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ABSTRACT. By using a geometric framework of PDE’s we prove that the set of
2

solutions of the D’Alembert equation () (%[) = 0 is larger than the set

of smooth functions of two variables f(x, y) of the form (xx) f(x,y) =

h(x) - g(y). This agrees with a previous counterexample by Th. M. Rassias

given to a statement by C. M. Stéphanos. More precisely, we have the following

result.

Theorem. The set of 2-dimensional integral manifolds of PDE (x) properly
contains the ones representable by graphs of 2-jet-derivatives of functions f(x, y)
expressed in the form (xx) .

A generalization of this result to functions of more than two variables is
. . . n
sketched also by considering the equation (%-)%) =0.

1. SyNopsis

Questions of representation of functions in several variables by means of
functions of a lesser number of variables have occupied the interest of math-
ematicians for centuries. One of these questions is closely connected with the
thirteenth problem of Hilbert (1862-1943) and concerns the solvability of alge-
braic equations [7]. Functions of certain special forms have been investigated
by several authors, including d’Alembert (1717-1783), who as early as 1747
proved that each sufficiently smooth scalar function 4 of the form

(L.1) f(x,p)=h(x)-g0)

has to satisfy the partial differential equation
d2log f\ _

“ (T ) =

(see [3]). This equation can be also expressed in the form
A

1.2 Y1=0.
(12) Fo F

Received by the editors August 2, 1993.
1991 Mathematics Subject Classification. Primary 58G99; Secondary 58G18.
Key words and phrases. Geometry of partial differential equations, singular solutions of PDE’s.

©1995 American Mathematical Society
0002-9939/95 $1.00 + $.25 per page




1598 A. PRASTARO AND TH. M. RASSIAS

A generalization of the form (1.1) to a finite sum of products of functions in
single variables

(1.3) [, y)=Y hi(x)-&(y)

1<i<n

has been considered since the beginning of this century, and it forms the fun-
damental problem in the subject. The functions of the tensor product (1.3) play
a significant role in many areas of both pure and applied mathematics, for ex-
ample, in the theory of integral equations, ordinary and partial equations, and
the approximation theory. In the year 1904 in the section Arithmetics and
Algebra at the 3rd International Congress of Mathematicians in Heidelberg,
C. Stéphanos announced the following resulit:

The functions of the type (1.1) form the space of all solutions of the partial dif-
ferential equation with the “Wronskian” of order (k + 1)

(1.4) detWo ()= | P S Som g,

f_‘x’l f_‘x’ly ce f:x'ly'l

His talk was published in [21] (see also [22]), where some further applications
and consequences were discussed. However, no proof of the above result was
given and no smoothness condition on the given function £ was mentioned.
It is our belief that Stéphanos was thinking of analytic functions only. In fact,
eighty years later, Rassias gave in [15] a counterexample of a function in two
real variables satisfying the differential equation (1.2), which is not of the form
(1.1). For the development of the subject see [13]. The new interest in the
fundamental problem was revived in the beginning of the 1980s, when Neumann
proved the basic theorem involving the equation (1.4) for functions of class C”.
This important result was published in [10] (see also [11]), where also a general
criterion for a function f: X x Y — R (or C, respectively), being of the form
(1.3), was given in the form of the functional equation

f(xlayl) f(xl,yZ) f(xl,J’nH)
fOa,y) flxa,y2) o Sl ve) |
Sns1, 1) f(Xne1,¥2) - f(Xnt1s Ynst)

for all x, € X and y; € Y. For the proof of this criterion no structure on
the sets X and Y is required. (Most of the theorems here hold for both real-
and complex-valued functions.) The problem of representing a function f in
several (more than two) variables by

(15) f(.X1,...,Xk)= Z ﬁ](xl)"'ﬁk(xk)

1<i<n

was proposed by Rassias in [16]. Gauchman and Rubel [4] obtained some new
results on finite sums expansions of the form (1.3), especially for real analytic
functions. Moreover, they developed an interesting approach to finding special
solutions of the classical partial differential equations, the so-called extended
separation of variables. The first existence theorem on the decomposition (1.5)
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was discovered by Neuman [12]. Later, Cadek and Simsa [1] found an effec-
tive criterion for the existence of the decomposition (1.5) by making use of a
system of functional equations, which does not require any assumption on the
function f. Furthermore, in [2] Cadek and Simsa outlined a way to find sys-
tems of partial differential equations whose solutions spaces form the family of
all sufficiently smooth functions f of type (1.5). Sim3a [18] introduced some
new functional expressions for functions of the form (1.3) using the so-called
Casorati determinants. For a given function f that cannot be expressed in the
form (1.3) with a prescribed value of f, it is an interesting problem to find the
best approximation of the type

