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STOLARSKY’S INEQUALITY WITH GENERAL WEIGHTS
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ABSTRACT. Recently Stolarsky proved that the inquality

1 1 1
(%) / g(xV/@¥D) dx > / g(x%) dx / g(x'/%)dx
0 0 0

holds for every a, b > 0 and every nonincreasing function on [0, 1] satisfying
0 < g(u) < 1. In this paper we prove a weighted version of this inequality.
Our proof is based on a generalized Chebyshev inequality. In particular, our
result shows that the inequality (x) holds for every function g of bounded
variation. We also generalize another inequality by Stolarsky concerning the
I'-function.

The following remarkable inequality, recently proved by Stolarsky, has inter-
esting applications (see [6]).

Proposition A. If 0 < g(x) <1 and g is nonincreasing on [0, 1], then, for all
positive numbers a and b, it holds that

1 1 1
(1) / g(x!/@+0)dx > / g(x"/%) dx / g(x"%) dx.
0 0 0
Stolarsky alsc observed that by introducing the quotient Q(g, p) as

1 1
Q.p) = [ gtx)x~dx/ [ xr-tdx,
0 0
we can make a change of variables and formulate (1) as

Q(g,a+b)>0(g,a)0(g, b).
In this paper we will generalize this result by considering the quotient

1 1
0(g, w) = /0 g(x)w(x)dx/ /0 w(x)dx,

where w is a nonnegative and integrable weight function on [0, 1], and by
permitting that g is an arbitrary function of bounded variation on [0, 1] (see
Theorem 1). Our proof is different from that in [6] and based upon some
variants of Chebyshev’s inequality.
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We consider nonnegative and integrable weight functions w;, w,, and w3
on [0, 1] and introduce the notation

W,~(x)=/oxw,~(t)dt//olw,-(t)dt, i=1,2,3

Our main result reads:

Theorem 1. If g is a function of bounded variation on [0, 1] such that 0 <
g(1) < g(x) < g(0) forall x€(0,1) and if

(2) Wi(x)Wi(x) = Wi(x) forall x €0, 1],
then
(3) 8(0)Q(g, w3) > Q(g, wi)Q(g, wy).

Proof. Inequality (3) reduces to an equality for every g = C, and thus we may,
without loss of generality, assume that g(1) < g(0). First we make a partial
integration and find that

0z, w) = [ g(rui dx/ / () dx
= {[g(x) /Ox wi(t)dt]:) - /0] (/Ox w,(t)dt) dg(x)dx} //01 w;(x)dx,
ie.,

4) 0(g, w;) = / Wix)dg(x), i=1,2,3.

Next we note that
1 1
/ Wix)dg(x) — g(1) + g(0) = / (Wi(x) — 1) dg(x)
0 0
1
= [(Wi(x) - gl —/ g(x) dWi(x)

/ g(x) dWi(x / [2(0) — g(x)]dW;(x) > 0

and
1 1

/ Wix) dg(x) = [Wi(x)g(x)l} / g(x) dWi(x) = g(1) - / g(x) dWi(x)
0 0

—/ [g(1) - g(x)1dWi(x) <

By combining these estimates we get

1 ! .
(5) Osm/() Wix)dg(x)<1, i=1,2,3
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Now we recall that the discrete Chebyshev inequality says that

(6) (p1 + p2)(P1aiby + praxby) > (pr1ay + p2a2)(P1by + pabo),

whenever a; > a,, by > by, and p;, p; > 0 (see [3, p. 43]). In fact, inequality
(6) follows from the following equalities:

(a1 — a2)(by — ba)p1p2 = a1byp + (arby + azba)p1p2 + 426203
— ayb1p} — (ar1by + ayb1)p1p2 — arbop3
= (p1 + p2)(a1b1p1 + azbapy)
— (a1p1 + ap2)(b1p1 + byp2).

