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ABSTRACT. This article is dedicated to the answer to the following question:
“Which characteristic functions can be expressed as the product of two or more
bounded derivatives?”.

The real line (—oco, 0o) is denoted by R, the set of integers by Z and the
set of positive integers by N. The only measure used is Lebesgue measure in R
and each integral should be interpreted as the corresponding Lebesgue integral.
The distance between two nonempty subsets 4, B of R will be denoted by
0(4, B) (i.e. p(4,B)=inf{|x —y|: x € A, y € B}). For each set A C R, let
int A denote its (Euclidean) interior, cl A its closure, fr 4 its boundary, |A|
its outer measure and y, its characteristic function.

All functions will be real functions of a real variable. If I is an interval
(throughout this paper we deal only with nondegenerate intervals), then 2 (1)
denotes the family of all derivatives defined on I (in the case of an endpoint of
I that belongs to I we consider the corresponding one-sided condition). Let
2 denote Z(R).

The terms “ d-closed”, “ d-interior” ( d-int), etc., refer to the Denjoy topol-
ogy (density topology) on R. (See, e.g., [2], [S].) We say that a function is
approximately continuous if and only if it is continuous relative to the Denjoy
topology. It is well known that approximately continuous functions are Baire
one functions and bounded approximately continuous functions are derivatives
(cf., e.g., [1]). We will use an old lemma of Zahorski.

Lemma 1. Let A and B be disjoint, d-closed, G5 sets. Then there is an approx-
imately continuous function g: R —» R suchthat 0< g<1on R, g=1 on
A and g =0 on B [6, Lemma 12].

For each set T € R and each interval I, let ¢r(/) denote the measure of
the greatest interval J contained in 7\T, if any such interval exists, and 0
otherwise (cf., e.g., [4]). If a and b are endpoints of I, then we will write also
or(a, b) instead of ¢r([).
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We say that the set T C R is nonporous at x iff

lim or(x —t,x+1)
t—0+ 2t
Also, T is called nonporous if it is nonporous at each of its points. We say that
the set T C R is ambiguous iff it is both an F; and a G; set.
For the remainder of this article, let T denote a fixed ambiguous and non-
porous subset of R, and S = R\7 . We will write ¢(I) instead of ¢r(I).
For each bounded interval I and ¢ € (0, 1], we will denote by (I, ¢)
the family of all pairs of derivatives (f;, f;) defined on cl/ which satisfy the
following conditions:
@ firfo=00nTnNI,
(b) i=fo and |fi|=1on SNI,
(c) if a is an endpoint of I, then fi(a) = fa(a) = xs(a),
@ lAl<2, |Al<2,
(C) f 1 fl = f I f2 s
® 1A= <e- ],
(8 Uxel: filx)=fa(x)=1} > (1-¢)-|SNIJ.
We will denote by _# the family of all bounded intervals I such that #(1, ¢) #
@ for each ¢ € (0, 1].
The following lemmas are proved in [4].

=0.

Lemma 2. Let H be ambiguous and let A be a nonempty Gs set in R. Then
there is an open interval I such that IN A # @ and that either INA C H or
INnAcCR\H [4, Lemma 2].

Lemma 3. Let J be an interval such that JNT # @. Then JNT contains an
interval [4, Proposition 8).

Denote by Q the first uncountable ordinal. We will use the following well-
known theorem (Cantor-Baire stationary principle).

Theorem 4. Let {F,},.q be a transfinite descending sequence of closed subsets
of R. Then there is a £ < Q such that F, = F; for a > & [3, Theorem 2, p.
146].

Define a transfinite ascending sequence {G,}.<q Of subsets of R as follows:
(l) Go=2,
(2) Guy1 =int(SUG,), if a < Q is even,
(3) Guy1 =Int(TUG,), if a<Q is odd,
(4) Go=Up<,Gs» if a < Q is a limit ordinal.

Then for each a < Q, the set G, is open. Note that G, # R implies G, # G,42
(cf. Lemma 2), so by Theorem 4, there exists a £ < Q such that G = R.

Lemma 5. Whenever J is a bounded open interval and ¢ > O there exist n € N
and x1,...,Xn—1 € TNJ such that x, < --- < x,_; and, setting xo = inf J,
Xn, = sup J, we have

Xi — Xi—1 S 9(Xi—1, Xi) + &

for ie{l,..., n}.
Proof. Since TN J is a totally bounded separable space, we can find elements
X1, ..., Xn—1 € TNJ such that foreach t € TNJ , thereisan i € {1, ..., n—1}
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such that |t — x;| <¢&/2. Set xo and x, as above. Then for i€ {1, ..., n},
Xi—=Xi-1>&e=>[xi_1+&/2,x—¢/2]CS = @(Xi—1, X)) 2 Xi—Xi—1—¢& O