(1.6) e,y =Y filx) - fiy)

1<i<n

in a given metric functional space. For the case of L? spaces, this problem was
recently solved by Simsa [19]. However, for spaces without an inner product
structure, the problem seems to be difficult and open. A weaker version of the
above approximation problem, namely, to find a good approximation (1.6) and
also an estimation of the error, was treated in [20] (see the forthcoming book
by Rassias and Simsa [17]).

In this paper we prove the following theorem.

Theorem. The set Sol(d’A), of solutions of the d’Alembert equation, (d’A),
02log f
* () =0

is larger than the set of functions which can be represented by (1.1).

This was made possible by using the modern geometric theory of PDE’s [6,
8, 9, 14, 24]. In fact, we prove that (d’A) is a formally integrable PDE on
the trivial fiber bundle n: R? — R?. This means that for any point g € (d’A)
(initial condition), we can construct a formal solution, i.e., a tower of points
gx € (d’A),x = kth prolongation of (d’A), such that 7,4 »(gx) = q, where
Ty4k,2 is the canonical projection

Mark,2; JDPH(R?, R) — J22(R?, R),

where JZ5(R?, R) denotes the s-order jet-derivative space for mappings R?
— R. In the analytic case this implies the complete integrability, i.e., the
effective construction of analytic solutions in suitable neighbourhoods of any
point p € R?, with p = my(q), where my: JZ?(R?, R) — R? is the canoni-
cal projection. Afterward, we prove that (d’A) can be identified with the set
of points of JZ?(R?, R) that can be represented in the form (D?f)(x, y) =
D?*(h - g)(x,y), where h = h(x) and g = g(y). This, of course, implies that
the set of functions of the form (1.1) are solutions of (d’A). On the other
hand, any solution of (d’A) can be identified with 2-dimensional integral man-
ifolds of the Cartan distribution E, C T(d’A) of (d’A). Then, we show that
such integral submanifolds cannot, in general, be represented as graphs of 2-jet
derivatives of functions of the type (1.1). Therefore, the set of solutions of
(d’A) is larger than the set of functions f € C*(R?, R) of the form (1.1). The
above theorem can be generalized to functions of more than two variables.
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2. PROOF OF THE THEOREM

Lemmal. Let M;, 1 <i<m, be C® manifolds of finite dimension n;. Then
any C*® function f: M| x --- x M,, — R can be represented in the following
Sform:

f=3 avinfif,,  otvimeR, fi; e C°(M,R), 1<j<m,
1<i<oo
Proof of Lemma 1. In fact one has the following canonical isomorphism of
R-vector spaces [23]
C®(M;,R)®r - ®r C®°(Mp, R) = C®(M; x -+ x My, R®R -+ ®r R)
2 C®°My x---xM,,R).

Thus any vector f € C®(M; x --- x M,,, R) can be represented in the form

f= Z ohvinfe @0 f; = Z oI fis

1<i<oo 1<i<oo
where (f;,) is a R-basis for C*°(M;,R) and o"""'» €R. O

Lemma 2. (1) Let f;;, 1 < ij < kj < oo, be linear independent vectors
of C*(M;,R), 1 < j < m;then f--f, generates a subvector space of
C®(M; x -+ X My, , R) of dimension kj ---ky,. Any vector

feC®(M x - x My, R)

that belongs to such a subspace can be represented in the following way:

(2.1) f= Z ail...imﬁl ._,ﬁm’

1<i<k;, 1<j<m
avimeR, fi € C*(M;,R), 1<j<m.

Thus a function can be represented in the form (2.1) iff f belongs to some vector
subspace of finite dimension k -- -k, .

(2) In particular, if m=2, M, =M, =R, and k|, k, =1, then any one of
such one-dimensional vector subspaces of C*(R, R) is contained in Sol(d’A).
Proof of Lemma 2. (1) It is a direct consequence of Lemma 1.

(2) In fact, the set of regular solutions of (d’A) contains all the functions
h(x,y) of the type h(x,y)=Af/i(x)fa(y), VAER. O

Lemma 3. The d’Alembert equation (d’A) C JZ*(R?, R) is a formally inte-
grable, PDE of second order on the trivial fiber bundle n: R? — R2.

