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ABSTRACT. An outer parallel set is formed by adding outer normals of fixed
length to the boundary points of a convex set. In this paper the length of the
outer normals varies as a function of the direction. This construction yields a
geometric interpretation of the dual quermassintegrals of Lutwak and bounds
on certain mixed volumes. An inequality of Firey will follow from one of the
mixed volume bounds.

1. INTRODUCTION

Let K be a convex set with nonempty interior in d-dimensional Euclidean
space EZ. The unit ball centered at the origin will be denoted by B, and
S$4-1 is the unit sphere. The outer parallel set of K at distance t > 0 is
K, = {k+thlk € K and b € B}. These sets may be used to define the
quermassintegrals W;, i =0, ..., d, from the classical Steiner’s formula

1) Vi) =3 (5) .

i
i=0

Here V = W, is d-dimensional volume, dW; is (d — 1)-dimensional surface
area, and W, is constant and equal to V' (B). The outer parallel set at distance
t may also be constructed by adding to each boundary point of K vectors of
length ¢ which are outer normals to the boundary of K at that point. It is this
view of the outer parallel sets which we will generalize.

Let f be a nonnegative measurable function on S9! for which the integrals
in (2) are finite. At each boundary point of K at which u is an outer normal
add 6f(u)u, 0< 6 <t, t>0. The resultant (probably nonconvex) set will be
called a generalized outer parallel set of K at distance ¢ denoted by K, . It
follows from a result of Weil [10] that

1 & (d) ;
@ VR =VE 5> (D) [ dse k.,
i=1

Sd—1
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where the S; are the area measures. We will use (2) to obtain a geometric
interpretation of the dual mixed volumes of Lutwak [4] and to obtain bounds
on certain mixed volumes of convex sets. One of these bounds will lead to an
inequality of Firey [2].

2. PRELIMINARIES

The scalar product in E¢ is represented by (-, -), its induced norm by ||-||,
and “+” is Minkowski or vector addition. The boundary of a convex set K
is denoted by bd K. The support function is a real-valued function on E¢
defined by A(K, x) = max{{x, y) : y € K}. For all convex sets K and L,
positive scalars s and ¢, and x € E4, h(sK +tL, x) =sh(K, x) + th(L, x).
The radial function is a real-valued function on S?-! defined for a convex set K
with the origin in its interior by p(K, ) = max{4 > 0: Au € K} . For all convex
sets K and L with the origin in their interiors, positive scalars s and ¢, and
ue S, p(sK,u) =sp(K,u) and p(sK +tL,u) > sp(K, u)+tp(L, u).
The polar dual of a convex set K with the origin in its interior is defined by

K*={xe€E%: (x,y)<1,forally € K}.
The only properties of the polar dual which will be needed in this work are
3) h(K*,u)=p(K,u)”" and p(K*,u)=h(K,u) "

The mixed volume of d convex sets in E? is defined within a theorem of
Minkowski which generalizes the Steiner formula (1). The theorem states that
the volume of the linear combination ¢, K;+---+t,,K,, , where K, , ..., K,, are
convex sets and ¢, ..., ¢, are positive scalars, is a d th degree homogeneous
polynomial in ¢, ..., t,,, that is,

m m m
(4) V(Zz,xi)=Z...Zt,-l~.~zidV(Kil,...,K,,).

i=1 =1 =1
The coefficients are chosen to be invariant under permutations of their argu-
ments and are called the mixed volumes. The mixed volumes and quermassin-
tegrals are related by the identity
(5 V(K,....,K,B,..., B)=W,;_K), i=1,...,d.

g

g
i d—i

The name quermassintegral comes from the property that W,;_;(K), 1 <i <
d — 1, is proportional to the mean value of the i-dimensional volumes of the
projections of K onto i-dimensional subspaces (see [1, p. 139]).

An excellent treatment of area measures may be found in [7, §4.2]. Here we
present some necessary definitions. For any point x € E4 the unique point of
K nearest to x is denoted by p(K, x). If x ¢ K, then p(K, x) e bdK and
x —p(K, x) is an outer normal to bd K at p(K, x). For each Borel subset w
of S9-! we define the brush set of K at a distance ¢ > 0 by

—p(K,X)
o).

X
B(K,w)=<x:0<]||x-—p(K, x)|| <tand ———————
(K, @) = {x:0< b - p(K, )| < rana ZZLE D

Each brush set is a Borel set and its Lebesgue measure V;(K, w) is a polynomial
in ¢ of degree at most 4 whose constant term is zero. This polynomial is used
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to define the area measures as follows:
VK, ) = Eg (i)z -iS(K , ).

