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REFLEXIVITY OF TENSOR PRODUCTS
OF LINEAR TRANSFORMATIONS

WING SUET LI AND ELIZABETH STROUSE

(Communicated by Palle E. T. Jorgensen)

ABSTRACT. Let 4 and B be linear transformations on finite-dimensional
Hilbert space. We characterize the reflexivity of 4 ® B in terms of certain
characteristics of 4 and B.

1. INTRODUCTION

Let # and # be separable, complex, Hilbert spaces, and suppose that T
and T, are bounded linear operators acting on # and /% , respectively. Then
the tensor product 7; ® T, is a bounded linear operator acting on # ® #;,
and one may ask to what degree the structure of 7) ® 75 is determined by that
of T} and T5. For instance, it was shown in [2] that the spectrum o(7} ® T3)
is determined by the equation

o(Ty @ Th) = 0(T1)a(T2) = {Au: A€ a(Th), u€a(T)}

Also, if T; is similar to U; via the invertible operator X;, i = 1, 2, then
T, ® T, is similar to U; ® U, by virtue of the equation

X X)) (T e Th)(X1® X)) ' =U @ Uy,

and so the similarity invariants of 7; ® T, are completely determined by those
of T} and T,. However, this information alone does not enable us to answer
all questions concerning the structure of 7, ® 75 in terms of the structure of T;
and 7;. For example, one may ask whether the reflexivity of 7, ® T, follows
from that of 77 and (or) that of 75. Very recently it was shown that in the
infinite-dimensional case (see [5]) there exists 7; and 7 reflexive such that
T, ® T, is not reflexive. One is led to ask whether this type of “pathology”
is possible in the finite-dimensional case. We show here that it is not. We
present in addition (Theorem 3.1) necessary and sufficient conditions for the
reflexivity of the tensor product of two operators. This characterization of the
tensor product is an easy consequence of the Deddens-Fillmore theorem [4]
and a result from linear algebra concerning Jordan forms of tensor products.
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Results concerning the Jordan form of tensor products were first obtained in
the 1930s by Aitkin, Roth, and Littlewood [1, 8, 6]. Some gaps in the original
proofs were filled in more recently by Marcus and Robinson [7] and by Brualdi
[3]. These results were rediscovered independently by the authors. We present
an elementary proof in §4.

2. NOTATION AND PRELIMINARIES

Let #(#Z) be the algebra of all bounded linear operators on a complex
Hilbert space # , and let &/ be a subalgebra of #(#). We define Lat(%)
to be the lattice of invariant subspaces of the family & and Alg(Lat(%/)) to
be the subalgebra of & (#) of operators which leave invariant all elements of
Lat(&/). We say that & is a reflexive algebra if &/ = Alg(Lat(%/)). We say
that an operator T € % (#) is reflexive if the weakly closed algebra generated
by T and the identity operator I is reflexive.

Now, suppose that # is finite dimensional. For each A in € and n in /"
(the set of positive integers) let J(4, n) be the n x n complex Jordan block
matrix with eigenvalue A (with 1’s above the main diagonal). We denote by
N, the matrix J(0, n), the nilpotent matrix with degree of nilpotence equal
to n. Let 0 be a fixed linear ordering of . An m x m complex matrix
A will be said to be in Jordan form provided A is a direct sum of Jordan
blocks, say 4 = @f;l J(4;, n;), in which the distinct terms of the sequence
{41, ..., A} appear as in the ordering 6 and the Jordan blocks corresponding
to the same eigenvalue appear with increasing size. In the following, we denote
by #, an n-dimensional complex Hilbert space equipped with a fixed (ordered)
orthonormal basis &, = {e', ..., e;}, and we say that an operator on #, is in
Jordan form when its matrix with respect to ¢, is in Jordan form. Clearly each
operator T acting on %, is similar to exactly one operator in Jordan form on
%, which we denote by J(T).

Definition 2.1. Let 4 € #(#), and let A be an eigenvalue of 4. We define:

e ni! to be the size of the largest Jordan block belonging to 4,

e mf to be the size of the second largest Jordan block belonging to 4
(m# =0 if 4 has only one Jordan block belonging to 1),

e S, to be the set of all nonzero eigenvalues of A associated with a
one-dimensional eigenspace, and,

e T, to be the set of all nonzero eigenvalues A of A such that nf—m{ >
1.

We say that A has the Deddens-Fillmore property for A if nf —m{ <1.

