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OF IRREDUCIBLE PLANE CURVE SINGULARITIES

IN TERMS OF WEIERSTRASS POLYNOMIALS

CHUNGHYUK KANG

(Communicated by Peter Li)

Abstract. Let f(z, y) be analytically irreducible at 0 and /(0) = 0. Then

the plane curve singularity defined by / has the same topological type as the

curve defined by fk+x for some k > 0 where fx = z" + yb , f2 = fxnu +
ymUzml21 y3 _ fan^ + fxnllymlxzmn ; ... are defined by induction on k

with distinct numerical conditions topologically invariant. Moreover, we give an

easy alternate proof of Zariski's topological classification theorem of irreducible

plane curve singularities.

0. Introduction

Let C{y, z} or tf0 be the ring of convergent power series at (y, z) = (0, 0).
Suppose that f is irreducible in tfo with f(0) = 0. Now consider the plane

curve singularity defined by /. In decreasing order in the degree of z, f can
be written as follows:  / = aoz" + axyaiz"~x -\-\- a„yan where a0, an are

units in tfo, and for I < i < n - I each a, is a unit in tfo if it exists,
and the a, are positive integers. Then by Theorem 2.2 we easily prove that

if / is irreducible in tfo, ^ < ^ for all i. Also, if (n, a„) = 1, we show

that the above inequality becomes sufficient for the irreducibility of / in tfo .

Moreover, even if (n, a„) > 1, the necessary condition may be said to be
sufficient in an inductive sense in terms of blow-ups. Using this fact we can
classify topologically irreducible plane curve singularities in terms of Weierstrass

polynomials (Theorem 4.2). Finally, in a very elementary way we are going

to prove Zariski's topological classification theorem of irreducible plane curve

singularities in terms of parametrization (Theorem 4.4).

1. Known preliminaries

Let V = {(y, z): f(y, z) = 0} be an analytic subvariety of a polydisc in

C2 with (0, 0) £ V, and (0,0) a singular point where / is holomorphic near

(0, 0) and square-free. Let n : M -+ C2 be a blow-up of C2 at (0,0). Let
(u, v) and («', v') be coordinate patches for M with n(u, v) = (y, z) =
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(uv, v) and n(u', v') = (y, z) = (u', wV). Let e be the multiplicity of /

at (0, 0); e > 2. Then n~x(V), the total transform of V, is given locally

by f(uv , v) = ve'fx(u, v) and f(v', u'v') = v'ef2(u', v'). Then we call VO)

the proper transform of V at (0,0). Note that if / is irreducible in tfo then

just one coordinate patch is needed for the study of F(1). After m iterations
of blow-ups, let Tm = n oTt2° ■■■ °7im: A/(m) -y C2. Let V^m) be the proper

transform of V under xm . Let E^ = t~1(0, 0). Then E^ is, by definition,

an exceptional set of the first kind. Let E^ = (j E¡■, 1 < / < m, be the

decomposition of F(m) into irreducible components. Each E¡ is called an

exceptional curve of the first kind. Let (/o xm) - V^ + Y^e¡Ei, 1 < i < m,

be the divisor of form. Then we have the following well-known theorem.

Theorem 1.1. Let V = {(y, z): f(y, z) - 0} be an analytic subvariety of a

polydisc in C2 with (0, 0) e V and (0, 0) only a singular point where f is
in tfo and square-free. There exists an analytic manifold M by finitely many

(m) blow-ups, Tm : M —> C2, such that if R is the set of regular points on V

then rm: xnl(R) -+ V is a resolution of the singular point (0,0) of V, where

Tml(R) is the closure of r~x(R) in M.

Corollary 1.2. Under the same assumption of Theorem 1.1, after additional
blow-ups any two components of F(w) and (jE¡, 1 < i < m, meet with normal

crossings whenever they meet and no three distinct components of V^ and IJ E¡

meet, where F<m' and \JE¡ are defined just before Theorem 1.1.