This formula may be viewed as a local version of the Steiner formula (1). If K
and L are convex sets in E4 with the origin in the interior of L, the following
identities are required below:

1

©) V(L) =g [, P, 0 dSo(B, w),

where we note that SO(K , ) =So(B, +), and
1
(7 VK,... K,L)= a—/SHh(L, 0y dS,_i(K, w).

We now give our defintion of generalized outer parallel sets: If K is a convex
setin E4, t >0, f is a nonnegative measurable function on S?-! for which
the integrals in (2) are finite, and P = {u € $9~!: f(u) > 0}, then

th(u) =KU U Btf(u)(Ka {u})
uepP

It is evident from simple examples that the generalized outer parallel sets may
not be convex. Although it is often the case that the Minkowski sum of two
convex sets is not homothetic to a generalized outer parallel set of either, the
next lemma provides useful relations. We note that there are other methods of
generalizing outer parallel sets; for example, see [7, §6.5].

Lemma. If K and L are convex sets in E? with the origin in the interior of L
and t >0, then

Ktp(L,u) CK+tLC Kth(L,u)~

Proof. It suffices to let ¢t = 1. The first inclusion follows directly from the fact
that p(L, u)u € L for all u € S4~!. For the second inclusion let x = k + 1/,
forany k€ K and /€ L. If x € K, we are done. If not, p = p(K, x) isa
boundary point of K and u = (x —p)/||x — p|| is an outer normal to K at p.
We must show that ||x — p|| < A(L, u). Since (k, u) < (p, u), we have

lIx—pll={x—p,u)y=(,u)+(k—p,u) <{I,u) <h(L, u).

In the parallel set Ky, all outer normalsto K in the direction u are extended
the same distance. An alternate construction is to extend all outer normals
at a given boundary point of K the same distance. If f is a nonnegative
measurable function on bd X for which the integrals in (8) are finite, ¢t > 0,
and P={p ebdK: f(p) > 0}, then let

Kispy=KU | J{x:0<|lx-p(K, x)|| < tf(p)andp(K, x) = p}.
pEP

In the result analogous to (2) (see (8)) the integration is with respect to Federer’s
curvature measures.




1562 J. R. SANGWINE-YAGER
3. PROOF OF (2) AND APPLICATIONS

Equation (2) follows from a more general result proved by Weil [10, p. 99];
this result first appears in Weil [9, (4.7)]. In the notation of the latter citation
we have

/ 8K, Eg, ulK , E;)) dpg(E,)
KNE,=2

=(d-q)a(d-q) Z/ / s9797i" g (s, u)dS;(K , u)ds,

where E, is an element of the homogeneous space of g-flats in E? with
invariant measure u,, ¢ = 0,...,d — 1; g is a measurable function on
(0, 0o) x S4-1 for which the integrals above are finite; s[K, E,] is the shortest
distance from K to the g-flat and u[K, E;] € S;_; is the direction in which
that distance is realized; and a(d —q) is the volume of the (d — g)-dimensional
unit ball. To verify (2), let f be the given function and let ¢ = 0. Notice
that if x = Ep, then s[K, Ey] = ||x — p(K, x)|| and u[K, Ep] is parallel to
x —p(K, x). The result will follow if we define g to be an indicator function,
thatis, g(s, u) =1 if s < f(u) and O otherwise.

We have a result analogous to (2) when f is a function defined on bd X ; this
follows from Weil [9, (6.3)]. If K is a convex setin E and f is a nonnegative
measurable function on bd K for which the integrals below are finite, then

®) VK= VK)o Z () [ sorace k.o

The C; are Federer’s curvature measures, and they are also discussed in [7].
As an application of (8), let f(p) = r(K, p) be the interior reach at p € bd K
where

r(K,p)=sup{A:p € x + AB C K forsome x € E%}.

The generalized outer parallel set of K at distance r(K, p) may be viewed
as the set K “turned inside out”. In Sangwine-Yager [6] the author obtams a
representation of V' (K) as an alternating sum of the integrals in (8).

Theorem. If K and L are convex sets in E¢ and the origin is in the interior of

L, then

% Sd_IP(L,u)d—ldSl(K,u)gV(K,L,...,L)

and
1

d Jgi-
Proof. 1t follows from the lemma and the monotonicity of volume that

V(KipL,u) <V(K+tL) and V(K +tL) < V(Kipr,u)-

VK,...,K,L, L)< h(L, u)?*dS;_»(K , u).