Lemma 6. For every a,b € T with a < b, there exists a strictly increasing
sequence (X;),cz of elements of T N(a, b) such that

(1) lim,_po X, =a, lim,x, =0,

(2) foreach z€Z,

Xz = Xzo1 S @(xz-1, Xz) +[0({a, B}, {xz-1, X}

Proof. Since a, b € T, there exists a strictly increasing sequence (y;).ez of
elements of T'N(a, b) with limit points a and b (cf. Lemma 3). For each z €
Z, use Lemma 5 with J = J, = (y,_1, ¥;) and & = [o({a, b}, {y:—1, y:})]I?,
and finds points x; ;,..., Xz n,—1 € TNJ; such that x, | < -+ < X; n,—1,
and setting x, o =y,-1, X;,n, =Yz, We have fori e {1,..., n;},

Xz,i=Xz,im1 < 0%z i1, Xz,0) +[0({a, b}, {¥z-1, DI

Arrange all elements of the set {x, ;:z € Z, i € {1,...,n;}} in a strictly
increasing sequence (x;),cz. It is easy to verify that this sequence possesses
desired properties. 0O

Lemma 7. Whenever D C R is measurable and bounded, and ¢, , ¢ € (-1, 1),
we can find approximately continuous functions fi, f,: R — R such that

(1) fif2=0 on R,

(2) fi=fo=0o0n R\D,

(3) IAl<2, £l <2,

4) [pfi=¢-IDI(je{l,2}).

Proof. If |D| = 0, then set f; = f, = 0. Otherwise find disjoint measurable
sets Dy, D, such that |Dy| = |D,| and D,UD, =D. For j € {1, 2}, first find
a closed set C; C d-intD; such that |Cj| > |e;| - |[Dj| and then, using Lemma
1, find an approximately continuous function g;: R — R such that 0< g; <1
on R, gj(x)=1 for x € C; and gj(x) =0 for x ¢ D;. Finally observe that
for je{1, 2}, :
¢+ |D|

< 2lej| - Dy <2,
Io, & Gl
and set D
TR
fi=g; 2220
J J ij gj

It is easy to verify that the requirements of the lemma are fulfilled. O

The following two lemmas are due to S. Konjagin. They have never been
published.

Lemma8. Let ry,...,r, > 0. Then there exist numbers t,, ..., t, € {—1, 1}
such that for k, 1€ {1,...,n}, k <I, we have

!
Z Lsrs

s=k

<2max{rs:se{k,...,l}}.
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Proof. We will use induction on n.

()If n=1,thenweset t; =1.

(2) Assume that the assertion holds for some n € N. Let ry, ..., r,y be
nonnegative numbers and choose ¢;,...,t, € {-1, 1} according to the in-
duction assumption. Suppose that both the sequence (¢, ..., ¢,, 1) and the
sequence (¢, ..., t,, —1) do not satisfy our requirements. Then there exist
k,le{l,..., n} such that

n
> ters+ ray > 2max{rsis € {k, ..., n+1}} > 2ry
s=k
and

n

S otrs =t < —2max{r:se€{l, ..., n+1}} < =2rnp.

s=I
We may assume that k </ (the opposite case is similar). Subtracting the two
above inequalities we get

-1

N trs+ 2rpn > 2max{ris € {k, ..., n+ 1}} + 2rnp,

s=k
contrary to the induction assumption. This completes the proof. O

Lemma 9. Given a countable family of nonoverlapping intervals % and a non-
negative function r: % — R such that Y x5 r(K) < oo, we can find a function
t: X — {—1, 1} such that for every interval I CR,

> HK)-r(K)
KCI,Kex
Proof. Let K, K,, ... be a sequence of all elements of .7 . Foreach k€ N,
apply Lemma 8 and find # ;, ..., & « € {—1, 1} such that for every interval
ICR,

<2sup{r(K): Kcl,KeX}.

Z tk,n’r(Kn)

K,CI,n<k

(1) <2max{r(K,): KncI,n<k}.

In this way we get a triangular matrix [ ,lken,n<k - Next we proceed by
induction. Let #(K;) be a number which appears in the first column of this
matrix infinitely many times. If we have already defined ¢(K,) for n < m,
then let ¢(K,,) be a number which appears in the mth column of this matrix,
in rows number k for which t; , = t(K,) for n < m, infinitely many times.

Let I C R be an arbitrary interval. Let (m;); be a strictly increasing se-
quence of those m € N, for which K,, c I. Take an ¢ > 0 and find an
l €N such that 3, r(Km,) <ée. Thereisa k € N such that ¢ , = ¢(K,) for
n<m;. Soby(l),

l

Z t(Km,) : r(Km,)

s=1

2 tk,n'r(Kn)

K,CI,n<m

<2max{r(K,): K, cI,n<m}
<2sup{r(K):Kcl,K eX}.
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Hence
S wK) 1K) = D t(Km,) - r(Km,)
KCI,Kex s
]
< Zt(Km,)'r(Kms) +Z|t(Kms)‘r(Kms)|
s=1 s>l

<2sup{r(K): Kcl,KeZ}+e.

