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A CONGRUENCE FOR PRIMES

ZHI-WEI SUN

(Communicated by William Adams)

Abstract. With the help of the Pell sequence we obtain the following new

congruence for odd primes:
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1. Introduction

Congruences for primes are of great interest. Some examples are

ap = a (mod p)   (Fermat's little theorem),

(p - 1)! = -1 (mod p)   (Wilson's theorem),

I j = 1 (mod p3) for primes p > 3   (Wolstenholme's theorem).

In this paper we shall establish the following congruence for odd primes:
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(mod p)

where [•] is the greatest integer function.

2. Some preparations

Let

t CD-
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one can easily prove that
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So we have
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By induction on n , one can prove the following result (due to Zhi-Hong Sun

[1]) involving the Pell sequence {Pn} (P0 = 0, Px = 1, Pk+X = 2Pk + Pk_x)

and its companion {Q„}  (Q0 = 2, Qx=2,   Qk+X = 2Qk + Qk_x).

Lemma 1. Let n > 0 be odd. We have

(i) if n = 1 (mod 8), then

= 2»-3 + (-ly^-V'2 + (-l)[r/2]+(«-i)/82("-5)/4P{„+(_,)0/2 ;

(ii) if n = 3 (mod 8), then

= 2»-3 _ (-l)^("-5)/2 + (-l)f/2]+C-3)/82("-n)/4Ö(„-(-l)0/2 i

(iii) if n s 5 (mod 8), i/ie«

= 2""3 - (-i)r2(n_5)/2 + (-i)[(r+1)/2]+("+3)/82("-5)/4P{„.

(iv) if n = l (mod 8), then

= 2n~3 + (-l)'2("-5)/2 + (-l)Kr+1)/21+(«+i)/82(»-»)/4g0

f(»-(-1)0/2;

¿(«+(-1)0/2-

From Lemma 1 it follows that for odd n > 0
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2"-1 - 1 _ (_l)(«2-l)/8(2(»-l)/2 _ (_l)(i2-l)/8)_
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So we have

Lemma 2. Let n > 0 be odd. Then

K«-l)/4]
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*+,-,)<--.>/.*„ = ! £ ¿(¿-',),
Ir_1 \ /fc=l

Kn+l)/4]

Fn-(-l)(»2-WEn=    ¿2
1

A:=l

n- 1

2Â: - 1 V4A: - 3

where

2"_1 - 1
F„ = - and   E>

9(n-l)/2 _ r_n("2
„ = (    i)fn2-U/8^ l    !)

■l)/8

n n

For the sequences {/"„} and {Ö«} , it is well known that

Pn = i[(l + v/2)" - (1 - v^n,        ß„ = (1 + v^)" + (1 - v/2)".

From this one can easily derive that

^»+1 + Pn = ^2n+l = g(Ö«+i + on)-

This property will be used below.

Lemma 3. Suppose that n > 0 is odd. Then

K»-i)/4],   j^

^■'*! TTO
n2
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E
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zl2
2fc   V4Â:
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/^(-l^-i/n-n
+ ^ ¿ 2^-1 Ufc-3;

Proof. By Lemma 1 we have

( n -2n~3-(-iy+{"2-l)/s2{n-s)/2)

-2n~3 - (_i)''+1+(»2-i)/82i',_5)/2^n

[2(r+l)\

Í 2("-5>/2(P(2+1)/2 + P2_1)/2) = 2<«-5)/2p„       if« = 1 (mod 4),

= j 2C-»J/2(ß(2B+1)/2 + ö(2„_1)/2) = 2("-5)/2p„    if „ = 3 (mod 4).

Putting r = 0 and noticing that

/l-l

k=l
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= 1 + Eu =1+"c-
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k=2 (mod 8)
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where
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[(n+5)/8]

k=\

C» =    £    8lU-lJ    and    D"=    S    8FT6U-7J*

we then get

2("+3)/2p _ 2"-1 - (_i)("2-1)/82("-i)/2N\

+ M2|-2"-1 + (-l)("2-1)/82("-1'/^

= [4 + 4nCn - (1 + nFn) - (-i)(«2-1)/8((_1)(«2-D/8 + nEn)f

+ [4nDn - (1 + nFn) + (-1 )<«"-»)/•((-1 )(«*-»/■ + „£„)]2

= [2 + n(4C„ - F„ - (-l)C2-')/8£„)]2

+ K2[4D„-iv, + (-l)("2-1>/8£„J2

= 4 + 4«(4Cn-F„-(-l)("2-1)/8£„)

+ n2[(4C„-F„-(-l)^-lV*E„)2

+ (4P„-JF„ + (-l)("2-1)/8JEn)2].

Using Lemma 2 we find that
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U-3J-
This concludes the proof.     D
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Lemma 4. Let n > 0 be odd. Then
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(""1)/2      1      / n      1 \
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Proof.

Pn _ 2t"-1)/2 = -L[(l + y/2)n - (1 - V2)n] - 2("-^2
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3. The main result

Theorem. Let p be an odd prime. Then

(p-l)/2       , [3_£/4] (_jyt-l

^   fc • 2* " £       k
k=\ k=\

Proof. From Lemmas 3 and 4 it follows that

(mod p).

(P-0/2 1    (p-l\ _2íJ'-^l2Pp-2P-

-^   Jk.2*\.2fc-V
t=i v '

y-' -1    i[^/41(-i)*/p-

n        + 7     2^2    *-<       k
k=\ U-i)

♦S

Since p is an odd prime, we have

y'sl    (modp),     (^"^

^(-l)*/p-l\

èi   2Â: v4fc-v

/^(-i^-./p-iy
+1 fi 2fc-i Ufc-3;

^¡^""■H)-  ™
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and hence

1(p_1)/2   i i    2P-7    i [(p-1)/41r n*

E inf-'-^^   E ^i-»4'-  ("-art-2   £   *-2*>    '-2,2

Thus

^/2 i - 2x1 op ,c v4] (-i)* - y i r^ -i
éí *-2* = ~ *      èi   fc "èi*v*-i

+ E VV   (mod/,)
fc=i   p ~K

= g(-o*-' |     g    h!í
fc=l fc=p-[(p-l)/4]

p_i_t(p_i)/4] .jxjt-i    l*/4l/  jyt-i

k=\ fe=i

This completes the proof.     D

Remark. The congruence we proved was first conjectured by the author's brother

Zhi-Hong Sun in the summer of 1988. Although he failed to prove the conjec-

ture, he was able to show the congruence

(p-l)/2      ,

P^^P-m^^-Wp   £   j-^       (modp2)

k=\

and confirmed the conjecture in the case p = 1 (mod 8).
To end this paper we mention another beautiful congruence (for odd primes)

(p-l)/2    k       [(p-l)/6] k

k=\ k=\

It will be published in [2]. For related work the reader can consult [3] and [4].
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