By (2) or (4), as appropriate, each of the volumes above may be represented
as a polynomial of degree d in ¢ with constant term V' (K). In the left-hand
inequality (6) implies that the coefficients of ¢ are equal, and in the right-hand
inequality (7) implies that the coefficients of ¢ are equal. Thus the order of the
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polynomials may be reduced to d — 2. Any inequality for polynomials of the
same order results in inequalities between the coefficients of the lowest- and
highest-order terms. In the theorem we give only two inequalities because, in
both the left- and right-hand cases, the other inequality is well known. They are

L[ s, wdSi (K, 0 <V(K,...,K, L)
d Joos

and :
V(L)< 5 h(L, u) dSo(K , u)
d Sd—1
and follow from p(L, u) < h(L, u) and (7) and (6), respectively.

Lutwak [4] defines the dual mixed volume to be

~ 1

P Ka) =g [ oK) p(Ka, 0 dSu(B, w),
and the dual quermassintegrals are

W;_i(K)=V(K,...,K,B,...,B), i=1,..,d.

i d—i

The dual mixed volumes share many properties with classical mixed volumes;
for example, there are analogues to (1) and (4) where vector addition is replaced
with radial addition. See [5] and [1, pp. 158-159] for further properties. In the
theory of dual mixed volumes the integration is always with respect to Sy(B, -).
To use (2) to obtain a geometric interpretation of the dual quermassintegrals,
first note that in a variation of (1) the classical quermassintegrals are the co-
efficients of the volume polynomial for the outer parallel sets B + tK . If we
let K =B and f(u) = p(K, u) in (2), then the dual quermassintegrals are the
corresponding coefficients of the volume polynomial for the generalized outer
parallel sets By, . . Unfortunately it does not seem possible to extend this
interpretation to the dual mixed volumes.

An inequality of Lutwak [4] states that V (K, ..., K;) < V(K;, ..., Ky).
Inthecase K; =---=K;_; = L and K; = K # B, neither Lutwak’s inequality
nor the first inequality of the theorem provide a universally stronger lower bound
for the mixed volume. For example, if d = 2 and K = L, then equality holds in
Lutwak’s inequality but not in general in the theorem. The situation is reversed
if d=2and L=B.

Finally, if K is a convex set with the origin as an interior point and we apply
(3) to the theorem for L = K*, then

1

(9) _d_ Sd_lh(Kau)l—ddSl(Kyu)S V(K,K*,'--aK*)

and i
VIK,....,K,K", K*) < 5 p(K, u)~2dS;_,(K, u).
Sd—1
When Jensen’s inequality and (5) are applied to (9) we have
(10) Wa_1(K)* < Wy o(K)*"'V(K, K™, ..., K7).

This result for d = 2 and i 1 may be combined with the isoperimetric

inequality in the plane, nV(K) < V(K , B)?, to yield
n<V(K, K",
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which is a well-known inequality due to Steinhardt [8] and Firey [2]. We also
note that for d = 2, (10) is a special case of an inequality of Ghandehari [3,

(25)]

ACKNOWLEDGMENT

The author is indebted to Professors Wm. J. Firey and E. Lutwak for contri-
butions to this paper.

REFERENCES

1. Ju. D. Burago and V. A. Zalgaller, Geometric inequalities, Springer, Berlin, 1988.
. W. Firey, The mixed area of a convex body and its polar reciprocal, Israel J. Math 1 (1963),
201-202.
. M. Ghandehari, Polar duals of convex bodies, Proc. Amer. Math. Soc. 113 (1991), 799-808.
. E. Lutwak, Dual mixed volumes, Pacific J. Math. 58 (1975), 531-538.
, Intersection bodies and dual mixed volumes, Adv. Math. 69 (1988), 232-261.
. J. R. Sangwine-Yager, A representation of volume involving interior reach, Math. Ann. 298
(1994), 1-5.
7. R. Schneider, Convex bodies: the Brunn-Minkowski theory, Cambridge Univ. Press, Cam-
bridge, 1993.
8. F. Steinhardt, On distance functions and on polar series of convex bodies, Ph.D. Thesis,
Columbia Univ., 1951.
9. W. Weil, Kinematic integral formulas for convex bodies, Contributions to Geometry (J.
Tolke and J. M. Wills, eds.), Birkhduser, Basel, 1979, pp. 60-76.
, Zufillige Beriihrung konvexer Kirper durch q-dimensionale Eben, Resultate Math.
4 (1981), 84-101.

[0

(= BT N

10.

MATHEMATICAL SCIENCES, SAINT MARY’S COLLEGE, MORAGA, CALIFORNIA 94575
E-mail address: sangwineQgalileo.stmarys-ca.edu