Definition 1.3. Let V = {f(y, z) = 0} and IF = {g(y, z) = 0} be analytic
subvarieties of a polydisc in C2 with (0,0) e V and (0,0) £ W, where

V and IF have the only singular point at the origin, and f, g are in tfo
and square-free. V and IF are said to have a homeomorphic resolution (or
topological or equisingular) if, using the composition of the same number of

successive blow-ups xm: M —y C2 , (f ° rm) and (g o xm) are equivalent as

divisors in the sense of Corollary 1.2. Then denote this relation by / ~ g.

2. A criterion of irreducibility of plane curves

Lemma 2.1 (Hensel's Lemma). Let f(y, z) = a0z" + axya{ z"~x + ■ ■ ■ + anya"

be irreducible in tfo, where each a¿ is a unit in t% if it exists, and the a¡ are

positive integers. Let m be the multiplicity of f at 0. Then m = n or a„. If

n = a¡ + n - i for some i, then n — a¡ + n - i for all i = I, ... , n, and so

f can be written in a power series as follows: f' = f„(y, z) + terms of degree

> n, where f„ is a homogeneous polynomial of degree n with fn = (ay + bz)n

for some a, b eC

Theorem 2.2. Let f(y, z) = a0z" + axyai zn~x H-h a„ya" be irreducible in

tfo, where each a¡ is a unit in tfo if it exists, and the a¡ are positive integers.

Then s* < ^ for all i. Moreover, if an = nk for some integer k, then ^ = ^

for all i = I, ... , n - I.

Proof. We are going to prove the above assertion by induction on the mul-

tiplicity of /. Without loss of generality we may assume that a„ < n for

the following reason: If kn < a„ < (k + l)n for some positive integer k,

then use k blow-ups and Lemma 2.1 because blow-ups preserve irreducibility
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of / in tfo and *f < f in / if and only if 2^ < su^i in fk, where
f(v, uvk) = vknfk and fk = a0v" + ■■■ + aiuai'kivn-i + ■■■ + a„ua»-kn . If

n = a„ , then by Lemma 2.1 n — a¡ + n - i for all i, and so 2a = ^ = 1.

Let n > a„ . Then there is a positive integer r such that 0 < n - ra„ < an .

Repeat r blow-ups at (y, z) = (0, 0). Then the local defining equation for

the rth total transform may be given by f(y, z) - f(uxv\, vx) = v"n fr, where

fr = aov1-ra" + ■■■ + aiu1iv[ai+n-i-ra" + ■ ■ ■ + antf{ . Note that n -ra„ > 0 and

ra¡ + n - i - ra„ > 0 by Lemma 2.1. If n - ra„ = an , then by Lemma 2.1

ai + ra¡ + n-i-ra„ > n-r for all i, i.e., a,(r+l) > i. Thus ^ > j^t = 7a for

all i. Let n-ra„ < an . Then we may assume that ra¡ + n-i-ra„ < n-ra„ .

If ra¡ + n - i - ran > n - ra„ for some /, then n - ran > 0 implies also that

^ < 7 < ^ • Also if rat + n - i - ran - raj + n - j - ran for i < j, then

a, > a,. So rewriting fr in decreasing order of v , by the induction assumption

we get

an      <_^1_<_Qf_

n - ra„ ~~ n - ra„ - (ra¡ + n - i - ra„) ~ n - ra„ - (raj + n - j - ra„) '

Thus 2f < J < J.

Corollary 2.3. Assume that the hypotheses of Theorem 2.2 are satisfied.   If

(n, an) = 1, then f is irreducible in tfo if and only if ^ < J- for all i ^ n.

Moreover, in this case f ~ z" + ya" in tfo.

Proof. Let (n, a„) = 1. If / is irreducible in tfo, then 2a < ^ by Theorem

2.2. To prove the converse, it suffices to follow the same induction argument as

we have seen in the proof of Theorem 2.2.