We note that the Deddens-Fillmore theorem characterizes reflexive linear
operators on finite-dimensional Hilbert space as exactly those operators A such
that for each eigenvalue A of A, nf—mj < 1. Thus, if 4 isreflexive, Ty = &.

Now, suppose that 4 and B are linear operators acting on the Hilbert spaces
#, and #,, respectively. In order to determine the reflexivity of 4 ® B, we
need to know the relationship between the Jordan form of 4® B and that of 4
and of B. Since A® B is similar to the matrix J(4)® J(B), we may assume
that A and B are in Jordan form. Since, by definition, the matrices J(4) and
J(B) relative to the orthonormal bases {e/"}7 | and {e7}}_, for #, and #;
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have the form
JA, i) ®J(Ar, i2) - d J(4s, Is)

and

J(/‘tl s .]1)@‘,(:“‘23 12)®®J(”l> jl),
respectively, it is clear that the matrix of J(A) ® J(B) with respect to the
orthonormal basis {e["®e', e["®e}, ..., el"®e), ..., e, ®ey} will have the
form

P Ok i) eI, i)
1<k<s, 1<I<t

Thus, the following theorem contains the necessary information.

Theorem 2.2 ([1, 3, 6-8]). Let n and m be positive integers.
(i) Let m < n. The matrix J(0, m)® J(0, n) = Ny, ® N,, has Jordan form

m— l
0,0)®(J(0, m)® In—ms1)-
z=1
(ii) For u # 0, J(0, m)® J(u, n) has Jordan form @;_, J(0, m). Simi-
larly, for A#0, J(4, m)®J(O n) has Jordan form @;., J(0, n).
(iii) Let m<n. For A, u#0, J(A, m)® J(u, n) has Jordan form
j=m-1
(J(Au, n —m+1+2j)).
j=0
Proofs of Theorem 2.2 have appeared in [1, 3, 6-8]. The authors rediscovered
this theorem recently and present a new proof of it in §4.

3. THE MAIN THEOREM

Let nf R mf, S4, and T4 be defined as in Definition 2.1. We present nec-
essary and sufficient conditions for the reflexivity of 4A® B.

Definition 3.1. Let T be a linear operator on a finite-dimensional Hilbert space
H. We say that A is of type p if A is similar to a matrix of the form
J(A,1)® Ay where A #0 and a(4y) = {0}.

Theorem 3.2. Let A and B be linear operators on finite-dimensional complex
Hilbert spaces #, and #, respectively, where dim# and dim# are both
greater than 1. Suppose that neither A and B is of ‘type p’. Then A® B is
not reflexive if and only if

A,B
(1) 30€S4UT4 , o€ SauTy SUCh that nf +ng — 1> max{M >, , 1}

where M/{:ﬁ {nf +nB:2 € 0(d), peoaB), ip=Iipo, (A, u) #
(A0, Ho)} .

Proof. First, suppose that (1) holds. Let 4o and yo be such that nf0+nfo—l >
max{M/{i’,ﬂo, 1}, and set y = Aouo. We note that y # 0. Since (1) holds,
Theorem 2.1(iii) implies that

nA®B

—n,10+n -1
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and that

A®B _ ,A | B _
mye% = n3 +n, —3.

Thus y does not satisfy the Deddens-Fillmore condition for 4 ® B, and
A ® B is not reflexive.

Next, suppose that (1) does not hold and that y does not satisfy the Deddens-
Fillmore condition for A® B. If y #0, then y = Au where

A®B _ pA | nB _
ny®% =ng+n, — 1.

Since (1) does not hold, we may assume without loss of generality that A €
ag(A)\(S4UT,). Then A satisfies the Deddens-Fillmore condition for 4, and
m4 > 0. But, in this case

AQB A B
m® >mi +nj -1,

and so nfl — m{ > n®8 — mA®5 > 1, contradicting the fact that 4 satisfies the
Deddens-Fillmore condition. Thus every nonzero eigenvalue of A ® B satisfies
the Deddens-Fillmore condition.

So, suppose that 0 € (4 ® B). There are three possible cases:

(i) 0ea(4), 0¢a(B);
(i) 0€a(B), 0¢a(A);
(i) 0ea(4)Nna(B).
The first two cases are clearly equivalent.
In case (i) we have

A®B A®B A
(2) nd®B = meB _ pd.

