PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 123, Number 6, June 1995

ALMOST PERIODIC SOLUTIONS OF PERIODIC SYSTEMS
GOVERNED BY SUBDIFFERENTIAL OPERATORS

MITSUHARU OTANI

(Communicated by Palle E. T. Jorgensen)

Dedicated to Professor Shige Toshi Kuroda on the occasion of his sixtieth birthday

ABSTRACT. We construct an example of the periodic evolution system governed
by the time-dependent subdifferential operators admitting almost periodic orbits
which are not quasiperiodic.

INTRODUCTION

Let H be a real Hilbert space with inner product (-, -) and ®(H) be the
set of all lower semicontinuous convex functions ¢ from H into (—oo, +o0]
with D(¢p) ={u € H; ¢p(u) < +oo} # @. For a T-periodic mapping ¢ — ¢’
from R! into ®(H), we consider the following nonlinear evolution equation:

(E) ditu(t) +0¢' (u(t)) 20, teR',

where ¢’ is the subdifferential of ¢! (see Brézis [3]), i.e.,
8¢'(u) ={f € H; ¢'(v) - ¢"(w) > (f, v —u) "v e D(p")}.

The main concern here is the structure of

RE = {u:R'— H; u satisfies (E) for a.e. ¢ € R!
and u(R!) is precompact in H},

the set of all precompact orbits of (E). For the case where H = R¢, the proper-
ties of precompact (bounded) orbits has been one of the main objects of study in
the theory of ordinary differential equations and dynamical systems. For d = 2
the classical Poincaré-Bendixson result asserts that the almost periodic solutions
of dx(t)/dt = F(x(¢)) must be periodic, where F(-) need not be monotone nor
of subdifferential type. This kind of simple structure of the set of almost peri-
odic orbits is peculiar to the case d = 2. In fact, Cartwright [4] showed that
almost periodic orbits in R (d > 2) are quasiperiodic with at most d — 1
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basic frequencies and moreover if F depends on ¢ periodically, then the ba-
sic frequencies are at most 4. This result was generalized by Cartwright [5]
and O’Brien [12] to the case where F depends on ¢ almost periodically, where
they showed that the number of the basic frequencies in addition to those of
F(t, -) is still at most d — 1. On the other hand if the system is governed
by time-independent subdifferential operators, it was revealed by Baillon and
Haraux [2] that #% has a very simple structure independent of the dimen-
sion of H. They studied the case where d¢'(u) = d¢(u) + f(t) and showed
that every bounded solution of (E) on R! must be T-periodic and the differ-
ence of any two T-periodic solutions is a constant (in time) vector. However
for the general case where ¢’(+) depends on ¢, the structure of #& recov-
ers its complexity. In fact, Kenmochi and Otani [10] constructed an example
of a periodic system in H = R3 whose precompact orbits are not necessar-
ily periodic (but quasiperiodic). Furthermore Haraux and Otani [7] showed
that if H = R, then any bounded orbit of (E) is quasiperiodic with at most
[4!] = max{r € N; r < 2!} basic frequencies. This upper estimate for the
number of basic frequencies is shown to be best possible by giving an example
of a periodic system in H = R? whose precompact orbits are quasiperiodic
with [2!] basic frequencies. They also treated the case where ¢’ is re-
placed by time-dependent general maximal monotone operators to assert that
the same conclusion as above holds true with d replaced by d + 1. Roughly
speaking, almost periodic functions which are not quasiperiodic must have in-
finitely many basic frequencies. Thus under these observations it seems to be
a natural question to ask whether there exists a periodic system in an infinite-
dimensional Hilbert space which allows almost periodic but not quasiperiodic
precompact orbits or not. As a matter of course it is well known that some
nonparabolic P.D.E (such as wave equations) may have almost periodic solu-
tions with infinitely many basic frequencies (see, e.g., Amerio and Prouse [1]).
However these are described by the systems governed by maximal monotone
operators which are not of subdifferential type. The main purpose of this paper
is to give an affirmative answer to this question for the systems governed by
subdifferential operators by constructing such an example in ¢2.

PRECOMPACT ORBITS IN £2

In this section, we are going to construct precompact orbits which are almost
periodic but not quasiperiodic in £2. Denote the generic point x of £2 by

] 1/2
x=(X0, X1, "+ ,Xn, ) withnorm |x|= (E}’io xf) , and prepare two
subspaces X; and X; defined by
o 1/2
Xi={xee?; |x| & <x§+24k(x§k_l+x22k)> < 400},
k=1
X0={x€X|; x0=0}.

