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MAYER-VIETORIS FORMULA
FOR THE DETERMINANT OF A LAPLACE OPERATOR

ON AN EVEN-DIMENSIONAL MANIFOLD

YOONWEON LEE

(Communicated by Peter Li)

Abstract. Let A be a Laplace operator acting on differential p-forms on an

even-dimensional manifold M. Let T be a submanifold of codimension 1.

We show that if B is a Dirichlet boundary condition and R is a Dirichlet-
Neumann operator on T, then Det(A + A) = Det(A + A, B) Det(J? + X) and

Dei* A = ' ; Det(A, B)Dct* R. This result was established in 1992 by

Burghelea, Friedlander, and Kappeler for a 2-dimensional manifold with p =

0.

1. Introduction

Let M be a compact oriented Riemannian manifold of dimension d, and
let T be a submanifold of M with dimension d -1 such that T has a collared

neighborhood U diffeomorphic to T x (-1, 1). Let Mr be the compact man-
ifold with boundary Tur obtained by cutting M along T. Let E = SPT*M
be a p-th exterior product of the cotangent bundle T*M, i: Mr -* M be the
identification map, and Er:= i*E.

Define the Dirichlet boundary condition (A + A, B) to be

(A + A, B): C°°(Mr, ET) - C°°(Mr, ET) © C°°(dMr, Er\dMr),

œ^ ((A + A)tü, colour).

Define the Poisson operator Pb to be the restriction of (A + A, B)~x to 0©
C°°(dM\-, E\-\dMT) • Let v be a unit normal vector field along dMr ; one can
extend v to be a global vector field on MT by using a cut-off function. Define
the Neumann boundary condition C to be

C: C°°(Mr, Er) - C°°(dMr, Er\dMr),

CO H-» VvCû\dMT.
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Definition. For any positive real number A > 0, define R(X) to be the compo-

sition of the following maps:

C°°(Y, E\r) ^ C°°(r, E\T) © C°°(Y, E\r) © 0

%C°°(Mr,Er)

■Sc^ír.^iriec^ír.^ir)

~%fc°°(r,E\r),

where A,a is the diagonal inclusion and A.y is the difference map.

Then R(X) is a positive definite selfadjoint elliptic operator. When A = 0,

both the Laplacian A and R have zero eigenvalues and so detA = deXR =

0. In this case we define the modified determinants det* A and det* R to be

the determinants of A and R respectively, when restricted to the orthogonal

complement of the null space.

In [BFK], Burghelea, Friedlander, and Kappeler proved that on a 2-dimen-

sional manifold and for the trivial line bundle E = A°T* M,

(1) Det(A + A) = Det(A + A, B)DeXR(X) forA>0,
(2) Det*A=^Det(A,fi)Det*Ä,

where V is the area of the manifold and / is the length of T.

Let %AP be the space of harmonic p-forms equipped with the natural inner

product (cp , ip) = JM cp A *y/ = JM(tp, tp)dvol(M), where ( , ) is a metric in

E = APT*M induced by the Riemannian metric g on M. Let £Ap\t- be the

restriction of harmonic p-forms to Y. Define an inner product on AAp\y by

(a, /?)r = /r(a, ß) dpy, where dpy is a volume element of Y coming from g

restricted to Y.
Suppose k = dim ^, and let \px, ... , ipk be an orthonormal basis of Wp

and cf>x, ... , ^>k be an orthonormal basis of J^|r . Let J : %?p —> %?p\r denote

the restriction map. Let J(y/¡) = aij<p¡ and let A = (aij)\<ij<k ■ In this
paper we extend the result of Burghelea et al. to arbitrary even dimensions and

arbitrary p-forms.

If M is a compact oriented Riemannian manifold of dimension d with d

even and E = APT*M, then

Theorem A.  Det(A + A, B) = Det(A + A, B) Det R(X) for any A > 0.

Theorem B.  Det* A = -r^-^ Det(A, B) Det* R.

Remark. If p = 0, then E = M x R, and the matrix A is (-jL).   Hence

Theorem B reduces to

Det*A=yDet(A,ß)Det*i?,

as stated in [BFK].