In view of (5) we can apply (6) with p; = g(1), p, = g(0)—g(1), ay=b, =1,

a = W/ Wi(x)dg(x), and b= —m/ Wi(x)dg(x)
to find that
2(0) [g(l) T—g_«)/ Wi(x)dg(x /W2x>dg< )]
7
> [g(l)— /0 W1<x>dg<x>] [g(l)— /0 %(x)dg(x)l

= Q(g’ wl)Q(g’ w2)'

We also need the following inequality of Chebyshev type of independent inter-
est:

1 1 1 1
/0 Wi(x) dg(x) /O Wa(x) dg(x) < /0 dg(x) /0 Wi (x) Wa(x) dg(x).

Inequality (8) is the classical Chebyshev inequality for integrals with the positive
measure d(—g) provided that g is a nonincreasing function (see {4, p. 40]).
In our case g has only finite variation and we must use a generalized form of
the Chebyshev inequality. In fact, now (8) is a special case of a result by Fink
and Jodeit (see [1, Theorem 2] and [2, Theorem 2]). Here we present another
independent proof of (8) for functions of bounded variation.

For x € [0, 1] we let

X 1 1 x
V(x) = /0 Wi(t) dg (1) /0 dg(1) - /0 Wi(t) dg(1) /0 dg(1)
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Then V(1) =0 and
X 1
V(x) = [g(l)—g(O)]/0 Wi(t)dg(t) — [8(x) —g(O)]/0 Wa(t)dg(t)

X 1
— [g(1) - g(x)] /0 W) dg(t) - [8() - ¢(0)1 [ Wao)dg(®
— [g(1) - g(x)] {[%(z)g(r)]g - /0 £() sz(t)}
1

~[g(x) - g(0)] {[Wza)g(m; - / g(1) sz(t)}

— [g(1) - g(x)] [Wz(x)g(x) - [ s sz(t)]
0
[ 1
~[8(x) - g(0)] | g(1) - Wa(x)g(x) - / g(t)sz(t)]

— Lg(1) - g(0)] [Wz(x)g(o) - /0 " g0 d%(z)]

1

~Le(x) - g(0)] | g(1) = g()Wa(x) - /

X

g(t)dwz(t)]
— [g(1) - g(0)] /x[g<0>—g<t>1sz(t)

01 / [g(1) - g(O)]dW(1)

<0.
Therefore,

/dg /m YWa(x) dg(x /W.(xdgx)/ Wa(x) dg(x)
=/ Wi(x)dV(x)

= W)V /V ) dWi (x) = V(l)—/ V(x)dWi(x) >

and the inequality (8) is proved.
Finally, by combining (7) with (8) and using (2) with (4) we find that

Q(ga wl)Q(g-3 'UJ2)

1 1 1
<£0) ¢~ i | mexdee) [ %(x)dg(x)]

[ 1
< g(0)|g(1) - /0 Wn(x)Wz(x)dg(x)}

[ 1
= g(0) g(l)—/0 Wa(x)dg(X)] = g(0)Q(g, ws),

and the proof is complete.
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Remark 1. Inequality (3) is sharp, and it reduces to an equality if g(x) =
Cx0,q(x) forany a €0, 1].

Remark 2. Our proof above shows that if we restrict ourselves to nonincreasing
functions g, then (3) holds even if assumption (2) is replaced by the condition

Wi (x)Wa(x) < Wia(x).
Remark 3. In the proof of (8) we found the following identity:

/dgx)/m YWa(x) dg(x /m dg(x/Wz(ng)

/l (‘g(" 1/ [8(0) - g()]dWA(t >) AW (x)
+/ol( I/Ig (1) - g(1)1dW5(t )) dWi(x).

This identity was discussed also in [7], but our proof is different (cf. also [5]).
Also, Fink and Jodeit obtained their result by first proving a suitable identity.

Remark 4. Obviously Theorem 1 can be generalized in various ways. Here we
mention the following possibility: Let g be as in Theorem 1, let the weights
w;, Wy, ..., W, be positive and integrable functions on [0, 1], and let

X
=/ wi(t)dt, i=1,2,...,n, and Woii(x HW
0

Then, by using Theorem 1 and induction, we obtain the following generalization
of (3):
n
(8(0)"'Q(g, warr) > [J Qg wi).