3. A CHARACTERIZATION OF IRREDUCIBLE PLANE CURVES

Let f(y, z) = aoz" + axyaiz"~x -\-\- any"" be irreducible in tf0, where

each a¡ is a unit in tfo if it exists. By the Weierstrass Preparation Theorem

and a nonsingular linear change of coordinate / can be rewritten as follows:

/ = A(wn + c2y^wn-2 + ■■■ + cnyy"),

where A is a unit in C{v, w} and the c¡(y) are units in C{v, w} if they exist,
and the y¡ are positive integers. Then we need to find the relationship between

an and y„ . Note that ci is a zero.

Lemma 3.1. Under the above assumption, there are two cases.

(i) If a„ = nk for some integer k, then yn > an and (yn, n) <n.

(ii) //" (a„, n) <n, then a„ = y„.

Proof. The proof just follows from Lemma 2.1 or Theorem 2.2.

Lemma 3.2. Let a and b be positive integers with (a, b) = 1. Then for any
integer n > ab - a - b there exist nonnegative integers x and y such that

n = ax + by. If n > ab then x and y can be chosen both positive.

Proof. See [4].

Let f— zn+a2ya2z"~2-\-\-anya" be irreducible in tfo with multiplicity n,

where the a¡(y) are units for 2 < / < n in t% if they exist. Note that ax = 0.

If (n, a„) = 1, by Corollary 2.3 / is irreducible if and only if ^ < ^ for all
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i t¿ n , and so / ~ z" + ya" near (0,0). Now assume that d = (n, a„) > 1.

By Lemma 3.1, d < n. Set n — nxd and an = kxd. Now consider / as a

convergent power series Y^ca^yazii . Look at each monomial in / and rewrite

/ in increasing order of nxa + kxß as follows:

/ = Eo + Ei + E2 + --- >

where £f = Y,icaßyazß and each monomial of Y,¡ satisfies nxa + kxß =

nxkxd + m¡ for each i > 0 and 0 = mo < mx < m2 < •■■ . After a finite
number h of blow-ups until the total order of the new exceptional curve En =

{r — 0} becomes nxkxd in one of the local coordinates (s, r), the local defining

equation fx for the hth proper transform of the curve defined by / is given

topologically as follows:

fx = (s + l)d + c2re*(s + l)d~2 + ■■■ + cdre*,

where each c, is a unit in C{s+1, r} if it exists, and the e¡ are positive integers.

Note that En is the first exceptional curve which has three distinct intersection

points with two other exceptional curves and the proper transform. If (d, ef) =

1, then fx is irreducible in C{s+1, r} if and only if ^ > ^ for all i ^ d, and

so fx ~ (s+ l)d + rei. Therefore, reversing blow-ups, we get by Lemma 3.2 that

/~ (z"1 +yk')d+ypzq in tfo, where («i, kx) — 1 , and pnx +qkx = nxkxd + ed

with (pnx + qkx, d) = 1. Observe that q may be chosen with q < nxd since

n — nxd is the multiplicity of /. If g = (zni +yk,)d +yPx zqx, then we can show

that g ~ f in tf0 if and only if pxnx + qxkx = pnx + qkx. Let (d, ef) > 1.
Note that (d, ef) may be equal to e¿ < d. Put d = n2d2 and e¿ = k2d2 with
d2 = (d, ed). Write f again in C{s + 1, r} . Then fx has the form

fl = SlO + Sll +Dl2 H-'

where ¿3w = J2baß(s + l)arP and each term of ¿^,, satisfies ak2 + ßn2 =

«2^:2^2 + U f°r eacri ' ^ 0 and 0 = /0 < lx < h < • ■ • ■ Then repeat those
arguments just as above inductively. Thus the necessary condition of Theorem

2.2 for / to be irreducible in tfo is sufficient in an inductive sense, as we have

seen in the above discussion.