Proof of Lemma 3. The symbol (g,), of (d’A) at g € (d’A) is a vector subspace
of SYT,M)® vT,W = R*©R?, where M = R?, W = R*, vT denotes
the vertical tangent functor, p = my(q), and u = m; o(gq); with respect to a
coordinate system {x, y, U, Uy, Uy, Usx, Uxy, Uyy} ON JD?(R?, R), we have
that

V=X 0uUxy + X 0uyy + X’ 0uy, € (82)q

iff v-F =0, where F = uuy,—uyu,. Thus v € (&), iff XYu=06 X*=0.
Hence

dim(g,); = dimR2OR?-1=3-1=2.
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Furthermore,
(2.2) dim(d’A) = dimJ23(R*,R)-1=8-1=17.
Let us now consider the first prolongation (d’A),; of (d’A):
F = uuyy —uxuy, =0,
(@’A)41 C JD3(R?, R): | Fy = Uthyyy — tyxthy =0,
Fy, = uuyyy, — uxuy, =0.
Then we get dim(d’A),;; = dim JZ3(R?, R) — 3 = 12 — 3 = 9. Moreover,
V=X QuUxxx + X 0tixxy + XV 0uyyx + X7 0uyyy € ((82)+1)g
iff
{fv:F=0, v.-F,=0, v-F, =0} & {uX*™ =0, uX"” =0}
= dim((g2)+1)g =4-2=2.
Therefore, we get

dim(d’A);; —dim((g2)+1); = dim(d’A)

(23 | n I

9 - 2 = 7
On the other hand we have the following exact sequence:
(2.4) (@A) — (@A) SR
where:

(1) F, is a vector bundle on (d’A) canonically identified by means of the
following commutative and exact diagrams of vector bundles over (d’A):
(2.5)

T 1)
0 J0) 3 o(SIM @vTW) F

| | |

0—>vT(C’A) —> JP2(wTW) ——> JD2(wTW/vT(d’A)) —0,

(2.6) 0 — (8)41 = 73,o(SIM ®VTW) — T*"M ® Fy — F;
and
(2) k is the curvature of (d’A) [6]. Then we have
(2+2)

dimF| =2.dim Fy — 3 +dim((g1)+1)g>

where dim Fy = dim J2?%(R?, R) — dim(d’A) = 8 — 7 = 1. Thus taking into
account (2.2) we can conclude that dim F; = 0, i.e., the curvature k is zero;
hence, the canonical mapping (d’A),; — (d’A) is surjective. Let us now con-
sider the following fundamental relation [5]):

dim((2)1)g < 3 dim(g){,
0<i<1
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where (£){ = (£2)q, (£){ = {v € (&2)gl(v, 1) =+ =(v,e) =0}, i >0,
being {e;}1<i<> the basis on T,M induced by means of a coordinate system.
If the equality holds, then the symbol g, is involutive. In fact, we get

V= XUy, + X0uy, € () iff X =02 dim(g))’ =1

= dim((g)1); < dim(g), + dim(g)y’
l I o
2 < 2 + 1
Thus (d’A) is not involutive. On the other hand we know [6] that we can
prolong an equation a finite number of times such that it becomes involutive.
Then, if (d’A) ,, has the symbol (g,)., involutive, we can find another integer

s such that (d’A) szﬂ = Mo4res, 24r((d°A)4r45) is involutive formally integrable
with the same regular solutions as (d’A). Therefore, we can conclude that (d’A)
is formally integrable. O

Lemma 4. (1) There exist two canonical embeddings of JZ*[R,R) into
JP?*R?, R) defined by
(a)

a: JQZ(R, R) i ng(R2a R), (é, Ca C{y C{f) — (é; 0) Ca Cf’ Oa C{fs O’ 0)

and
(b)

b: JQZ(R’ R) - ng(Rz’ R)’ (67 C’ Cfa Cff) = (0, éa Ca 07 C{s 09 0: C{f)’
We call (a) the x-embedding and (b) the y-embedding respectively. Set A* =
a(J2%R,R)), B = b(JZ?R,R)). Then we can identify JD*(R, R) with
the two submanifolds A*> and B? of J2?*(R?, R), characterized by the following
equations:.