1

Remark 5. Let g be a nonincreasing and nonnegative function on [0, 1]. Then
a simple calculation shows that Q(g, p) is a log-convex function. Now, by
using well-known inequalities for log-convex or convex functions, we obtain
various inequalities for the Stolarsky quotient Q(g, a), e.g., the following: If
O<a<b<c,then

(08, b)) < (Q(g, @) (Q(g, )’

Remark 6. Stolarsky presented some interesting applications of his inequality
(1). In particular he pointed out a new inequality for the I'-function. We
remark that similarly to the proof of Theorem 1 we can prove this inequality
directly by using the Chebyshev inequality. We finish this paper by proving the
following more general result, which Stolarsky [6] proved only for n = 2.

Theorem 2. Let a;, i=1,2,...,n, and x be positive numbers. Then
1" N n—i
Glx) = (x +”Z, a;) x)
[T T'(x + ai)

is a nonincreasing function of x .
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Proof. Our proof is based upon the Chebyshev inequality applied (n—1) times
to the increasing functions fi(¢) = t%, i = 1,2,...,n and with the weight
w(t) = *~1(1 —¢)*~!. In this way we find that

1
(/ Pl B ‘dt) /Ht“"tx"(l—t)y‘ldt
0 1
n 1
>[] [ ' -2y,
1 0

ie, B(x,y)" 'B(x+3Y1a:i,y) > II] B(x + a;, y). Therefore, by using the
fact that B(x,y)=T(x)I'()/T(x+y), x,y >0,

L))" 'Tx + YT ai) ﬁ I'(x +ai)
Fx+y)~Tx+y+Yia) A Tx+y+a)’

1
and this inequality can be rewritten as
I'(x )”“F(x +¥ia) Iz )"“F (z+ ZT ai)
Mifx+a) ~ [IiTz+a) °
where x < z = x + y, and the proof is complete.

ACKNOWLEDGMENT

The authors want to thank the referee for some suggestions which have im-
proved the final version of the paper.

REFERENCES

1. A. M. Fink and M. Jodeit, Jr., Chebyshev inequalities and functions with higher monotonic-
ities, Tech. Rep. 1980.

2. A. M. Fink and M. Jodeit, Jr., On Chebyshev’s other inequality, Inequalities in Statis-
tics and Probability, Lecture Notes IMS, vol. 5, Inst. Math. Statist., Hayward, CA, 1984,
pp. 115-120.

3. G. H. Hardy, J. E. Littlewood, and G. Pdlya, Inequalities, Cambridge Univ. Press, Cam-
bridge and London, 1934.

4. D. S. Mitrinovié, Analytic inequalities, Springer, New York, 1970.

5. J. E. Pecari¢, On the Ostrowski generalization of Chebyshev’s inequality, J. Math. Anal.
Appl. 102 (1984), 479-487.

6. K. B. Stolarsky, From Wythoff’s Nim to Chebyshev’s inequality, Amer. Math. Monthly 98
(1991), 889-900.

7. P. M. Vasi¢, L. R. Stankovi¢, and J. E. Petari¢, Notes on the Cebysev inequality, Numerical
Methods and Approximation Theory (Novi Sad, Sept. 4-6, 1985), Inst. Math., Univ. Novi
Sad, 1985, pp. 115-120.

(L. Maligranda and L. E. Persson) DEPARTMENT OF MATHEMATICS, LULEA UNIVERSITY, S-971
87 LULEA, SWEDEN

E-mail address: 1ech@sm.luth.se

E-mail address: larserik@sm.luth.se

(J.E. Pecari¢) FACULTY OF TECHNOLOGY, UNIVERSITY OF ZAGREB, PRILAZ BARUNA FiLIPOVICA
126, 41 000 ZAGREB, CROATIA
E-mail address: pecaric@mahazu.hazu.hr




