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SOME COMPLETE RICCI-FLAT KAHLER METRICS IN CP?
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ABSTRACT. In this article, we give an explicit construction of complete Ricci-flat
Kahler metrics in CP2\{ three complex lines in general position } .

1. INTRODUCTION

In [3], S.-T. Yau proved the existence of Ricci-flat metrics on compact Kahler
manifolds, it then seems natural to consider the same problem on noncompact
Kahler manifolds. For general existence theory, we refer the interested read-
ers to [1] and [2]. In this article, we can explicitly construct some solutions
of complete Ricci-flat Kahler metrics in CP?2\{ three complex lines in general
position } .

2. AFFINE CONSIDERATION

Given a Kahler manifold (M", w), it is well known that its associated Ricci-
tensor is (—)d,0; logdet(g;;), where w = —v/—1g;;dz' Adz/ is the Kahler
form of the manifold. Also, notice that the det(g;;) is the associated vol-
ume form, and the condition of Ricci-flatness is equivalent to the equation
09 logdet(g;;) =

Specifically, in thls article, we are mterested in constructing complete Ricci-
flat Kahler metrics in CP?\{ three complex lines in general position } . Using the
automorphism group of CP?, which is PGL(3, C), without loss of generality,
we may assume that our noncompact Kahler manifold is CP?\{x = 0,y =
0, x+y+1=0}, where (x,y) € C? denotes the complex coordinate system
in C2. And to construct complete Ricci-flat Kahler metrics is equivalent to
solving for the associated Kahler potential W , of the following form:

(2.1) det(8;,0;W) = |xy(x +y + 1)|"* in C*\{xy(x +y + 1) =0}.

If so, then the Kahler metric is given by ds? = (8;0;W)dz' ® dz/ .
In constructing explicit solutions of (2.1), we restrict ourselves, in this article,
to special Kahler potentials W , of the following form:

(22) W=¢of+wog where ¢, w:C— R are smooth functions and
f, g:C? - C are meromorphic functions.
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Simple computations imply that equation (2.1) is equivalent to the following:
(2.3)
(809)(@0W)II(f, &) =|xy(x +y + 1|2 in C*\{xy(x +y+1) =0},
where J(f, g) is the Jacobian of (f, g).

So, our goal is to solve for ¢, v, f and g such that ds? = (9;0;W)dz'®dz’
gives us complete metrics in CP?\{xy(x +y + 1) = 0}, which, more precisely,
is CP2\{xy(x +y + z) = 0} if we use the homogeneous coordinate system
(x :y:z) € CP? with the line at infinity defined as {z = 0}.

First, we have the following lemma:

Lemma 2.1. The only possible solutions f, g of equation (2.3) are of the
Sollowing form:

(2.4) f=x%yb(x+y+1)°, for some integers ay,b;, and c,,
(2.5) g =x2y"(x +y + 1), for some integers ay, b,, and c;.
Proof. First of all, we note that equation (2.3) is equivalent to
(2.6) (03¢0 )0y og)=|J(f, &)xy(x+y+1)|™%

_ Secondly, note that the left-hand side of equation (2.6) is of the product form
¢(f) - () ; therefore, the right-hand side must be of the same form. That is,

for some funtions 5 s c}:/' , we have
@27 J(f, @xy(x +y +1) = 8(f) - #(g)-

A careful investigation of the level curves of q~5 and ;; leads to the conclusion

that $( f) = f* and 177(g) = g#, for some constants o and fB. That is, we
have

(2.8) J(f, &)xy(x+y+1)=fgt,
(2.9) 89¢ =|fI"* and 09y =|g|7?#,

(2.10) ds? = Sl |f|_za + 8x8x ° |g|_2ﬂ f;rfy . |f|-2a + 8x8y* |g|"2ﬂ.
HFx 1172+ 88+ 18172 £ fy - 1f1722 + 8,8y - 8177

From the expression of ds? above, equation (2.8) and the assumption that
f, g are meromorphic in C2, the desired conclusion follows easily. O

Actually, we know more about f and g, as shown by the following:

Lemma 2.2. The only possible constants for equation (2.8) to be true are o =
1,8=1,and a;, b;, c; integers, i =1,2, with a; +b;+¢, =0 and a, +
by+c;=0.

Proof. Let f=x%pb(x+y+1)° and g =x%y%(x +y+ 1). Then

J(f, &)xy(x+y+1)
= x“'*"zyb'+b2(x +y+ I)C'+C2((a1b2 —axb +c1by — Czbl)x
+ (a1by — azby + aic; — axc1)y + (a1b2 — azby)).




