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ABSTRACT. Let V' be an n x n unitary matrix. Then ¥ induces an automor-
phism Oy of Ox and O, . It is shown in this paper that Oy, is weakly inner.
Let F, be the UHF C*-subalgebra of O, and U be a unitary operator in the
diagonal maximal abelian *-subalgebra of F, . Then the automorphism Ay of
Op defined by Ay(S;) = U*S;, for each generator S; of O, is weakly in-
ner. Any automorphism conjugate to either one mentioned above is also weakly
inner.

1. INTRODUCTION

In 1977, J. Cuntz studied a class of separable simple infinite C*-algebras [3],
which are denoted by O,’sfor n =2, 3,.... O, is also a crossed product of a
UHF-subalgebra F, (of O,) by a single endomorphism of F),, scaling the trace
of F,. Since 1977 there has been a good amount of work on various properties
of O,. In this paper we concentrate on some automorphisms of O, and O
(see the definition in Section 2). Earlier works exhibited some outer automor-
phisms [1], [2], [6], [7]. A theorem proved by Kishimoto [10] in answering a
longstanding question raised in [11] by C. Lance states that an automorphism
of a separable simple unital C*-algebra is inner if and only if it is universally
weakly inner (see the definition in Section 2). Here we try to determine which
outer automorphisms are weakly inner (see the definition in Section 2) and suc-
ceed in describing a large class of weakly inner automorphisms, containing outer
automorphisms studied in [2], [6], [7]. The notion of weak innerness can first
be found in [9]. The results are contained in Sections 3 and 4.

2. NOTATION AND SOME LEMMAS

Let H be an infinite-dimensional Hilbert space. For n = 2,3, ..., let
{S1,..., Sy} be n isometries on H such that

(2.1) D oSSy =1.
i=1
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Let O, be the C*-algebra generated by S;, ..., S,. For n = oo let {S;}},
be a sequence of isometries on H such that

k
(2.2) Y SiSp<I fork=1,2,....

i=1

Let O, bethe C*-algebra generated by {S;}¢°, . It turns out that the definition
of O, forn=1,2,..., oo is space free and depends only on a set of isometries
satisfying (2.1) or (2.2) (see 1.12 in [3]). These algebras are contained in every
simple C*-algebra which contains an infinite projection [4]. Following the no-
tation by Cuntz in [3], for k =0, 1,... welet W be the set of all k-tuples
(Jiseoo» i) with ji € {1,...,n}, for i =1,...,n,and W = g, W
with W' = {0}. We write So = 1, and for u = (ji, ..., jk) € W we set
S,, = Sjl "'Sjk and I(/t) =k.

For a finite positive integer n > 2, O, has a C*-subalgebra, F,, the closed
linear span of terms of the form §,S; with /(u) = /(v), which is a UHF-algebra
of type n>. Consider

oo
Fo=J A,
k=1
where
k
A = Q) M,
i=1
and n;, = n for i =1,...,k, and M, is the algebra of n x n (complex)
matrices. Let D, be the subalgebra of all diagonal matrices of A; and
D=|JD.
k=1

D is a maximal abelian subalgebra in both F, and O,, and D is also the
closed linear span of terms of the form §,S; for u € W, for k=0, 1, ....
Let P be the conditional expectation of O, onto D . In the following definition
we write S for Sy and S~! for S}. Let