To see this, let M = max,e,pynj. If M > 1, (2) follows directly from
Theorem 2.2(ii). If M = 1, then, since dim-/ > 1, B has at least two
eigenvalues, and so (2) once again follows from Theorem 2.2(ii). Thus, in cases
(i) and (ii), O satisfies the Deddens-Fillmore condition.

So, suppose we are in case (iii) and that o(A4) = ag(B) = {0}. Then, by
Theorem 2.2(i), ni®® = N = min{n§, n§} and, as above, we may assume
N > 1. In this case, if n§ # nf, mi® = N,andif nf =nf, mi{® =N-1.
Now, suppose a(4) # {0}. Then, if o(B) = {0}, then ni®® = mi®8 = nf,
using the fact that A4 is not of type p. If a(B) # {0}, then, using the fact
that neither 4 nor B is of type p, with Theorem 2.2(i), (ii), we see that
ni®® = m#®® = max{ng, nf}. In each case, O satisfies the Deddens-Fillmore
condition, and so 4 ® B is reflexive.

The condition for matrices of type p to be reflexive are slightly different:
(I) If A and B are both of type p, then A ® B is reflexive if and only if

ng <max{mf,nf}+1 and nf < max{m{, n§}+1.

(II) If one of the two matrices, say A4, is of type p and B is not, then
A® B is reflexive if and only if all nonzero A in the spectrum of B satisfy the
Deddens-Fillmore condition and nf < max{m§, nf} + 1.

We present some corollaries detailing the more interesting consequences.
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Corollary 3.3. Let A and B be linear operators on finite-dimensional complex
Hilbert spaces # and #, respectively, where dim# and dim# are both
greater than 1.

(i) If S4UT4 =2 = A® B is reflexive for all B not of ‘type p°.
(ii) If A and B are both reflexive, then A® B is reflexive.
(iii) If A is reflexive and S, = &, then A® B is reflexive for all B.
(iv) If a(A4) = {0}, then A® B is reflexive for all B not of ‘type p’.

Corollary 3.4. Let T be a finite rank operator on a Banach space E . Let E,®E,
be a direct sum decomposition of E such that E, is finite dimensional, E, €
LatT, and E; CkerT. Then T is a reflexive operator if and only if Tig, isa
reflexive operator. Thus (i)-(iv) of Corollary 3.3 hold for finite rank operators
A and B.

Proof. Suppose that Tjg, is a reflexive operator. Let S € Alg(Lat(7)). Then
Sik, € Alg(Lat(0g,)), so Sig, = Alg,. Let v € E,, and set E| =span(E;, {v})
and E; = the complement in E of Ej. Since Tig, is reflexive, the Deddens-
Fillmore theorem implies that T, E! is reflexive. Thus S, E = q(T), and S|E£ =
Ag; with ¢(0) =4. So S =¢(T), Alg(Lat(T)) is composed entirely of polyno-
mials in T, and T is reflexive. On the other hand, if T is reflexive, the fact
that Lat T = Lat 7|z, ® LatOg, implies immediately that Tig, is reflexive.

4. PROOF OF THEOREM 2.2

It is well known and easy to derive that, if A4 is any linear operator on
finite-dimensional Hilbert space, then

dim(ker(4 — A)¥) — dim(ker(4 — 1)~ 1)
3) = number of Jordan blocks belonging to A of size > k
in the Jordan decomposition of A.

So, let Tp,n=J(A, m)®J(u, n) — Al . For A= pu =0, rank(T¥ ,) =
(m-k)(n—k);for A=0and u#0, rank(T,’,‘,,,,) = (m—k)n; while for 1#0
and =0, rank(T,’,‘,,,,) = (n—k)m (easily calculated by multiplying the block
matrices and noticing that the rank of the resulting matrix is exactly equal to
the number of nonzero rows). (i) and (ii) follow directly.

The proof of (iii) is more complicated. First, note that the matrix of T, ,
with respect to an appropriate basis is of the form

AN, J(u,n) 0 0

0 AN,  J(u,n) :

Tm,n= 0
AN, J(u,n)

o ... ... 0 AN,
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Let
(J(u, n))m-1 0 0
0 (J(u, n))m=2 :
X= : : . :
: (J(u,n) O
0 0 I,
It is easy to see that X is invertible and that C,, , = X~ !(T,,, ,)X is of the
form
AN, I, 0 ... O
Cm,n= : 0
: . AN, I
0 ... ... 0 AN,
Notice that rank(7,,, )¢ = rank(Cp, ,)* and that
aoN,’,‘ alN,’,‘“ . (l,,,..]]\/,lf_m'H
Cmn)=| O

: ayNk  a Nk-!
0 0 agNk

where a; = A*~(*) and we define N, =0 for j >0 and (¥)=0if i>k.
We use two rather technical lemmas to determine rank(C,, m)k.