SOME COMPLETE RICCI-FLAT KAHLER METRICS IN CP? 1875
So, if f, g satisfy (2.8), we will have the following possibilities:

a1b2 — azbl + C1b2 - Czbl =0= albz - azbl +a ¢ —ax,

a
( ) albz—azbl 790
and
a)+ a; =aa; +ﬂ(12,
bl +b2 =ab1 +ﬂb2,
C1 + ¢ = ac +ﬂ(22;
or
(b) aib, — arby + c1by — ;b1 =0 =a1b, — ay by,
aib; —aby + ajc; — aze; #0
and
a,+a; =aa; + pay,
b1+b2+1 =ab| +ﬂb2,
a+c=ac + e
or
© a\by — ayby + ayc; — ayey = 0=a by — ayb,,
aib, —axey +c1by — by #0
and
a+a+1=ca + fay,
b] +b2=ab1 +ﬂb2,
o+ =ac+ oy
or

(d) albz - a2b| + Clbz - Czbl = albz — a2b1 + a1 —axty = albz - a2b1 # 0
and
a,+a; =aa + fay,
by + b, = ab; +ﬂb2,
ca+c+1=ac + Bc.
Finally, after some simple computations, it is easy to see that only case (a)

is possible and for this case, we have a = 1,8 =1,a; +b; +c¢; = 0 and
a+by+c=0. O

In summary, the special Kahler potential of the form (2.2) with f =
x¥yh(x+y+ )7, g=xayn(x+y+1)%, ai+bi+c =0, ;+h+a=0,
satisfies (2.1) and it gives a metric

dsz - f;cf;c * Ifl-z + 8x8x ° |g|_2 f:xf; * |f|-2 + gxgy * |g|_2.
f;zf;c 172+ gy8x - gl fyf; Af172+ 88y - 18172

(2.11)

We need further verify that (1) ds? can be compactified to give a smooth
metric at the line of infinity, CP!; (2) ds? is complete in neighborhoods of
the deleted set, {xy(x +y + 1) = 0} . We will do this in the next section.
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3. PROJECTIVE CONSIDERATION

First, we do some changes of variables.
In a neighborhood of (1:0:0) € CP?, we use the new coordinate system
(u, v), where

(3.1) u=— and v="2
X

or equivalently

(3.2) x=- wdy:%.

Expressing the metric in terms of the new coordinate system (u, v), we have

_ (e A OB U7 g+ vl - 1817
W (s+05)001/172)
+1ae (Bx+02))8y°18172)
~ iz (v f) 117
+a (e +vgy))gy0l8172)

Tl|f(fy Sl f172+ 88y - 18172

ds?

(3.3)

Moreover, it is easy to check that ds? is smooth across the line of infinity.
Similarly, ds? is smooth across the line of infinity in neighborhoods of (0:1:
0) and (1:—1:0). So these show that ds? is a smooth metric across the line
at infinity.

Next, we will show that ds? is a complete metrc in a neighborhood of the
set {xy(x +y + 1) = 0}. Without loss of generality, we need only study the
behavior of ds? in a neighborhood of {x = 0}. But in a small neighborhood
of (0, yg) € C?, we have

gt l@+e)x+ay+ ai)? +|(az + ¢)x + azy + aa)? dxdx
Ix(x +y+1)2
[((a1 + c1)x + a1y + ap)(@1x + (b +¢1)p + by)
I xP|(x +y+ 1)
((az + )X +ay + @) (0% + (b +02)y + b))
xpl(x +y+1)?
[((@y +c1)x + a1y +a)(crx + (b +¢1)y + by)
xpl(x +y+1)2
((az + 0)X + &Y + @) (C2x + (by + ¢2)y + b)) dxdy
xpl(x+y+1)]2
|c.x +chy+ )y + b2+ |eax + (by + ¢2)y + by dydy

+

dxdy
(3.4) -

y(x+y+1)?
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2 2
~ aYvotail”+ |a2);o + a| dxdx
Ix(yo + DI ) ) )
+ (@1yo + a1)((by + ¢1)yo + 1_71) + (azJ;o + a)((b2 + C2)y0 + bZ)dxdy
Xyolyo + 1|
(@130 + @1)((by + c1)yo + by) + (@290 + a2)((b2 + c2)yo + bZ)d)_Cd
s 4 »
Xyolyo + 1|
[(b1 +c)yo+ bl + (b2 + )y + ba)? ,
dydy.
Voo + D) ey

This asymptotic behavior of ds? readily shows that ds* is complete in this
neighborhood. In conclusion, we have the following

+

Theorem 3.1. In CP? — {xy(x +y + z) = 0}, we have the following complete
Ricci-flat metrics:

ds? = f:tf} . |f|_2 + 8x8x* |g|_2 f;cf} . lfl-z + 8x8y* |g|_2.
Hfx 1f172+ 8y 8x - 18172 Sy - 1f172 + 8,8y - 18172

where f=x%yb(x +y+1)% and g = x2yb(x +y + 1) with a;, b, ci € Z
and ay+b1+c;=0,a,+by+c,=0. O

Remark. Since, for flat metrics on CP? with three generic lines deleted, the
associated automorphic group is the free abelian of two generators, some of
our constructed metrics in the main theorem definitely would be nonflat, by
naive counting. More generalizations along this direction will appear in a forth-
coming paper.
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