4. A TOPOLOGICAL CLASSIFICATION

OF IRREDUCIBLE PLANE CURVE SINGULARITIES

IN TERMS OF WEIERSTRASS POLYNOMIALS

Definition 4.1. Let

fi=za + yb,    f2 = fxn2'+ym"zm",    h = f2n»+fxn»ym»zm»,...

and

fk+i=-c+,j+/fc"!12/;^2''3•••/^2''t>'m^',^'2

be Weierstrass polynomials in z, where 2 < a < b, «,i > 2 for i = 2, ... , k +

1, and the multiplicity of f is a«2i "31 • • • «/i for j = 2, ... , k+l at 0. Define
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the new notations inductively as follows:

f2(tx, t2) = atx+bt2,

f3(x2; tt, h) = x2f2(ntxx, mX2) + n2Xf2(tx, t2),

f4(x3 ;x2,tx, t2) = x373("22; ™2i, m22) + «3i73(*2 ; h , t2),

fk+l (xk ; Xk_x , ... ,X2,tx,t2)

= Xkfk(nk-X2\ nk-2,3, ... , «2,fc-l > mk-l,l > mk-l,2)

+ nk,lfk(xk-l i Xk-2, ... ,X2,tx,t2)

Here f £ the type [j] for each integer j > 1 means that in a resolution of

the isolated singular point (0, 0) of the curve defined by f there are exactly j

exceptional curves each of which has three distinct intersection points with three

distinct components among other exceptional curves and the proper transform

with normal crossings in the sense of Corollary 1.2.

Theorem 4.2. With Definition 4.1 we have the following properties:

(A) (i) fx e the type [1] is irreducible in tfo if and only only if 2 < a < b
and (a, b) = 1.

(ii) f2 £ the type [2] is irreducible in tf0 if and only if f is irreducible in

&o, f2(ntx\, mx2)-abn2x > 0 and (f2(mxx, mx2), n2x) = 1.
(iii) For any k>2, fk+x £ the type [k + 1] is irreducible in tfo if and only

if, for each j - 1, ... , k, f £ the type [j] is irreducible in tfo,

fk+l ("fc, 2 i Hk-1, 3 > ■ • • > n2, k > Mk , 1 > ™k ,l)

- nk+x,xnkxfk(nk_x>2; nk_2i, ... , n2k_x, mk^xx, mk_Xt2) > 0

and _

(fk+i(nk,2\ nic-1,3,... ,n2>k,mkti,mkt2), nk+lA) = 1-

(B) If f is irreducible in tf0 with its multiplicity n > 2, then f ~ fk+x for
some fk+x £ the type [k + 1].

(C) The integers a,b,n2l,... , nk+XJ ;f2(mxx, mx2), f3(n22; m2x, m22),

■■■ ,fk+i(nk,2', «fc-i,3, ••• . «2,fc> mktx, mk<2) are topologically invariant.

Proof. (A) It is trivial to prove cases (i) and (ii), as we have seen in §3. To

prove one side of (A) by induction index on k, let fk+x £ the type [k + 1] be

irreducible in tfo ■ Then Hensel's lemma and blow-ups imply that (a, b) = 1.

After a finite number h of blow-ups until the total order of the hth exceptional

curve En = {v = 0} becomes abn2i ■ ■ ■ nk+x x in one of the local coordinates

(u, v), the defining equation of the total transform may be given topologically
by vabn2l-nM,lFkt where pk = p^ui + F^F^^ ■ • -F"3k-X(u + l)"^v'

with some integer / > 0 is irreducible in C{u + 1, v} and each Fj is a proper

transform of f+x for j = I, ... , k in C{u + 1, v} . So Fk £ the type [k]
in C{« + 1, v}, because if Fk itself does not belong to the type [k], then