-1 n
A= { Z SiAi+A0+ZAiSi

i=—n i=1

A; € U Ak} .
k=1

It is easy to see that A is a norm-dense *-algebra of O,. Let o be any endo-
morphism of O, such that a(1) = 1. Then there is a unitary element Z, € O,
such that o(S;) = Z2S; (i=1,2,...,n). Infact, Z; =3[, a(S;)S;. On
the other hand, every unitary element U € O, determines a unique isomet-
ric endomorphism Ay of O, such that Ay(S;) = U*S; (i=1,...,n) and
Ay(l) = 1. This was first observed by M. Takesaki and communicated to J.
Cuntz. From Proposition 1.1 in [5] we know that Z, satisfies a cocycle identity,
A is a twisted representation, and Ay is an automorphism if and only if there
is a unitary ¥V € O, such that Ay(V) = U*. Let ® denote the endomorphism
of O, defined by ®(x) = Y°;_, SixS;. Let ¥ = (¥;;) be a unitary operator
on C,, the n-dimensional complex Hilbert space. Then it is easy to check that
{T; =% ViiSk; i=1,2,..., n} generate the same C*-algebra O, and V
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induces on O, an automorphism Oy by Oy(S;) =T;,for i=1,2,...,n.
In 1979, Archbold studied the case n =2 and ¥ = (J}) and found Oy is
outer yet weakly inner [1]. An automorphism f of a C*-algebra A is said to
be universally weakly inner if f** on A** is inner, and f is said to be weakly
inner if there exists a faithful representation # of A such that, in identify-
ing A and 7n(A), B extends to an inner automorphism on the weak-operator
closure n(4) . Subsequently it was shown in [6], [7] that Oy is outer for all
unitary ¥ in C" for n =2,3,...,00. In 1981, Kishimoto [10] resolved a
longstanding question with an affirmative answer, that is, an automorphism on
a separable simple unital C*-algebras is inner if and only if it is universally
weakly inner. Thus the remaining question for Oy for n = 3, ..., 0 and
unitary V is whether Oy ’s are weakly inner. One consequence of the results
in this paper is that Oy ’s are all weakly inner.

First we show a lemma which will lead us to a desired representation, 7, of
O, in which a given automorphism has an inner extension to the weak-operator
closure of 7(0,).

2.3. Lemma. Let A be a simple C*-algebra and B be an automorphism of A.
Suppose that ¢ is a p-invariant state of A, i.e, (¢ o B)(x) = ¢(x) for all x
in A. Then B, the automorphism of the image m,(A) of A under the GNS

representation m, induced by ¢, can be extended to an automorphism B on
the weak-operator closure of m,(A). Furthermore B is spatial.

Proof. Let H, be the GNS representation space of m, and f be the cyclic
vector of my(A4) with ¢(x) = (ne(x)f, f) forall x in A. The operator U
defined on H, by U(m,(x)f) = m,(B(x))f(x € A) is a unitary operator. Let
B(x)=UxU* for x € m,(A) . It is easy to see that Bl,,,(A) =p. Q.E.D.
2.4. Remark. Let o, f be two automorphism of a simple C*-algebra 4. If
a pure state ¢ is P-invariant, then @oa is o~ !Ba-invariant and pure. It is
now clear that to establish weak innerness of a given automorphism g of A4

it is enough to find a pure state ¢ and an automorphism « such that ¢ is
a~!Ba-invariant.

3. SOME WEAKLY INNER AUTOMORPHISMS ON O, , n: FINITE

Let us first observe that ®(A;) C Ay, forall k=1,2,..., and ®(x)S; =
S;x forall x in O,, i=1,...,n.

3.1. Lemma. Let U be a unitary operator in D and U = lim;_,, U;, U; €
D) ~ ®f=1 D;, where D; is the diagonal subalgebra of M,,. Then
(a)
Aula, = AdU*DU*)--- D*~1(U™)),
(b)

dy(x) = lim Ad(Ur@(U;) -~ @ (U)))(x) = Jim 4y, (x) for x € A

Proof. (b) follows obviously from (a).

We prove (a) by induction of k. Because of Ay(x) = U*xU for x in A,
it is obvious that (a) holds for k = 1. Suppose that (a) holds for k — 1. We
show (a) holds for k. Let an arbitrary element in A; be the form x®y, where
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x isin Ag_; and y isan n x n matrix, i.e., y = (f;;). Note that

n
XQy= Z ﬂi,-SixS}

i,j=1

and

lu(x®y)= > BijUSidy(x)S;U
i,j=1
n

= Z Bi;U*SiAd(U*®(U*) - - @1 (U*))(x)S;U

i,j=1

=U { i ﬂijSi(U*q)(U*)""Dk_z(U*))x(d)k"z(U)-~(I>(U)U)S}‘} U

i,j=1

=U" { z": ﬂijd)(U'd’(U*)-~~‘Dk'2(U*))S,-xS}<D(<D"'2(U)...(p(U)} U
i,j=1

(for ®(x)S; = S;ix)
= Z BijAd(U*®(U*) - - ®*~1(U*))(SixS})

i,j=1

= Ad(U*®(U*)--- &~ (U")) ( Z ﬂquxS}‘) :

i,j=1

Let x bein Ak and x=(aij), i,j=1,...,nk.