(A2): {x-¢=0, y=0, u={=0,u,~{ =0, u,=0,
Uxx — Lz =0, uy, =0, uy, =0},
(BY):{x=0, y-¢=0, u=(=0, uy=0,u,-{—-¢=0,
Uxx =0, Uyy — Cee = 0}

(2) One has A?> N B? = R?, where R? is the submanifold of J2*[R?, R)
characterized by the equations {x =y = Uy = Uy = Uxx = Uy, = Uy, = 0}.
Lemma 5. A2 and B? are properly contained in (d’A): A2 c (d’A), B% C
(d’A).

Proof of Lemma 5. In fact, (42) and (B?) satisfy the equation uuy, — uxu, =
0. O

Lemma 6. (1) There exist two canonical monomorphisms of C>®(R, R) into
C>(R?, R) defined by

(@) a:C*(R,R) - C*([R*,R),  a(h)(x,y)=nhx),

(b) b: C*(R,R) » C*(R*,R),  b(g)(x,»)=g).

We call (a) the x-embedding and (b) the y-embedding respectively. Set A =
a(C>*(R, R)), B =b(C®(R, R)). Then C®(R, R) can be identified with two
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subvector spaces of C*(R?, R): A is the subspace of functions f(x,y) that are
constant with respect to y-variable, and B is the subspace of functions f(x,y)
that are constants with respect to the x-variable. One has AN B =R, where R
is identified with the subspace of C*®(R?, R) of constant functions.

(2) A is the set of solutions of A%, and B is the set of solutions of B*. R is
the set of solutions of A>N B2 =R.

Lemma 7. (d’A) is diffeomorphic to the image P? of the canonical mapping
j: JPXR,R) x JPXR, R) » JP*(R, R),

defined by
Jj(D*(h(x), D*g(y)) = D*(h- g)(x, y).

More precisely the diagram

JPR,R)x JP2R,R) = JP%R,R)xJ2YR,R)—1—>JP*R,R)® JPZ(R,R)
| fx xﬂ
(d’A) C J2%(R?, R) = JP*R?, R)

is commutative, where (1) n is the canonical morphism of vector bundles over
R? (x, ), and (ii) s is defined by the following equations:
Xop=X, Yop=y, UO,p =u, uxo/z=m=¢, ux0/¢'=7xl=¢,
uy°ﬂ=ﬁ1=ly, uxxoﬂ':ﬁxxz, uyyoﬂzuuyy, uxyo/z—_-zﬁ;y,

where (x, U, Ty, Hxx,y, U, Uy, Uy,) are coordinates on JPD*R,R) x
JZ%R, R).

Proof of Lemma 7. The image of P? of , is the set of points D?f(x, y) €
JP?(R?, R) that can be written in the following way:

(2.7 D*f(x, y) = D*(hg)(x, )

where h = h(x) and g = g(y) are C>-functions. Furthermore, P? is a
seven-dimensional submanifold of J2?(R?, R) as , has constant rank seven.
Moreover, P2 C (d’A) as all points of JZ?(R?, R) that satisfy (2.7) belong
to (d’A) also. On the other hand the mapping j is onto (d’A). In fact,
for any point ¢ € (d’A) we can find a point u = ((D%*h)(x), (D?g)(y)) €
JP%R, R) x JZ%(R, R) such that j(u) = q. Indeed the point u is given by

u= (Dzj;«'(x)’ Dzj;t(y))a

where f; and f, are the partial mappings R — R at the points x and y,
respectively. O

Lemma 8. The image of C®(R, R) x C*(R, R) into C*®(R?, R) by means of
the canonical mapping
c: C°(R, R) x C*°(R, R) —» C°(R, R) @ C*(R, R)
~ C°(R?, R®g R) = C*°(R?, R)

represents the set of solutions of (d’A) that can be represented in the form (1.1).
Set C =c(C>(R, R) x C®(R, R)) C Sol(d’A).
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Proof of Lemma 8. In fact, f € C*(R?, R) can be expressed in the form (1.1)
iff f € C. On the other hand from Lemma 7 it follows that if f € C, the graph
of D2f is contained in (d’A) ¢ JZ?(R?, R). Therefore, C can be identified
with the subset of Sol(d’A) defined by those integral manifolds of (d’A) that
can be obtained as graphs of 2-jet-derivatives of functions f(x, y) expressed
in the form (1.1). O

Lemma 9. Let E, C J2%(M,R) be a second-order PDE, where M is an n-
dimensional manifold. Let F(x,*,y, Yo, Yag) = 0 be the local expression
of E,. Then, the space of characteristic vectors at a point q € E, is an n-
dimensional space generated by the following linearly independent vector fields
on Ej:

vP = (8y*F - F)0xs + yo(0y°F - F)0 + y54(8y°F - F)3y°
—[(@Xa * F) + y4(0y « F) + Yua(0y® - F)]0y°F .