En must be tangent to the curve Fk = 0 and so we may assume that Fk £
the type [k] in the sense of Corollary 1.2. By induction each Fj e the type
[j] is irreducible in C{u + 1, v} for 1 < j < k. Since the process of blow-

ups and blow-downs preserves the topological classification of total transforms
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with divisors of irreducible plane curve singularities, each f¡ £ the type [j] is

irreducible in t% for 1 < j < k . Now to prove the remaining part of (A), repeat

a finite number of blow-ups until we can find (k - 1)-exceptional curves each

of which has three distinct intersection points with three components among

other exceptional curves and the proper transform. Then in one of the local

coordinates (u, v) the local defining equation of the proper transform may be

given topologically as follows:

[(u+ 1)"*-' +V/i]"*+i.i + (u+ 1)"*-V2,

where

h = fk(nk-\,i\ nk-2,3, ■■■ , n1<k-X, wifc-1,1, rnk_x,2)

- nk-l,ink,Xfk-X(nk_2,2', «A:-3,3> ■•■ > «2,fc-2> ™k-2,l > ̂ _2,2)

and

h =fk(nk-i,z\ nk-2,4, ••• > n2,k, tnktx, mk¡2)

+ "fc,2"fc-l,lfk-l(nk-2,2> "fc-3,3> ■•• > «2,fc-2> ™k-2,l, nik_2t2)

-nk+XtXnkAnk_XAfk_x(nk_2,2\ "¿t-3,3> ••• > n2,k-2> ™k-2,i, ™k_2t2).

Applying the result in the type [2] to the above proper transform, we see that

0<l2nkA+lxnk,2-nk<xnk+XAlx and (l2nk<x+link:2, nk+XA) = I imply the
desired result. To prove the converse is trivial.

(B) Let f = z" + a2ya2zn~2 -\-h anya" be irreducible in tf0, where the

A/ = a¡(y) are units in tfo if they exist, with ax =0. Then we are going to prove

(B) by induction on the multiplicity n of / at the origin. Let d = (n, a„) > 2,
as otherwise there is nothing to prove. Put n = ad and an = bd. After a

finite number h of blow-ups until the total order of the hth exceptional curve
Eh = {v = 0} becomes abd in one of the local coordinates (u,v), the defining

equation of the total transform may be given topologically by

vabdp _ vabdxju + I)«* + c2Vn(u + i/"2 + • • • + CdV^] ,

where the c¡(v) are units in C{u + 1, v} for 2 < i <d if they exist, and the
y i are positive integers. Then we have two cases: (i) d <y¿, (ii) d > y¿ .

Consider the first case (i). By the induction assumption, for some integer k

F = Fk = Fk"k_+f> + Fg¿F¡¡Íll-> ■ ■■F"i-k-i(u + l)n^vp,

where F, £ the type [/] is irreducible in C{« + 1, v} for I < i < k - I and

some p > 0. Now the problem is how to construct fk+x £ the type [k + 1]

such that / ~ fk+l. By reversing the blow-up process and induction on k,

let us assume that / ~ fk+l = £*+1-' + f^f^1'1 ■■ ■ f2"3'k-lfx"2'kym'z'"2 for

some integers mx, m2 if there are such m\, W2, because f = za + yb and

f2, ..., fk can be found easily by induction.
Consider the monomial ymiz' in fk+l, where t = m2+an2k + an2in3k^x +

a«2i"3i"4,A:-2 H-r-û"2i"3i •••ifc-i,i«fc,2- Then after h blow-ups,

amx + bm2 = ab(n2in3l ■ ■ ■ nkAnk+x,i - «2i«3i • ■ • njt-i,i«it,2

-"21«31'"»*-2,1»A:-1,3-«21«3,ik-l) + P

>ab
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by the degree of z in fk+l. By Lemma 3.2, it can be proved. Similarly, we
can prove the second case.

