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(Communicated by Roe Goodman)

ABSTRACT. Let G be a locally compact topological group. We prove that if G
is not a SIN-group, then the quotient Banach space #%;(G)/%(G) contains an
isometric linear copy of /*° . To get this result, we first establish an extension
theorem for (bilaterally) uniformly continuous functions on G.

1. INTRODUCTION

Let G be a topological group and C(G) the usual Banach space of all contin-
uous bounded complex-valued functionson G. Let & and # be two distinct
Banach subspaces of C(G) with & C & . In such a framework, a now stan-
dard question is to ask if the quotient Banach space & /& is nonseparable or
even contains an isometric linear copy of the space /* of bounded complex
sequences. C. Chou [2], [3] and H. A. M. Dzinotyiweyi [4], [5] have established
several interesting results of this type and the main purpose of this paper is to
present a new one.

As in [13], let us denote by %/ (G) (respectively Zr(G)) the space of all
the functions in C(G) which are left (respectively right) uniformly continuous
and let Z(G) = Z.(G) N Zr(G) 'be the space of all functions in C(G) which
are (bilaterally) uniformly continuous. In [9] G. L. Itzkowitz has shown that
if G is a nonunimodular locally compact topological group, then %;(G) and
% (G) are distinct, and H. A. M. Dzinotyiweyi [4] has asked if the quotient
%1(G)/?% (G) is nonseparable. Later on P. Milnes [13] has extended the result
of G. L. Itzkowitz by showing that % (G) and % (G) are distinct as soon as G
is not a SIN-group, i.e., if its two usual uniform structures are different (recall
that a locally compact SIN-group is unimodular). Hence the question of H.
A. M. Dzinotyiweyi is relevant in this case. In the third section of the present
work, we show that in fact if G is not a SIN-group, then #%;(G)/% (G) contains
an isometric linear copy of /.

To get this result we first establish an extension theorem for (bilaterally)
uniformly continuous functions on G. The method of proof is similar to that

Received by the editors September 4, 1992 and, in revised form, August 13, 1993.

1991 Mathematics Subject Classification. Primary 22D05; Secondary 54E15, 46E15.

Key words and phrases. Locally compact groups, uniform structures, uniformly continuous
functions.

©1995 American Mathematical Society
0002-9939/95 $1.00 + $.25 per page




1614 G. HANSEL AND J. P. TROALLIC

of the classical Urysohn’s lemma. Let us remark that it does not seem possible
to deduce this theorem from Katetov’s extension theorem of bounded uniformly
continuous functions [11], [12].

2. BILATERALLY UNIFORMLY CONTINUOUS EXTENSIONS

Let G be a topological group and let e be its identity element. As in [8],
a complex-valued function f on G is called left uniformly continuous if it is
uniformly continuous with respect to the left uniform structure on G, i.e., if
for any ¢ > 0 there is a neighbourhood V of e in G such that for x,y € G,

xlyeV=|f(x)-fy) <e.

As said above, we denote the Banach space of bounded left uniformly conti-
nous functions on G by % (G); the space Zr(G) of bounded right uniformly
continuous functions on G is defined accordingly with respect to the right uni-
form structure of G, and we denote the Banach space of bounded (bilaterally)
uniformly continuous functions on G by Z(G).

A finite sequence (W), ..., W,,) of nelghbourhoods of e is called well fitted
if there is a neighbourhood X of e in G such that XW;,X c W, for all
i=1,...,m-1.

The following two lemmas are quite simple: they only use elementary prop-
erties of neighbourhoods of the identity in a topological group.

Lemma 2.1. Let (W, W, ..., Wy) be a well fitted finite sequence of neighbour-
hoods of e in G. Then there is a finite sequence (W}, ..., W, _,) of neighbour-
hoods of e in G such that the “mixed” finite sequence (Wl, Wi, ..., Wm-i,
W! ., Wn) is well fitted.

m—1>
Proof. Let X be a neighbourhood of e in G such that XW, X c W, for
all i=1,...,m—1. Let Y be a neighbourhood of ¢ in G such that Y2 C
X. Forall i =1,...,m-1, let W/ = YWY, then the finite sequence
(Wi, ..., W, _,) satisfies the required condition. O

Lemma 2.2. Let W be a neighbourhood of e in G and let
i .
D={2—n|ne/1f,z=0, 1...,2"}

be the set of all rational positive dyadic numbers in [0, 1]. Then there is a D-
indexed family (W;)icp of neighbourhoods of e in G such that Wy = W and
such that for all n € /' the finite sequence

(Was Waeo o W)

of neighbourhoods of e in G is well fitted.
Proof We define the sets W , i=0,1,...,2", by induction on n. Let

=W andlet W, be a nelghbourhood of e in G such that (W, W) is
well ﬁtted Suppose that a well fitted sequence

Wy s Wy oo, W)

of neighbourhoods of e in G has already been built. Then according to
Lemma 2.1, for any rational dyadic number 32%}—, j=0,...,2" -1, we
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can choose a neighbourhood W,., of e in G such that the sequence

an+1

(Wan)ﬁ’Wz_nlﬁ’ ) g%i_)

is well fitted. O

The following result is the “extension theorem” announced in the introduc-
tion.