Foreach ke N, 6 €[0,n), and t€[0, 1/ 2¥], we introduce an operator
Ry (6,t) which maps X, into X; by

x=(0,X],"' axn,"')€X09
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where
(Xak—1, Xak) = 1 (cosay, sinay) (0 < oy < 2m)
and r, = (x3_, +x3)/%:

Rk(ea t) x=(x0(t)> xl(t)9 ,Xn(t), )

with
Xo(t) =r, sin2knt sin(0 — oy),
Xok-1(t) =1 [cos B cos(6 — ai) +sin @ sin(6 — ay) cos 2¥nt],
X(t)  =re [sinBcos(6 — ay) — cosf sin(f — o) cos 2k nt],
xj(t) =x;, Jj#0,2k-1,2k.

The operation (0, xpx_1, Xor) — (Xo(2), Xak—1(2), X21(2)) geometrically means
the axial rotation of (0, xp,_;, X5) in R?® withaxis £5 = {(&, xk—1, Eok) €
R3; & = =&y sinf + &y cosf = 0} and angle 2*nt. Hence the following
properties are direct consequences of the definition of Ry (0, ¢):

(1) Ryg(6,t) is a linear isometry from X, onto R.(6,t) Xy, which
forms a hyperplane in X, , foreach k€N, §€[0, n), and ¢ € [0, 1/2¥].

(2) Ri(6,1/25) Xy = Xp.

(3) Ri(6,t) isa C>-functionof t€R' forany k € N and 6 € [0, n).

Foreach © = (6,,6,,--- ,6;,---) with 0< 6, <m (keN), by
composing Ry (-, ) we construct the operators Si(6i, ) (0 <t < 27k+1)
and S$(0,t) (0<t<?2) asfollows:

R(0, 1), 0<t<1/2k,
4 0. 1) =
@ Sk 1) {Rk(ek,t—l/Z")Rk(O,1/2"), 12k <t <2/2k,
k—1
(5) SO,1t) =S80k, t—t,_y) HSJ(91,2'_1) Vieltior, k], k€N,
j=1

where tH=0 and ¢ = Zf=l 2'-/ = 2(1 =27%). Then it is easy to see that
Sk(0k, 2/2)x = (0, x1, X2, -+, Xok—1
ri cos(ay + 20, )ri sin(ag + 26x), Xoks1> ),
whence follows
(6)  lim S(©,x=(0,rcos(as+261), risin(ar +261), -,
rp cos(an + 26,), rpsin(a, + 26,), ---),

where x = (0, ryjcosay, rysina;, -+ , 1, COSQy, IpSinay, -+ ).
Thus we can extend S(6,t) upto [0, 2] and further to the whole line
R! through the formula:

{S(e,t)zS(G,t—n) [S(8,2)]", 2n<t<2n+1), neN,
[5©,2)]°=1d, [s®,2)]" ={[s®,2]'}", nez, n<o.

Let X(f) betheimage of X, under S(8,¢),ie., X(t) =S(8, t) Xo. Then
we have the following proposition.
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Proposition 1. The following properties hold.
(1) X(¢) has a period 2, i.e.,

(7) X(t+2n)=X(t), "nez, "teR!;

in particular X(2n) = Xy, "'n € Z.
(i1) S(8, t) is alinear isometry from X, onto X(t), and S(0) is the identity
on Xj.

(iii) For all x = (0, rycosay, rysinay, -+ , 1, COSap, FySinay, -+ ),
S\, 2m)x
(8) =(0,r1 cos(a1+2'm01),rl sin(a,+2m01),~~ s

rncos(an + 2mb,), rysin(a, +2mé,), ---).
(iv) The right and left derivatives (d*/dt)S(®, t)x, (d~/dt)S(O, t) x exist
for every t € R! and x € Xy. Moreover

(9) (d*/dt)S(8, t)x € X(t)* = the orthogonal complement of X(t) in £*,

o 12
(10) Sltlp|%S(9, Hx|p2 < (kzl 4k r,%) n=|x|x, n <+o0 Yx € Xp.

Proof. 1t is clear that properties (i)-(iii) follow from the facts (1)-(3) and (6).
Recalling the geometrical meaning of Ry (6, ¢) (or by the direct calculation), we
can easily deduce (9). Moreover, since |adrz (Ri(6, )x) |g2 = re 2k m| sin(0 —ay )|,
we obtain

-~ 1/2
iS(O, x| <supre2km< (2 r2 4") n=|x|x,n. O
dt 22 k k=1

sup
t

The compactness of orbits S(0, t)x is assured by the following result.