Lemma 4.1. Let p,k,re Z, k>p >0, p+r>0. Let A be the matrix
with coordinates
k .
(4) a[j—(p_i+j) (i,j=0,1,...,p+7r)
where (',‘) is defined to be zero for | > k or | < 0. Then
kyoktly . k+p+r
seiq - DG ()
- (k+r)(k+r—l)”.(k—p)
p+r’ > p+r—1 0
Proof. Notice that, for notational convenience, our matrix has a ‘Oth’ row and
a ‘Oth’ column.
Let Ai ,,, be the matrix defined in (4). We claim that

k

det(Ay p,,) = - det Agyy pi1,r2
p+r
which proves the lemma (by induction on p +7r).

Given a matrix Ay , , to see that the claim is true, just subtract (—-—-af_"|°0 =

f=it1) times the (i — 1)st row from the ith row, and put the result into the
ith row. Since

k _p—i+1< k )_ J ( k+1 )
p—i+j) k-p+i\p—-i+j+1) k—p+i\p—-i+j+1)’
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the new matrix has entries

a,j, i=0,0<j<p+r,

O, lSiSp"'r’j:Oa
bij = j k+1

T . - . . > 1<l9< 3

k—p+l(p-—t+]+l) Shsp+r

so that
(k)
k
detdy p, , = (p) det[b; 17, = Zﬁ—,j det Aicy1,p1,r-2-
p+r

Lemmad4.2. Let m,n, ke AV, m<n. Then

( m(n —k) ifk<m-n,
RY
gm-l-t;—k) ifn+m-1>k>n—-m
and m+n —k even,

. m+n—-k+1)(m+n—-k-1)
Rank(T,, n)"* = 4 4

ifn+m-1>k>n—-m

and m+n -k odd ,

| 0 ifk>m+n-1.

Proof. We divide the matrix (C,, ,)¥ into m blocks of n rows and denote by
ROW(I, J) the Jth row of the Ith block. The rows can then be divided into
m + n — 2 equivalence classes {R, };":2" where

R, ={RU,J): 1+ J =p}.

We note that R, has o, elements where

j_l, j=2,-'-9ma
aj={m, j=m+1,...,n+1,
m+n+1—-j, j=n+1,...,m+n,

and that the nonzero rows of (C, )¢ are precisely those rows in the equiva-
lence classes Ry, R3, ..., Rpyyn_k -

Similarly, by dividing (Cp )¢ into m blocks of n columns we define
COL(I, J) and the equivalence classes C, (p=2,3,..., m+n). (As before
C, has o, elements.) It is easily seen that the nonzero columns of the elements
of the class R; are precisely the elements of the class C;,x . Thus {R, };,":2” is
a pairwise orthogonal set and

m+n—k
rank((Cp,»)*) = »_ dim(span(R;))I.
=2
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Now, let

pj = min(a;, ajk)
= min(number of elements of R;, number of elements of C; ).

Since the matrix with rows equal to the elements of R; contains a submatrix
of form (4) with p +r =p;, we get

m+n—k

Rank((Cm,n) Z Dj.

It is easily seen that

pj={a,~, 2SJ:S)’,
ajik, ¥Y<j<m+n-k,
where
n+1-k fork<n-m,
y= %n_k+l fork >n—-mand m+n -k even,
’—n-ﬂ# fork>n-mand m+n—-kodd,

and now a simple computation finishes the proof.

We will now prove Theorem 2.2(iii). Using Lemma 4.2 we see that, if we set
ki = dim(ker(T, »)*) — dim(ker(Ty, »)*~ '), then

m ifl<k<n-m+1,
Ky = m+[—k—:—(;—_——’-’}-)-] ifn-m+2<k<m+n-1,
0 ifk>n+m-1,

where [r] = the greatest integer less than r for each real number r. Thus,
using equation (3),
(0 ifk<n-m+1,
1 ifn-m+1<k<n+m-1
and k — (n—m) odd,
0 ifn-m+1<k<n+m-1
and k — (n — m) even,
L0 ifk>n+m-1,

# of blocks of size k = {

which finishes the proof.
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