Theorem 2.3. Let (An)ncrr be a sequence of subsets of G, and let ¢ = (cp)nen €
[ . Suppose there is a neighbourhood Z of e in G such that the elements of the
sequence (ZAnZ)ncn are pairwise disjoint. Then there is a function h € % (G)
such that h(x)=c, forall xe€ A,, ne V.

Proof. If ¢ = 0, the null function of Z(G) satisfies the required conditions.
So let us suppose that ¢ # 0. Let W be a neighbourhood of e¢ in G such that
W2 c Z and let (W,),cp be a D-indexed family of neighbourhoods of e in G
whose existence is asserted by Lemma 2.2. Let us put

= |J wa.w.

nes

Remark that the sets WA,W, n € 4 , are pairwise disjoint; indeed the sets
ZA,Z , n eV, are pairwise disjoint and for all n € /", we have WA, W =
(ZA,Z)NA.

For all x € A4, let us define ¢, € [0, 1] and ¢, € & in the following way:
let n be the positive integer such that x € WA, W ; we put

ty =inf{t € D | x € W,4,W;} and cx = cy.
Then we define the function #2: G — & by

h(x) = { «(1—1t;) forallxe 4,
- for x € G\ 4.
With this definition, it is clear that A(x) = ¢, forall x € 4,, n € #, and

moreover A is bounded. Let us show that 4 is left uniformly continuous.
Let ¢ > 0. Let p € # be such that 35 < £ and let X, C W be a

Tiell
symmetrical neighbourhood of ¢ in G such thatfor i=0,1,...,27 -1

XpWiIFXp C Wlﬁl
Let x,y € G be such that x~!y € X, and let us show that

(1) |h(x) - h(y)| <.

If the points x and y belong to G\ 4, then h(x) = A(y) = 0. So let us
suppose that at least one of the points x and y belongsto A.

First case: x and y belongto 4.

Let m be the positive integer such that x € WA4,,W ; then we get that
y € WA,W as a consequence of the inclusions

yeExX, CWAZWX, C WA,W? C ZAnZ.

It follows that ¢, = ¢, = c» and consequently
[h(x) = h(Y)| = lemlltx — ty] < liclltx — 8yl
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Hence to get inequality (1), we have only to show that |t,—1,| < -1 . Suppose
that ¢y <¢,. Let i€ {0,1,...,27 -1} be such that
i i+1
35 Sl <
If i+2> 27, we have

i 2P |
|tx—ty|=ty-th1—$= 2 <F.

If i+2<2?,since

i+2
we have ¢, < % and consequently

i+2 i 1
ltx =yl =ty —tx < == = 55 = 55y
Second case: {x,y} ¢ A. Let us suppose that x € 4 and y € G\ 4. Let
m be the positive integer such that x € WA,,W . We have
lh(x) = h(Y)| = [h(x)| = [em|(1 = tx) < Jlell(1 = x).

Hence to get inequality (1), we have only to show that 1—¢, < 3. Of course
we can suppose that ¢, < 1. Let ie {0,1,...,27 — 1} be such that

i i+1

2r 2y
We necessarily have i + 2 > 27 since otherwise we would get

Stx<

y €xXp C Wiy AnWin1 X, C Wig AmWig C A.
Hence C ap .
i -
l—thI—g—T<F.
Thus we have established that 4 € Z;(G). The proof that & € Zr(G) follows
the same way. O

Remarks 2.4. (1) Theorem 2.3 obviously implies the following “Urysohn’s
lemma™: let 4 and B be two subsets of G; suppose there exists a neigh-
bourhood Z of e in G such that ZAZ N ZBZ = @ ; then there exists a
function h € Z(G) such that h(x) =1 for x € A and h(x) =0 for x € B.
Let us remark that the proof of this special case of 2.3 is not easier than the
one of 2.3.