Proposition 2. Ler X = {x € £2; |x[}, = x3 + 332, 4 (x3_, + x%) < R%},
R>0; then XF isacompact setin ¢2.

In particular, X§ = {x € Xo ; |x|}, < R*} and X®(t) £ S(8, t) X are
compact sets in £2.

Proof. Let x" = (&,¢&%,--- , &, --+) € X} then by the usual diagonal ar-
gument we can extract a subsequence of x” denoted again by x” such that
¢ = &casn—oo forall keNU{0}. Since

m 1/2
{(53)2 +) 4k ((cgk_l)2 + (cgk)z)} <R foralmeN
k=1
and (&5,&7,---,¢&p) convergesto (&, &, ,&m) in R™, we easily see

m 12
{(50)2+Z4k(522k_| +~f%k)} <R forallmeN,
k=1

whence follows x = (&, &, -+, &m, --+) € XF. Moreover x € X® implies
that (&2, +&2)/2 <27 R forall k € N and that for an arbitrary ¢ >0
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there exists a number N such that 2372 v.,(27¥R)? < ¢?. Therefore
2N o) 00
" -xp <Y RGP+ X ORI+ Y P
j=0 j=2N+1 J=2N+1
2N
<Ll -gP e
]:

Hence limsup,_,. |x" — x|, <& forall ¢>0,ie., x" —x in £2. Thus
XR is proved to be compact in ¢2. The same argument as above assures that
X® is also compact in £2. Since X(7) is the image of XX by S(O, ¢) which
is cox}tinuous from ¢2 into itself, XR(¢) turns out to be compact in £2 for all
teR'. O

PERIODIC SYSTEMS

Let R be a positive number and for each ¢ we put

W [0 if xe xR,
o) = {+oo if x o2\ XR().

Since XZ&(#) is closed convex, it is clear that ¢! € ®(£2), D(p') = XR(¢)
and X(t)* c d¢'(x) for any x € XE(t). Furthermore, in view of (7),
(9) and (10), we find that ¢’ is periodic with period 2 and for every x €
XR, u(t) = S(8, t) x gives a solution of the equation (E) with u(0) = x.
At the same time, this fact assures that {¢'},cq: satisfies the t-dependence
conditions introduced in Yamada [15], Kenmochi [8,9], Kenmochi and Otani
[11], Haraux and Otani [7] and Otani [13,14].

Now the existence of an almost periodic solution of (E) which is not quasiperi-
odic is assured by the following result. For the notion of almost periodicity and
quasiperiodicity, we refer to Amerio and Prouse [1] and Fink [6].

Theorem. Let 6 =(6,,0,,---,0,,---) belinearly independent over Q, i.e.,
forevery meN, {6,,---,0,} arelinearly independent over Q. Then for
every x € XR, u(t,x)=S(8,1t)x gives a solution of (E), which is almost
periodic but not quasiperiodic.

Proof. The precompactness of the orbit {S(0, t) x},cg is insured by Propo-
sition 2. Therefore it follows from Theorem I of [7] that (¢, x) is almost
periodic. Let x = (0, rycosa;, risiney, -+- , r,COSaQy, rySinay, ---) € XX
and e; be the unit vector whose j-th component is 1.

Since  x = Y72, (rk cosay ey + ry sinoy ey), we get

u(t, x) = 3 u(0),

k=1

where wu,(t, x) =S(0, t) (ry cosay €y_1 + i sinay ey).
For any m € N, define the restriction operator P, from ¢2 onto R2mt!
by x=(x0, X1, , Xg, )= Pux = (X0, X1, - , X2ms1). Put

Pm(x) = {

0 if xeXR1) 2P, XR(®),
+oo if x e R\ XR(q).
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Then ¢!, € ®(R?>"*') and ¢! has a period 2. Furthermore v™(¢) £
Puu(t, x) = Yy Pmux(t) satisfies: dv™(t)/dt + 09!, (v™(t)) 0. There-
fore as is shown in Remark 4.3 of [7], v™(¢) is quasiperiodic with (m + 1)
basic frequencies {27, 6,,---, 6,}. Hence Y ;. ux(?) (the zero exten-
sion of v™(f) to ¢2) is also quasiperiodic with (m + 1) basic frequencies.
Thus u(t, x) = Y po,ux(t) has a countable number of basic frequencies
{2n,0,,--- ,0m,---}, socan not be quasiperiodic. O
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