(C) Let gk+l £ tfo be irreducible in the type [k + 1]. Write gk+l = g-*+1,1 +

8k-X8Sk-23 ■ ■ ■ gsx2-kytk> ztk-2, where gx = za+yP , g2 = (za+y^ +y'" z"J

are denned by induction on k and the multiplicity of gk+x is CW21S31 • • • sk+x 1x
at 0. Since

a/l21«31-1jt+l,l =OcS2X---Sk+XA, ¿>«21«31 • • -«fe-r-l, 1 = ßs2i ••■Sk+x,x,

(a, ¿0 = 1   and   (a,/i)=l,

it follows that a = a and b = ß. Since the process of blow-ups and blow-
downs preserves the topological classification of total transform with divisors

of irreducible plane curve singularities, by induction on k gj ~ f¡ in tfo for

1 < j <k. Then by the result of (A), there is nothing to prove.

Using the result in Theorem 4.2, we consider the expression of irreducible

plane curve singularities in terms of the parameter t and define some new
notation.

Definition 4.3. Let

h = Á(mxx, mx2)-abn2x,

h = /3("22 ; «21 > m22) - n3xn2xf2(mxx, mX2),

4+1 = fk+\(nk,2\ "fc-i,3> ■•• . n2tk, mktx, ntk>2)

- nk+l ,lnk ,lfk(nk-l ,2\ 1fc_2,3> ••• ' n2,k-X> mk-l,l > "ÎA:-1,2)-

Define L¡ = l¡\\k+]+x nn for j = 2, ... , k.

Let / = z" + a2ya2zn~2 -\-h a„yan be irreducible in tfo, where each a¡ =

a¡(y) is a unit in tfo if it exists. Then we get the following (here (fix,..., ßk)
is a greatest common divisor of ßx, ... , ßk):

(1) /~/iE the type [1] if and only if y = t" and z = ta", where 2 < n <
an and («, an) = 1 with a — n and b = a„ .

(2) f ' ~ f2£ the type [2] if and only if y = tn and z = ta« + ta-+'2, where

n > (n, a„) = «21 > (n, a„, k) = 1 with « = a«2i and a„ = bn2x .

(3) / ~ h e the type [3] if and only if y = í" and z = í«"+ía"+L2+ía"+z-2+'3,

where «>(«,«„) = «2i«3i > (n,a„, L2) - nix > (n, a„, L2, l3) = 1 with

« = an2Xn-¡x and a„ = bn2xn3x.

(k + 1)/ ~ fk+x £ the type [k + 1] if and only if y = t" and z = ta" +
fa„+L2 _|_ ... _|. ^a„+L2+'"+L/t ^_ fa„+L2+---+Lk+lk+i     where

n > (n, a„) = n2l■ • • nk+x<x>(n,an, L2)

= "31 ' ' ' "fe+i ,i> ■■■ > (n,a2, L2, ... , Lk)

- "fe+1,1 > (n, a2, L3, ... , Lk, lk+x) = 1

with « = a«2i • ■ • nk+x ! and a„ = è«2i • ■ ■ nk+x t x. Thus we have proved the

following theorem, too.
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Theorem 4.4 (Zariski). Let f(y, z) = zn+a2yai z"~2-\-\-a„ya" be irreducible

in tfo, where each a¡ = a¡(y) is a unit in tfo if it exists, and the a¿ are positive

integers. Assume that the multiplicity of f at (0,0) is n > 2. Then the

curve defined by f at (0, 0) can be described topologically by y = t" and

z = tßl + tßl H-1- tßs  with ßx = an, where n < ßx < ß2 < ■■■ < ßs and

n > (n, ßx) > • • • > (n, ßx, ... , fis) - 1 •  If for a given f there is another
homeomorphic parametrization defined by y — tm and z = f1 + tn2 H-h f*

where m < nx < r¡2 < ■ • • < It, and m > (m, r¡x) > ■ ■ ■ > (m, nx, ..., n0) = 1,
then n = m, s = b and ß, = n¡. Conversely, the curve defined by the parameter

t with the same inequality as above must be irreducible at 0.

