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ABSTRACT. The Hardy-Littlewood theorem on fractional integration for Fourier
series says that if Iog ~ 3,4 n|~° g(n)e™ | then I, is bounded from L? to

L9, where 1 <p<g<oo, % = ‘l, — g . We shall establish an analogue of this

theorem for the Laguerre function system {(Tﬁ)i Lg(x)e™ $xt 12,

n!
n+a+l

1

The well-known theorem of Hardy and Littlewood on fractional integration
for Fourier series is stated as follows (cf. [Z, Chapter XII]): For 0 < ¢ < 1
and a function g(t) on (0, 2n), let I,g ~ 3, o|n|"?&(n)e™, where g(n)

is the nth Fourier coefficient defined by g(n) = 02 " g(t)e~ ™ dt. Then, for

geLr(0,2n), gl <Cligly, $=3-0, 1<p,q<oo,where L?(0, 27)

is the Lebesgue space of all measurable functions g(¢) on (0, 2z) such that
1 [2n 1
lgll, = (& J5™ g (0P di}? < oo.

The aim of this paper is to establish an analogue of this theorem for La-
guerre series by a method transferring boundedness of multiplier operators from
Fourier series to Laguerre series.

An earlier result of this kind was obtained for ultraspherical series by Muck-
enhoupt and Stein [MS, §15] by showing the theorem [MS, Theorem 13] on
fractional integration for ultraspherical convolution structure which was first
proved by O’Neil [O] in the case of ordinary convolution on a group. They
also observed that the same result holds for Hankel transforms. Bavinck [B]
proved the Hardy-Littlewood theorem on fractional integration for Jacobi se-
ries by using convolution structure. From his result, Gasper and Trebels [GT]
derived (p, q)-multiplier criterions for Jacobi series. For the harmonic analysis
for Hermite and Laguerre expansions, readers may refer to Thangavelu [T].

Let L%(x), a > —1, be the Laguerre polynomial of degree n and of order
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a defined by

Lg(x) — L:lc!_i (%) (e-—xxn+a),

agpy— [ T+1) o
Zi(x) = I‘(n+—a+l)L”(x)e ixt.

Then the Laguerre function system {.£,*}3°, is complete orthonormal on the
interval (0, co) with respect to the ordinary Lebesgue measure dx. This or-
thonormal system leads us to the formal expansion of a function f(x) on
(0, 00):

and let

[~ Y a5 (NZex),

n=0

where aZ(f) is the nth Laguerre coefficient of order a of f(x) defined by
@)= [ ez ax.

We remark that |ag(f)| < [IflpI1-520p» 3+ 5 =1, and [|[Z2]ly < oo if @20
and 1<p<ooorif -1<a<0and (1+%)7!'<p<o0.

For 0 <o <1, let I¢ be the operator defined by
1
If~3 —san(NZ )
n=1

for a function f(x) on (0, co). We denote by LP(0, co) the Lebesgue space of

all measurable functions f(x) on (0, co) suchthat || f]|, = {f;° /()P dx}% <
oo. We remark that the LP(0, oo)-norm and the LP(0, 2x)-norm will be de-
noted by the same notation. Our theorem is as follows:

Theorem. Let 0 <o <1 and a>—-1. If a >0, then

(1.1) 115 fllg < ClIfllp» fe L0, ),
for % = }, —0 and 1<p,q<oo, where C is a constant independent of f. If

~1<a<0, then (1.1) holds for } =1 -0 and (1+%)~' <p,q<-2.

In our proof, we shall use no convolution structure associated with the sys-
tem {Z*}%2,. Our idea is to prove a transferring theorem (Proposition below)
which transfers boundedness of multiplier operators from Fourier series to La-
guerre series. We shall derive our theorem from the Hardy-Littlewood theorem
for Fourier series and a multiplier criterion for Laguerre series by using the
transferring theorem and the Stein complex interpolation theorem.

Let A = {4,}32, be a bounded sequence. We define a multiplier operator
Fp for Laguerre series of order o by

FRf~ Y Anag(N)Z2(x).

n=0
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Let 1 <p,q<oo.Wecall A a (p, q)-multiplier for Laguerre series of order a
if ||[FRflly < C|fllp for f € LP(0, ). Also let T' = {y,,},,__oo be a bounded
sequence. We define a multiplier operator Fr for Fourier series

Frg~ z Vng(n)eim .
We call " a (p, g)-multiplier for Fourier series if ||Frg|l; < C|lgll, for g €
L?(0, 27). Then we shall obtain the following proposition.

Proposition. Let I = {y,}>,, be a bounded sequence, and define T', = {yn}32,.
(1) Let o > 0. Suppose 1 <p<2<gqg<oo. IfT isa (p, q)-multiplier
for Fourier series, then T, is a (p, q)-multiplier for Laguerre series of
order o.
(2) Let -1<a<0.If(1+%)'<p<2<g< = 2 | then the assertion of
(1) remains true.

The proof of the proposition will be given in the next section. In the rest of
this section, we shall show that the proposition implies the theorem.

