strong approximation theorems for independent random variables and their applica-
tions, Tech. Rep., Ser. Lab. Res. Stat. Probab. No. 184, Carleton University, University of
Ottawa, Canada, 1991; J. Multivariate Anal. (to appear).

DEPARTMENT OF MATHEMATICS, NATIONAL UNIVERSITY OF SINGAPORE, SINGAPORE 0511

E-mail address: MATSQM@LEONIS.NUS.SG

11.

DEPARTMENT OF MATHEMATICS, HANGZHOU UNIVERSITY, HANGZHOU, ZHEJIANG, PEOPLE’s
REPUBLIC OF CHINA