Alternate proof. We are going to prove the theorem by induction on the multi-

plicity of the above / with the coefficient ax zero, without using Theorem 4.2.

First consider such an existence of the above parametrization. If (n, a„) = 1,

the theorem is easy to prove. Let d = (n, a„) > 1, where n = nxd and

a„ -kxd. After m iterations of blow-ups until the total order of the wth ex-

ceptional curve Em = {v - 0} becomes nxkxd in one of the local coordinates

(u, v), then the defining equation of the total transform of V = {/ = 0} may
be given topologically by

vn¡k¡dh _ V«,M[(M +\)d + ClVy2(u + l)d~2 + ■■■+ CdVy<] ,

where the c, are units in C{u + 1, v} if they exist, and the y, are positive

integers. Consider the local defining equation h for the proper transform F(m).

Let r = y¿ for brevity. Then we have three cases:

(i) d > r and (d, r) = r, (ii) d > r and (d, r) < r, and (iii) r > d.

Consider the first case (i). Rewrite

h = A[vr + ax(u + l)s'vr-x +--- + ar(u+ l)s']

as the Weierstrass polynomial in the variable v , where A is a unit, the a¡ =
a¡(u +1) are units in C{w + 1, v} if they exist for i = I, ... , r, and the r5,

are positive integers. Note that d = ôr. Since d = ôr is a multiple of r, by

eliminating the coefficient ax of vr~x, h can be rewritten as follows:

A[wr + b2(u + l)m2wr~2 + ■■■ + br(u + l)m'],

where w = v + (ax/r)(u + l)Sl , the b¡ are units in C{u + I, v} if they exist,

and the m, are positive integers.

Note that (r, mr) < r by Lemma 3.1.  So by the induction assumption h

itself can be parametrized topologically by u+l = tr and w = tq' +tQ2-\-\-t9g,

where r < qx = mr < q2 < ■ ■ ■ < qg and r > (r, qx)>•■•> (r, qx, ... , qg) =

1. Then F(m) can also be parametrized topologically in the local coordinate

(u,v) by u+l = tr and v = td + tQ] + ■ ■ ■ + tq* with d = ôr = rôx by Hensel's

lemma or Theorem 2.2. Since V^ may be also described homeomorphically
by u+l = r+tr+«<-d + tr+ii-d + ---+tr+i*-d and v = td , the curve F = {/ = 0}

can be parametrized topologically by y = tn and z = ta" + tan+r + ta»+r+<i>-d +

■■■ + ta"+r+^-d . Note that

n<a„<a„ + r<a„ + r + qx-d<---<a„ + r + qg-d

and

n>(n,a„) = d>(n,an,a„ + r)>(n,a„,a„ + r,a„ + r + qx-d)

>•••>(«, a„ , a„ + r, ... , n + a„ + qg - d) = 1.
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Thus the case (i) is proved.   Similarly the other cases (ii) and (iii) can be

proved. Moreover, the uniqueness of such a parametrization as y = t" and z =
tßl H-h tßs for a given / and the converse of the theorem can be easily proved

by induction on s. Note that there are exactly 5 exceptional curves, each of

which has three distinct intersection points with three components among other
exceptional curves and the proper transform in the sense of Corollary 1.2.

References

1. O. Zariski, Studies in equisingularity. I: Equivalent singularities of plane algebroid curves,

Amer. J. Math. 87 (1965), 507-536.

2. _, Studies in equisingularity. Ill: Saturation of local rings and equisingularity, Amer. J.

Math. 90(1968), 961-1023.

3. H. Laufer, Normal two-dimensional singularities, Ann. of Math. Stud., no. 71, Princeton

Univ. Press, Princeton, NJ, 1971.

4. T. Apóstol, Introduction to analytic number theory, Springer-Verlag, New York, 1976.

Department of Mathematics, College of Natural Sciences, Seoul National Univer-

sity, Seoul 151-742, Korea