Proof of Lemma 9. The ideal # (E,) that characterizes the Cartan distribution
E, of E, is generated by the following differential 1-forms:

wo =dF = (80X, F)dx* + (8y - F)dy + (8y* + F)dyo + (0y°F - F)dyag;
. w; =dy — y.dx®; Wi = dYa — Vapdx?.
X = XX, + YOy + Y,0)° + Y3,0y*f € C*(E,)
& X|lwy=X|w; =X]|wy=0
= (0% F)X*+ 0y - F)Y + (0y* + F)Y, + (8y*f - F)Y,3 = 0;
Y =y, X% Ya=yusX?.

X € Char(E,) = set of characteristic vector fields of E, < X|d_# (E) C £ (E,).
Taking into account that d_#(E,) is generated by the following differential
forms:
(2.8)
W0, W1, W3e, 03 = AWy = —dYa ANAX*, V4o = dwye = —dYop AdxP
= X|w3 = Awg + Bw; + C*wa,; XJw4a = ZO,CO() +Faw1 +€£wzp
= dx°[-Y, — A(0Xq * F) + By, + C%ys,] + dy[A(3y - F) + B]
+dya[X* = A(0y* - F) — C°1+ dy,pA(0y*F - F) =0
2A4A=0=C=X=2B=0=Y,=C%);,= Y, =Yo;,.

dxP[~Yop — Aa(0xp + F) + Bayp + Coyupl + dy[Aa(dy - F) + B
+ dys[4a(8Y” - F) + Cal + dyupl XP62 — Aa(8y°F - F)] = 0
(29) 5 B,=-4,0y-F); T = 4,8y - F); X$62 = A,(dy“* - F)
= Yap = —4al(0xp - F)+yp(8y - F) + yup(0y® - F)]
= X*=Ag(0y** - F); Y = Agya(0y*f - F); Yo = Agysa(0y° - F).
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Now we are able to prove that the set of solutions of (d’A) is larger than C.
In fact, one can see that the Cartan distribution E, C T(d’A) In (d’A), that
characterizes the solutiong of (d’A), is the annihilator of the ideal generated by
the following differential 1-forms on J2?(R?, R):

w; =du—uxdx —u,dy,

Wy = duy — uxxdx — uyydy,

w3 = duy, — uyxdx — uy,dy.

Wa

Let us consider two 1-dimensional integral manifolds ¥; and ¥V, of 4% and
B?, respectively. Of course, one has V; c 42 c (d’A), V> c B? c (d’A).
Furthermore, V;, i = 1, 2, are also 1-dimensional integral submanifolds of
(d’A). Let v;, i =1, 2, be characteristic vector fields that are not contained
in the tangent space TV;. More precisely we can take

vy = V" = u[0y + uyOu + Uy Oty + Uy, 0tly] + UxxUyOlixx + UyyUxOUyy ,
'Uz = 'Uy = u[ax + u_xau + ux_xau_x + uxyauy] + uxxuyauxy + uyyuxauyy .

Let ¢;,.: (d’A) — (d’A) be the 1-parameter groups of diffeomorphisms gener-
ated by v;: 9¢; = v;. Then N; = U, ¢:«(Vi), i = 1, 2, are 2-dimensional
integral manifolds of (d’A). Such manifolds cannot, in general, be represented
as the graphs of the second-order jet-derivatives of functions f(x, y) of the
type (1.1). O

Remark. This result interprets a general behaviour of PDE’s. In fact, “sin-
gular solutions” or multivalued solutions cannot be interpreted as graphs of
jet-derivative mappings. Therefore, a generalization of our considerations for
functions of more than two variables can be, in a similar way, directly de-
veloped. In fact, we can also prove that the set of solutions of the following
generalized D’Alembert equation (d’A), Cc JZ2"(R", R):

, o"logf \ _
(@A),) (22 ) <o,
properly contains graphs of the n-jet-derivatives of all functions f €
C>(R",R) that can be expressed in the form f(x!, ..., x")=fi(x!) - fu(x").

(We do not go into details as these are trivial extensions of previous ones made
for two variables.)

The reader can find an extensive study, and other results, of this subject in
the book by Th. M. Rassias and J. Simsa [17] (see in particular, Chapter VIII).
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