Then
i 0 ce 0
0 ap - 0 _
Px)=| . —_— .| = diag(x).
0 0 cer Qpkpk

3.2. Proposition. Let 0 = Ay for some unitary operator U in D. Then Po =
P.

Proof. Let A bein A; and V be a unitary operator in D, . We observe that
(1) Av(4) e U, A,
(2) For 1 >0, Ap((S7)'4) = (S1V)/Ar(4) ¢ A =7 A, due to Lemma
3.1.
For x € A with

-1 N
X=ESiAi+A0+ZA,‘Si, AiGOAja
-N 1 Jj=1

and

U = lim U, U eD;,
=00
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we have
Pody(x) = lim Po (4y(x))
= lim P o (4y,(40))
= lllglo diag Ad(UF®(U}) - -- D+~ (U}))(Ap).

Since U} ®(Uy), ..., <I>"“(U,*) is a diagonal matrix in A, for some large ¢ >
k, realizing Ay € A, we see that the diagonal entries in A4, are fixed under
Ad(Uro(Uy), ..., <D"“(U,*)). Hence

Poly(x)= Ilim diag(A4g) = P(x).

Since A is norm-dense in O,, we have Poly =P. Q.E.D.

3.3. Theorem. Ay, for some unitary operator U in D, is weakly inner on O, .

Proof. Let A denote the pure-state space of D. Thus, A consists of all infinite
sequences, w = (ji, j2,...), with j; € {1,2,...,n} for i=1,2,.... For
any w € A, we note that the state on O, defined by w o P is Ay-invariant
for any unitary operator U € D, for (woP)oAy =wo (Poly)=wo P by
Proposition 3.2. Hence, it suffices to show wo P is a pure state on O, for some
w € A to establish that Ay is weakly inner on O, by Remark 2.4. For the rest
of the proof, we let w = (j;, j»,...) be a fixed elementin A and ¢ = wo P.
We show that ¢ is pure.

Let the GNS representation triple induced by ¢ be denoted by {n, K, ¢} .
We denote (ji, j2,...,Jk) by u for k =0,1,.... For v e W' v =
(iy,...,0x),and n € I’VI", n=_(>i,...,0) with I <k, welet (i ,..., i)
be denoted by v\n. We observe that the following two equivalence classes are
the same: [S,S; &1, [S4S,, 6] if v\n=p\w or n\v = \u , and hence it is
denoted by (v, /). We also note that the following family of vectors in K is
orthonormal, {(v, [)}, for (n(S,,)n(S;, )¢, 7(Sw,)n(S,,)E) = (Sk,S;, S0, Sy,) =
O, ,1),(vs,k)» fOr any vy, v € W. Since ||n(S,S;)¢|| =0 forany n,ve W
with v # u;, k=0, 1, ..., it follows that the orthonormal family mentioned
above is actually an orthonormal basis for K. For any operator T € K, we
denote T by [T, ], where T,y = (T(S,S;)E, n(SySy,)8) - Let T be an
arbitrary operator in n(0,)’, and we may assume that 7(£) = n(x)(£) for some
x € Oy. Then T, ,; = (Tn(SyS;)E, &) = ¢(SySsx) = w(Sy,S; P(x)) =
w(Sy,S; ) w(P(x)) = w(P(x)) = (T¢, &), denoted by Tp o. Finally, we show
(T*T)y;,qx =0 forall T € n(0,)", when (v, I) # (n, k) . Here we may assume
that T(§) = n(x)(§) for some x € O, . In fact, (T*T),, p = ((S, S, )n(x)E,
n(SySy ) (X)) = ¢(x*Sy, S3S,S;,x) =0, when (v, [) # (n, k). Then, T*T
is a scalar multiple of the identity operator for all T € n(0,)’, and #(O,)’
consists of scalars of the identity operator. Therefore, n is irreducible, and ¢

is pure. Q.E.D.

3.4. Remark. A different proof for some of the above ¢’s that are pure can
be seen in [12] (see Proposition 3.3 in [12]). A stronger result of pure-state
extension of w is also stated in [5] (see Proposition 3.1 in [5]). However, there
is no proof provided for Proposition 3.1 in [5].
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3.5. Corollary. Let V' be a unitary operator on C". Then Oy is weakly inner.
Proof. If V is diagonal, then Oy = Ay- and Oy is weakly inner by Theorem
33, for V € D and ¢ o P is a Oy-invariant pure state for any pure state ¢
on D. In general, there is a unitary operator W on C” such that WV W* is
diagonal. After Remark 2.4 and an observation that Oy yw. = Oy Oy Ow. =
OwOy(Ow)™! is weakly inner with an Oy w--invariant pure state, ¢, as in
Theorem 3.3, we see that Oy, having an Oy-invariant pure state, ¢ o Oy , is
weakly inner. Q.E.D.