(2) The referee has pointed out that Theorem 2.3 can be generalized to a
“Tietze theorem™: any bounded bilaterally uniformly continuous function on a
subset A of G can be extended to a function g € Z(G). This can be obtained
by making use of the above “Urysohn’s lemma” and adapting a standard method
which appears in [6, Section 1.17].

3. IMBEDDING OF /® IN Z.(G)/%(G)

The following lemma, established in the metrizable case, gives the combina-
torial core of the proof of the subsequent theorem.
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Lemma 3.1. Let G be a metrizable locally compact topological group and let V
be a compact symmetrical neighbourhood of the identity e . Let us assume that
NxegxVx~! is not a neighbourhood of e in G. Then
(1) There are two sequences (Xp)neyr and (Yn)new of elements of G such
that
lim x,p; ' = e,
n—oo

foralm,ne A, y;'xm ¢ V,

form#n, VymV)NVy,V?) =e.

(2) Let g : G — [0, 2] be a continuous function such that g(e) = 2 and
8(x) =0 forall x e G\V; let ¢c = (cn)nes € [®. Then we can define the
function f,:G— % by

fe(x) =) cagyy'x) forallxeG,
nes

and f, belongs to %Z.(G).

Proof. (1) Let (Vy)ner be a countable decreasing basis of neighbourhoods of e
in G. Forall n e/, theset V, isnot included in NyegyVy~!; hence one can
choose a, € ¥V, and y, € G such that a, ¢ y,Vy,;!. Let us put x, = a,y,,
n € then lim,_o X,y; ! =lim,_o a, = €. We have y;!x, = y;'a,y, and
consequently, forall ne ", y;lx, ¢ V.

It is immediate that sequences (X,),esr and (Vn)nes converge to oco. By
taking subsequences if necessary, we can suppose that for all n € /",

Xnst Ynet € {X0, Y05 oy Xn, yu}V  and  Yppr & V{yo, ..., ya}V*4
Hence if m # n, we have

Yilxm ¢ V. and (VynVH)NVy,V?) = 2.

(2) If ¢ =0, f. is the null function and belongs to #;(G). Suppose that
¢ # 0. Since the elements of the sequence (y,V)ncsr are pairwise disjoint
subsets of G, the function f; is well defined; moreover we have |f:(x)| < 2||c||
forall xe G.

Let us show that f. is left uniformly continuous. Let ¢ > 0 and let us
show that there is a neighbourhood W of e in G such that if x, y € G with
x~'y € W, then |f:(x) - f(¥)| <e.

Since the function g is continuous with a compact support, it is left uni-
formly continuous. Hence there exists a symmetrical neighbourhood W c V
of e in G such that for x,y € G,

(%) x“lyeW = |g(x)-g)| < "87"

Let x, y € G besuch that x~!y € W and let us show that |f.(x)-f.(y)| < e. If
X,Y & UnesryaV, this follows immediately from equalities f.(x) = f.(y)=0.

Suppose now that there is n € ./ such that x € y,V; then if m # n,
X & ymV because (ymV)N (ynV) = @; similarly y ¢ ynV because y €
XW C yuVW C y,V? and (ymV) N (ynV?) = @. Hence it follows from ()
that

|£:(x) = fe )| = leng (5 ') — cng (i 'y)| < e
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Of course if y € y,V for some n € 4, we get in the same way that |f.(x) —
f)<e. O

Let us recall that a topological group is called a SIN-group if its two usual
uniform structures are equal. It is equivalent to say that for any neighbourhood
V of e in G the set NyegxVx~! is still a neighbourhood of e in G.

We now can state and prove the main result of this paper.

Theorem 3.2. Let G be a locally compact topological group which is not a SIN-
group. Then the quotient Banach space %1(G)/%(G) contains an isometric
linear copy of 1°°. In particular %1 (G)/% (G) is not separable.

Proof. (1) Since G is not a SIN-group, it follows from Corollary 4.5 of [7] (cf.
also [13], [14]) that there is a og-compact open subgroup H of G which is not
a SIN-group. Let W be a neighbourhood of e in H such that NyeyxWx~! is
not a neighbourhood of e in H. Let V' be a compact symmetrical neighbour-
hood of e in H such that V2 c W ; it follows from the Kakutani-Kodaira’s
theorem (cf. [9]) that there exists a compact normal subgroup N of H such
that N C V' and such that the quotient H/N is a locally compact metrizable
topological group.

For all x € H let us denote by X the class xN of H/N and for any subset
ACH let A={X|x¢€A}.