Since ¢ was an arbitrary positive number, the assertion of the lemma holds. O

Proposition 10. Every compact interval belongs to 7 .

Proof. Since Gy = R, it is enough to prove by transfinite induction on a < Q
that every compact interval contained in G, belongs to 7 .

I. Let a=0. Then G, = @ and there is nothing to prove.

IL. (a) Assume that the assertion holds for each compact interval contained
in G, and o is even. Let I be a compact interval contained in G,,; and
e € (0, 1]. Let {I,: n} be a family (maybe empty) of all components of /NG,
anda, =infl,, b, =supl,. For each n:

o if a,, b, € G,, then I C G, and so by assumption I € £ ;

o if a,, b, ¢ G,, then find a strictly increasing sequence (y,;).ez With
limit points a, and b,, and such that for each z € Z, |I, ;| <
lo(n,z, {an, bn}))?, where I, ; = [Vn,z—1,¥n,z] C G,; (Note that
unlike in the proof of Lemma 6, we do not require that y, , € T for
z€eZ)

o if a, € G, and b, ¢ G,, then find a strictly increasing sequence
(Vn,z)zen With y, | = a, and lim,;_ ys,; = b,, and such that for
each z € N\{1}, |l | < [e(In,, {bn})]za where Ip ; = [Vn, 21,
Vn,z] C Ga;

e similarly if a, ¢ G, and b, € G,, then find a strictly increasing
sequence (Vn,:);ez\n With y, o = b, and lim,._yn,. = a,, and
such that for each z € Z\N, |I,, ;| < [0(In, 2, {an})]*, where I, , =
Wn,z=15Vn,2]1 C Ga.

Foreach n and z,let (f,.;.1, fn,2.2) € Py, ., e/2"H7) For j e {1, 2},
define the function fj: I — R by the formula

f;l,z,j(x) if x € In,z;

fitx) = { 1 if x € I\G,.

The pair (f;, f,) obviously satisfies (a)-(e) and f,, f> are derivatives at points
of GoNI.If x € I\G,,then x € S. Let 7> 0 be arbitrary and let k € N be
such that 7 > &/2%. Set n = min{o({x}, Upy|zj<k In.z), 7/6}. Let y € (0, ).
We may assume that x +y € intl ,, for some s and m (otherwise we would
drop the last two terms in the first line of the estimation below). Then for
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je{1,2},

1 X+y 1
L [Ts<d [ it [ g1+l
X In, zC(x x+y]

e\l
( > 2,',;";,2' +3[o({x}, Is,m)]2>
In, C(x,x+y]

A similar argument holds for y € (-1, 0). So fi, f, € Z(I). Finally observe
that
[ 5i-1m)= (/ f.—u,,,zl)
I z In,z
and

[{x € I: fi(x) = o) = 1N 2 INGal + 3.3 (1= 5y 1S N I

> |I\Ga| + (1= ¢)-|SNIN Gy
>(1-¢)-1SnI|,

€-|In,;|
SEZ 2n+'|lz|z <8.|I|
n z

i.e. (f) and (g) are also fulfilled, which proves that I € £ in this case.
II. (b) Assume that the assertion holds for each compact interval contained
in G, and a is odd. First we will prove the following statement:

if I is a bounded interval contained in G,,, and a =infl, b=
(%) supl € T, then there exist derivatives f,, f, defined on cl I
which satisfy (a)-(e) and such that f; = f, =0 on clI\G,.

Let {I,: n} be a family (maybe empty) of all components of I N G,, and
let a,, b, be endpoints of I,. For each n, use Lemma 6 to find a strictly
increasing sequence (¥, :):ez of elements of 7'N I, with limit points a, and
b,, , and such that foreach z € Z, |I, ;| < ¢(I,,;)+[0(In,z, {@n, bn})]?, Wwhere

=[Vn,z-1,Vn,z] C Go. Foreach n and each z € Z,let (fy : 1, fa,z,2) €
.9"(1,, zs l) and define r(l,;) = f, fa,z,1. Use Lemma 9 for the family
Z ={l, ;:n,z €L} and the function r, and find a function ¢: Z — {-1, 1}
such that for every interval J C R,

3" tn,2) r(In,2)| < 25up{r(Ln,z): In,- C J}.