II. The proof of Theorem A

In [BFK], it is shown that

Det(A + X) = cDet(A + X,B)- DeXR(X),
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and that logDet(A + A), logDet(A + A, B), and logDetiî(A) admit asymptotic
expansions;

OO

logDet(A + A),logDet(A + A,ß)~ ^ ak\X\~k/2 + ß0log\X\,     witha0 = 0,

k=-d

oo d

logDet i?(A) ~ Y, nj\M'j/2 + E 9j\Mm log |A|,     with
j=-d j=o

n°= EaíñjiFj d , Jd-\(s. ¿; *)M*)Ií=oäfvoi(x),

where

Jd-i = (s,X-x) = ^ijRdJc-j^r_i_(d_i)(Kp,^vx,djdp,

/•_! =(/í-p,(A,X,íí))"1,

'•-i-y = -(/í-Pi(A,x,^))_1

/-' i

'E    E    ^ö{°p1_/(AJx,{)-D?'-_1_^>A,x,i)
k=0 .  .   f .   , °"

\a\+l=j-k

o(R(X)) ~ p» + po + P-i H-  asymptotic symbol of i?(A), {^y} a partition
of unity subordinate to coordinate charts, and y is a curve on a complex plane

enclosing all the eigenvalues of R(X) counterclockwise.

Hence

l0gC= -7T0»

The proof of Theorem A reduces to the verification of the following equation:

Pi-j(x, -<*, A) = (-l)Jpi-j(x, <;, A).

Then  r_!_7(/i, yfr, x, -Ç) = (-l)h-x-j(p, \j\» x, Ç), so when  d  is even,

r_i_(d_i)(p, A,x,(;) is odd with respect to £.  So Jd-x - 0 and no = 0.

Therefore we conclude

Det(A + A) = Det(A + A, B) Det R(X).

Definition. Let U be a collared neighborhood of Y diffeomorphic to Y x

(-1, 1) with diffeomorphism r\: U —> Y x (-1, 1). Let T, = n~x(Y x t),

-1 < t < 1. LeX 7V,+, Nf be Neumann operators to each side with respect to

A + A ; i.e. if cp e C°°(Yt, E\Tt), define N+(tp) = V„,K|r., where (A + X)u = 0
in M - Yt, u\r, = (p , and vt is a normal vector field along Yt.

Then

R(X) = -(N+ + NQ~).

Lemma 1. Ina local coordinate system such that the first fundamental form looks

like
(gij(x,t)   0\
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on Y x (-1,1), the Laplacian is A = -fa + F(x ,t)j-t+At, where At is the

Laplacianon Yt and F(x, t) isa C°°-function valued (d) x (d) matrix. Then

dN+ _
-(N+)2 + F(x,t)NA + (At+X),

= (Nn2 + F(x,t)Nr-(\+X).

dt
dNj_

dt
Remark. The idea to consider the Neumann operator as a solution of operator-
valued differential equations goes back to I. M. Gel'fand.

Proof. It is enough to show that the first statement is true.     Let   cp   e

C°°(Y,, E\r¡). Choose u(x, t) e Cx(Mr,, Er,) such that (A + X)u(x, t) = 0
on M - Yt and u(x, t)\r, = <P ■ Then

-j-(u(x, t) = Nl+(u(x,t)),

^u(x, t) = £-(NA(u(x, t))) = ^f(u(x, t)) + N; (^

/ dN+ \
= [-^- + (NA)2ju(x,t),     and

■j^u(x, t) = F(x,t)-jj + (A, + X)u(x, t)

= (F(x,t)N++A,+X)u(x,t).

dNT
Hence ^- + (7V+)2 = F(x, t)N+ + (A, + X), so

dNA
dt

= -(N+y + F(x,t)NA + (At + X).

Lex

o(NA) ~ ax + a0 H-h a»_, +

a(Nt~) ~ßx + ßo + ••• + /?._»• +

o(A + A) ~ (o2 + X) + Ox+ oq.