3.6. Remark. It follows from Remark 2.4 that any automorphism of O, con-
jugate to Ay in Theorem 3.3 is weakly inner. A result similar to Corollary 3.5
can also be found in [1], in which the approach is quite different.

4. FOCK REPRESENTATION OF O,

For any unitary operator V' on C", n = 2,3,4,..., we can define an
*-automorphism Oy on O, by Oy(Si) =Y ;_; ViiSk,i=1,2,..., n. Like-
wise, any permutation ¥ (may be infinite) of {2, 3,4,...} induces an *-
automorphism Oy in the obvious way by permuting the generators according
to V. In this section we show that the Oy of O,, mentioned above is weakly
inner. Let H be an infinite-dimensional separable Hilbert space. Consider the
FOCK space, F(H), which is defined to be @:2,[®"H], where @ H is the
Hilbert space tensor product of r copies of H and ®° H is a one-dimensional
Hilbert space C spanned by a unit vector Q, the vacuum. Define a linear map
Or: H — B(F(H)) by

Or(f)i®fa®--®f)=f®fie &f,
Or(f)(Q) = f.
Let {h;, hy, ...} be an orthonormal basis of H and P, be the orthogonal
projection of H onto ®° H . Then we have

Or(f)"Or(g)=(g, NI forall f,geH,
(4.1) > " Or(hi)Op(h)* + Py =1

i=1
where the infinite sum is taken in the strong-operator topology.

Comparing (4.1) with (2.2) we conclude that Or induces a faithful represen-
tation n of O, by n(S;) = Or(h;), i=1,2, ..., which is called the FOCK
representation of O, .

4.2. Lemma. (1) {Q}u{hli=1,2,...}Uu{li®h;li,j=1,2,...,}U--
form an orthonormal basis for F(H).

(2) Poen(0x)".

(3) For any element x in the above orthonormal basis there exists a rank-one
partial isometry Ty in n(O)" such that T, maps ®° H onto the subspace
spanned by x .

Proof. (1) is obvious.
(2) follows from the second condition in (4.1).
(3) Suppose x = h;, ® h;, ® --- ® h;, ; then

Ty = Or(hi))Or (hy,) - -- O (hi, )Po. Q.E.D.
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4.3. Lemma. (1) 7(O)" = B(F(H)).

(2) The vector state of n(Ox), wq(A) = (AQ, Q), is B-invariant for f =
Oy where V is a unitary operator in C" for some n or a permutation of
{1,2,3,...}.

Proof. (1) follows from (3) in Lemma 4.2, for n(0Oy) = {scalars-I}.

(2) Any word consisting of =n(S;), n(S;)*, i=1,2,..., can be reduced to
al for some scalar o or n(S;,) - n(S;)n(S;)* - n(S;,)* with [ >1 or m >
1. The null space, N, of the bounded linear functional wq is a closed subspace
spanned by words in their reduced form n(S;,)--- n(S;,)n(S;)* - - n(Si,)* with
I >1 or m>1. Itis easy to see that N is invariant under B described
in (2) of Lemma 4.3. Thus wq and wq o B have the same null space and
wq(l) =wgqo f(I)=1. Hence wqg =wgof. Q.E.D.

4.4, Theorem. Every automorphism Oy of O, with V being a unitary oper-
ator on C" for some n or a permutation of {1,2,3, ...}, is weakly inner.

Proof. From (1), (2) of Lemma 4.3 we see that 7 is an irreducible represen-
tation of O, and wgq o m is an Oy-invariant pure state of O, . Hence by
Remark 2.4, Theorem 4.4 is proved. Q.E.D.

4.5. Concluding remark. The similar construction of FOCK representation for
O,, n: finite, does not yield the same result. The FOCK representation for
Oy can also be found in [8]. A result like Theorem 4.4 is also recorded in [1]
with a different proof. It also follows from Remark 2.4 that any automorphism
of O, conjugate to Oy in Theorem 4.4 is weakly inner.
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