In,.CJ

For j € {1, 2}, define the function fj: c1/ — R as follows:

) _ t(In,z)’f;t,z,j(x) ifxe[n,z,
ﬁ(x)‘{o if = € 1 1\G.
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The pair (f;, f2) obviously satisfies (a)-(e) and f;, f> are derivatives at points
of GonI\{a,b}. If xeI\G, or x€ {a,b},then xe€T. Let y >0. We
may assume that x +y € intl; , for some s and some m € Z (otherwise we
would drop the last term in the first line of the estimation below). Then for
je{1,2},

1 X+y
\;/x /

1
<= fil+ | Il
y(lnzchﬂ]/ ’ / ])
Si ( Z t(In,z) - r(In,z)

+ 2|1, ml
I, .C(x,x+y]

< 2sup{r(In,z): In,. C (x, x +y1} + 2-9(Is, m)(1 +y)
- y y+y?
< dsup{|ly, |: In,. C(x, x+y]}
- y
2.-9(x, x+y+L,ml)-(1+y)

Y+ s, ml — 9(Is,m)
Ao, xty) 2-9(x, x+y+ |, ml)
- y Y+ |Is,ml

1+y

: 1-— o(x, x+y+|Is ml)
V+s, m

(We used the fact that T is nonporous at x.) Similar argument holds fory < 0,
so f1, f2 € Z(clI), which completes the proof of ().
Now let I be any compact interval contained in G,,; and ¢ € (0, 1].

2y

+

+2y

y—’O

+ 6y —

e Use Lemma 3 to find nonoverlapping compact intervals J;, ..., J,
contained in ING, such that fr(/NG,\U}_, /i) C T, [ING,\ Ui, Ji| <
e8| and |SNI\UL, Jil < &5 For i e {1,...,n}, let (g1,
&, 2) € P(Ji, el2).

e Let I),..., I, be components of I\J;_, J;. For k € {1, ..., m},
use (*) with I = I and find derivatives hy ;, hy , defined on cllj
which satisfy (a)-(e).

e Use Lemma 7 with D = I\G, and ¢ = ¢ =1 — ¢, and find approxi-
mately continuous functions fy ;, fo,» satisfying conditions (1)-(4) of
that lemma.

e For je{l, 2}, define the function f;: I — R as follows:

N g j(x) ifxeld;, ie{l,...,n},
f’(x)_ﬁ)”(x)*-{hk,j(x) ifxel, ke{l,...,m}.

Then obviously f; and f, are derivatives which satisfy (a)-(e). (Note that
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hi,;j =0 at the endpoints of I; and on I;\G,, k € {1, ..., m}.) Moreover,
n n
fl—m\s -0 +|[ fi-|rneaU
’/I " ,L;Jl nG\{J7_, Ji ,L__Jl
+/ fi = I\Gal
I\G,
8 n
<5 L=J i +3- InG\HJ +e. |I\G,|
Py n
<5 L_J +— ING,|+e-|I\G.| <e-|I],

and

Hx e I: fi(x) = folx) = m>§]veﬁﬁn flx) =1}

> 2(1--) NaPA

> (1 2) (1-—) ISAI>(1-¢)-|SNnI],

so (f) and (g) are also satisfied, which proves that I € ,# in this case.

III. Assume that o« is a limit ordinal and that every compact interval in
Gp with some B < a belongs to £ . Let I be an arbitrary compact interval
contained in G, . Then by the compactness of I we get I C G U--- UGy, = Gy,
where y = max{f;: i € {1, ..., n}} <a. Hence by assumption I € £ .

This completes the proof. O

Theorem 11. Assume that S C R is ambiguous and T = R\S is nonporous.
Then there exist derivatives f, g € & such that
(i) f-g=0o0nT,
(i) f=g and |fl=1 0on S,
i) |f1<2, |gl<2.
Proof. Let I, =[z -1, z] for z € Z. By Proposition 10, I, € # . Let, e.g.,
(f2, 82) € P(I;, 1) (z € Z). Define
f(x)=fi(x) ifxel,,zeZ,
g(x)=g.,(z) ifxel,, z€eZ
It is easy to verify that f and g satisfy our requirements. O
In 1990 J. Mafik proved the following theorem.

Theorem 12. Let S C R, T = R\S. Then the following three conditions are
equivalent:
(1) There is a natural number m and derivatives f,, ..., f, such that

(2) S is ambiguous and T is nonporous.
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(3) Thereare f,g €D suchthat f=g=1o0n S and fg=0o0on T [4,
Theorem 18].

Hence and by Theorem 11 we get the following corollary.

Corollary 13. Let S ¢ R, T = R\S. Then the following four conditions are
equivalent:
(1) There is a natural number m and derivatives fi, ..., fm such that

Sreooo fm = Xs.

(2) S is ambiguous and T is nonporous.
(3) Thereare f, g€ suchthat f=g and |f|=10n S, fg=00nT
and |f| <2, |g|<2 on R.

(4) There is a natural number m and bounded derivatives f,, ..., fm such
that
. fl ..... fm = xs
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