Note that

'd-i

ff2 + A=    £>%»i,+A ]ld,

,0=1

1
*(W)2)~E     E     Tjdfai-iDZai-j,

k=0 \w\+i+j=k
i,j>0

1  dwhere co is a multi-index and Dx = \4-
A       i dx

dN7     dN,
Since -jf-, —¡ft-  are first order operators,  -a2 + (o2 + X) = 0 and ßf

(o2 + A) = 0. So

ai = ßi =

d-l

i  E f'tltj + Ud   and   ax+ßx=2
\ 0=1

d-l

Y,Si¡Uj+^d,
0=1
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which is even with respect to £. Note that -^ = -(2a0ai + d^ax • Dxax) +

Fax + ax and *fc = (ißoßx + dtfi • Dxß{) + Fßx - ox. Hence

1  _i /  dct\     ,       n „ \
ao=2Qi    (—-r-- dsax - Dxax + Fax + ox j ,

ßo = \ßx~X (^ - dißx • Dxßx - Fßx + a,) .

Since ax = ßx , it follows that ao + ßo — a~l(dçax • Dxai + ffi), which is odd
with respect to Ç.

Theorem. // o(R(X)) ~Pi + Po H-\-px-j + ..., then Px-k, which is equal to
-ax-k - ßx-k. is even (odd) with respect to <* when k is even (odd).

Proof. Note that one has

M
(«l-^KM-^P-E^+N-* ±<d<Aax-iD<£ax-j + Fax-(k-x)\ ,

I 0</,y<*-l J

ßi-k = \ßx~X {"-Nt^ - E i+j+\a>\=k ^dfßx-iD-ßx-j - Fßx-^-xX

Since ax = ßx = JlZI^Jx Sij^j + Md, we can use (*) for each a<_,, ßx-j to

express a.^ and ßx_k in terms of a>, oi, and ao. In fact,

«—D-o'k'^k'íá-k'^-')-}}
+B-'i'k1*' {k1 {f" k1(f *"'•}}+p"

and

'"-p-'rkéík'té- k'(^i■•■}}
+E<-i)'k'f{k'{f -k'(^-')-}}+ii,

where -^ appears r times and F appears s times, respectively, and qk~r, qk~s,

Pk are functions consisting of some jets of ax, a~[x, o-, , and oq satisfying

qk-r(x,-^) = (-l)k-rqk-r(x,c;),

q*-S(x,~t) = (-l)k-'tf-s(x,i),

Pk(x,-t) = (-l)kPk(x,Ç).

Hence

-Pi-k = a»i-* + ßi-k

-Eká{kfé-k(^)-}}r :  even v v v ' ' '

+ 2   E   yïlF{lr7i{F...lr7i(Fqî-°)-}} + 2Pk,
s :  even * * ' ^
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and so Px-k is even if k is even, and Pi-k is odd if k is odd, with respect

to^.

III. The proof of Theorem B

Lemma 2. ^(e)-1 = J ° (A + e)_1 o (. ® ¿r), where J is the restriction map to

Y and of is the Dirac ö-function along Y.

Proof. For cp e C°°(Y, E\r) choose u such that (A + e)u = 0 in M - Y and

«|r = cp . Then

du     f V„,m = N+(u(x,t)) fori>0,
"{

rfr      I -V_„,w = -Nf(u(x, t))   for i < 0.

Now A(e)ç» = -7V0+(ç>) - N-(tp). So

i?(e)(? + A^.+(M(x,/)) + /?(£)(?,    i>0,

t <0.

Let

ü(x, r) -=

¿w = J -i?(e)(? + tf+(a

dt~\ -Nf(u(x,t)),

N+(u(x,t)) + R(e)tp,    t>0,

-Nf(u(x,t)), t<0.

Then

~ = -R(e)(ç>)®H(t) + v(x,t).

For í > 0,

Hence

= (F(x, t)N+ + A, + e)u(x, t)

dv
dtby Lemma 1. In the same way for t < 0, ^f = (~F(x, t)Nt  + A, + e)u(x, t).

d2u        -,  .     .      dt; .
_ = _jR($,)®(îr + — (x,t)

= -R(cp) ®Sr + (F(x, t)N+ +At + e)u(x, t),

d2u
+ (t(X

(A + e)u = R(cp) ® ôr.