Theset V isa compact symmetrical nelghbourhood of e e in H . Let us show
that the set NyecpXx XV%!isnota neighbourhood of € in H . Indeed otherwise
the set Nyer(xVx~!N) would be a neighbourhood of e in H but this is false
since

N xVxIN) = () xV(x"'Nx)x™!

xX€EH x€H
= x(VN)x~'c () xV2x~tc [ xWwx~.
x€H xX€H xeH

Then it follows from Lemma 3.1 that there exist two sequences (Xx,)ncsr and
(¥n)nenr of elements of H such that

(1) Jim %5, =2,
(2) foralm,ne WV, 3w '%m & V,
(3) form#n, VynV3)n(Vy,V?) =

(2) Let g: H — — [0, 2] be a continuous function such that g(e) = 2 and
g(x)=0 forall x € H\ V. Let ¢ = (Co)pes € 1. It follows from Lemma
3.1 that the function f,: H — % (well) defined by

felu) = > cnn 'uy forallue H
nes

" belongs to % (H).
Let ¢ : G — H be the function defined by

¢(X)={)~c forxe H,

0 forx¢H,
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and let us put
(4) fe=feod.

If G and H are respectively equipped with their left uniform structures, the

function ¢ is uniformly continuous. Hence, since f, belongs to Z;(H), the
function f. belongs to Z;(G).

(3) Let (Ni)ker be a partition of ./ into infinite subsets of .#". To any
d = (dn)nenr € [ let us associate the sequence c; = (Cp)ner € [ defined by

¢n=di forallne N, and all k € /4.

The function d — ¢; is a linear isometry which maps /* onto a Banach
subspace E of /> whose each element ¢ = (c,),css satisfies the condition
limsup,_, . |cn| = |lc|| (let us remark that a similar construction appears in [2]).
Consequently to get the theorem, it is sufficient to prove that the linear function

¢ fo+%(G)

is an isometry from E into the quotient Banach space Z1(G)/#(G), i.e., that
forall ce E
inf{||lfc + Al | h € Z(G)} = ||c]|.

Let ¢ = (cn)nes € E and let h € Z(G); let us show that ||f. + | > ||| .
Let (|cn,|)per be a subsequence of (|cn|ner) such that

lim |cp,| = limsup |cx| = ||c]|.
p—o0 n—oo

It follows from (1) that lim,_ )?,,’p)?,,vp" = ¢; hence, if p is big enough,
)E,,pr,,p eV or equivalently x,,y, ‘ belongs to the compact subset VN of

H. Let (x,,y;!) be a subnet of (x,,‘, »') which converges in H to a point z;
we have

(5) z=limx,y, =e.

For any o we have

|(fe + h)(xn,) = (fc+h)(2_lyna)|
> | fe(xn,) = fe(2™ y"a )| = [h(xn,) ‘h(z_lyna)L

It follows from the definition of (xn)s (yn),and f; (cf. (2), (3), and (4)) and
from (5) that

(6)

fe(%n,) = fe(27 n )l = 1 fer)] = 2len,;

hence
(7) im | f(xn,) - Je(z7 yn,)l = 2)icll.

By the definition of z

1

limx, (z7'y,)" ! =e,
a

and consequently, since h € Z(G), we have
(8) lign |A(Xn,) — h(z"'yn,)| = 0.
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It follows from (6), (7), and (8) that
lim sup|(fe + A)(xn,) — (fe + h) (27 yn)| 2 2llc]

which implies that || f. + 4| > |||

To conclude it is now sufficient to prove that for all ¢ € E there exists
hy € Z(G) such that ||f. + hy]| < |ic||. Since (Vy,V?),er is a sequence of
pairwise disjoint subsets of H , it follows from Theorem 2.3 that there exists a
function hy € #(H) such that for all n e ./

h(u) =—c, ifuey,v,
and such that ||hy|| = ||c||. Let u € H;if u ¢ UnesPnV , we have

(fe + ) @)] = ()] < (1]l = llel;
if uey,V forsome n €./, then

I(fe + B)@)] = |eallEGn ') = 1] < Jeal < e

and therefore ||f; + Ayl < ||c|| - N _

Let h; : G — & be the function A, = hjo¢;since h; € ?Z(f[) and since ¢ is
uniformly continuous when G and H are equipped with their left (respectively
right) uniformity, the function 4; belongs to % (G); moreover

e+ hall = 1o 0 6+ by o gll = (e + hr) o 8l = L + Pl
and consequently || f. + /|| <|c]|. O

Remark 3.3. The referee has pointed out that another imbedding theorem is
also true: [/ \ {0} can be isometrically imbedded into Z;(G)\ Z(G). The
proof of this statement is easy by making use of the results of [10].
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