2 + (F(x, t)N+ +At + e)u(x, t) = R(cp) ® ÔT,

Hence
^(e)-1^) = J o (A + e)-' o (cp ® ôr).

iTheorem B.  Det*(A) = ^^ Det(A, B) • Det* R.

Proof. Let k = dim^ . Then

(1) logDet(A + e) = fcloge + log Det* (A) + o(e).

Denote by p¡ = pj(s)  (j > 1) the eigenvalues of R(e) with 0 < px(e) <■■■ <

pk(e) < pk+i(e) < ■ ■ ■ . It is clear that hm£_o/¿;(e) = 0 for 1 < j < k. Then

logDet.R(e) = log/ii(e)---pfc(e) + logDet*/? + (?(£).
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Now we want to calculate px(e) ■ ■ ■ pk(e). Let {y/j}j>i De the complete or-

thonormal system of eigenforms of A with eigenvalue Xj in L2(M, E). For

any cp e C°°(Y, E\r), cp®ôT e H~X(M, E) and (A+e)-x(tp®ôr) e L2(M, E).

((A + e)-x(cp®ôr), y/j) = (cp®ôr, (A +e)-xy/j) = (cp ®ôr, jrrr¿¥j)

= X-7+-el{,P'y/j)dßr'

where dpr is a volume element in Y. Hence

OO j .

(A + e)'x(cp ® ôr) = Y^ y—- / (<P, Wj) dpr • Vj-
~¡Áj + e Jr

Let \px, ... , y/k De harmonic forms and Aj = • • • = A* = 0. Then

1 .k.  r °°       i       r

(2)   R(e)~xtp = -J2    (<P> ¥i)dpr-¥i\r+ E T~T7 / ^' Vj)dpr ' Vj\r-

From (2), one can check that R(e)~l is symmetric and positive definite; it

follows that R(e) is also symmetric and positive definite.

Let </>x(e), ... , 4>k(E) be orthonormal eigenforms of R(e) corresponding to

eigenvalues px(e), ... , pk(e). Then cf)j(e) —> 0y as e -> 0, where cp¡ is

the restriction of a harmonic form to Y with (<pj, </>;)r = 1. Let a¡j(s) =

(y/i, <j)j(e))r, 1 < i,j < k, and A(e) = (a,;(e)). Now Wir = aij(e)(t>j(e) +

Wi(e)\r for some y/¡(e)\r e (span{r/>i(e), ... , ^(e)})-1. Define

by

Then

Define

by

/: C°°(Y,E\r)^C°°(Y,E\r)

Í» ̂ E /(?> Vj) dfir ' Vj\r = J2(<P, ¥j)r • Vj\r-
j=iJr j=i

k

(I(Me)), 0>(e)>r = $>/(<0û/;(e) = C^yOO-
/pppppI

OO j

p~ E
;-fc+l   y

Then ||(7..||L2 converges to ¡p- > 0 as e -» 0. Now

i?(e)-1(9')=7^) + G£(?')-
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For 1 < j < k ,

^- = (R(e)-xcPj(e),cpj(e))

= ^(1(^(6)), tpj(E)) +(0^(6)),^))

= l1('AA)jj(e) + Nj(e),

where Nj(e) = (Ge(cj)j(e)), 0;(e))r is bounded as e -» 0. For i £ j, 1 < i, j <

k,

0=(R(e)-ï(cPi(e)),cpj(e))

= ^(I(<pi(e)),<pj(e)) + (Ge(cpi(e)),<pj(e))

= j('AA)ij(e) + (Ge(cl>i(e)),cpj(e)).

Since ('AA)ij(e) and (Ge(tpi(e)), <pj(e)) are bounded, (tAA)¡j(e) —> 0 as e —>

0. So

„o'^rO1"^1"1)^''^'^'"1)

where N(e) is bunded as e -> 0. Hence

(3) logDetÄ(e) = »Uoge - log(deM)2 + logDet* R + o(e).

If we combine equation (1) and equation (3), we get

logDet* A = -log(det^)2 + logDet* R + logDet(A, B).
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