Let «a > -1 and 0 <o < 1. Also let p and g be a pair of real numbers
such that %:%—a, 1<p,q<oo,when a>0,and %=117’°" (1+%)7'<
p,q<—§,when —l1<a<0.Wecanchoose 0<t<1,1<pg,q,DP1,% <
0,0 <0 <1sothat } =L 1= 1 - q‘O+lql’,q—‘0 = A~ — gy, where
l<py<2<qgy<oo,1<p —q1<oo when a > 0, and (1+%)‘l <po <
2<g<-2,(1+%)'<p=q <-% when -1 < a < 0. We extend
the parameter ¢ of the operator I¢ to the complex number z = o + if.
Then we shall show the (L, L"°)-boundedness of I¢ oo+ig and the (L7, L%)-
boundedness of I. Hence we get the (L?, L‘l)-boundedness of I¢ by using
the complex interpolation theorem.

We first note that if ¢ >0, then 12f € L?(0, oo) for f € L?(0, ). Let f
and h bein L?(0, oo). Then,

[ 1z seomead| =

> %aﬁ(f)aﬁ(h)‘

n=1
<3 L el laz )l < 11l

This implies that the family {I2} is admlssible onthestrip {z€C:0<0 <
0o} . By applying the multiplier criterion [K, Corollary] (see also [D, Corollary],
[T, Theorem 6.3.4], [ST, Corollary 4.4]) for Laguerre series to the multiplier

{n=i%}r_, , we have

(1.2) 1156 fllar < Coll flp,
for —0o < 0 < oo, where Cy is independent of f and admissible growth with
respect to 6. Similarly, using the semigroup property I¢ = I%I% | we have

00+i9 i6%ao »
(1.3) 15 +i0f Tlao < Coll15, S Nlao

for —oo < 6 < 00, where Cj has the same property to Cy. The proposition
derives the inequality

(1.4) 15 Mo < CllANlmo
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from the Hardy-Littlewood theorem on fractional integration for Fourier series.
Thus, it follows from (1.3) and (1.4) that

(1.5) 145+i6.f Nlao < CG11A Nipo

for —0o < 6 < oo, where Cy has the same property to Cy. By the complex
interpolation theorem (cf. [SW]), we see that (1.3) and (1.5) lead to

15 fllg < Cllfll, for f € LP(0, c0).
Therefore, the proposition implies the theorem.
2

In this section, we shall prove the proposition. We use the following trans-
plantation theorem:

Theorem A [K]. Let a, f > —1 and y = min{a, B}. If y >0, then

(2.1) IT2 f1l, < CllAllp
Jor 1 < p < oo, where C is a constant independent of f, and
TEf~ ) af(NZ(x).
n=0

If -1 <y <0, then (2.1) holds for (1+ %)~ <p < -2.
We note that Theorem A leads to
(2.2) ITE £l ~ £ 1l

since TS Tg f = f. By virtue of this equivalence, to prove the proposition it is
enough to show that

(2.3) IFR fllg < ClISfllp

for 1< p<2<g<o if T isa (p, g)-multiplier for Fourier series. For,
combining (2.2), (2.3) and the identity Flﬁg+ T3 f= TgFg f, wehave |Fg fll <
CITgFe fllg = CIFR T flla < CITgfllp < Clifllp, where 1 <p<2<g<
o if a>0,and (1+%) ' <p<2<g<-%2if -1<a<0. Here
and below, C denotes a positive constant which may differ at each different

occurrence. In order to prove (2.3), we need the following lemma which is a
type of transplantation theorem.

Lemma. (1) For a function g(t) on (0, 2xn), let Ug(x) be a function on (0, o)
defined by the series

Ug~) 2gmZAx).
n=0
If g€ L0, 2m) and 2 < q < oo, then Ug € L4(0, oo) and
(2.4) IUgllq < Cligllg -

(2) For a function f(x) on (0, 00), let V f(t) be a function defined by the
series

VI~ al(fe™.

n=0
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If feLP(0,00) and 1<p<2,then VfeLFO,2r) and
(2.5) VA < CliAlp -

We easily see that the lemma implies the proposition. Indeed, we have

IFR fllg = WUEV fllg < CIFV fllg < CIIV £llp < Clifllp -

The first and third inequalities are obtained by (2.4) and (2.5), respectively. The
second inequality follows from the assumption that I" isa (p, ¢)-multiplier for
Fourier series.

We are now in a position to prove the lemma. Let C>°(0, 2n) be the space
of infinitely differentiable functions with compact support in (0, 2z). For
g € C*(0, 2n), the sequence {g(n)} decrease rapidly at infinity. By pointwise
and norm estimates for .Z%(x) (cf. [T, Lemmas 1.5.3 and 1.5.4]), we see that
for g € C(0, 27) the series Y oo 2(n)Z2(x) converges uniformly and in
L?(0, o) for every 1 < p < oo. First we shall show that

—i 2n
26)  Usx)=7 /0 g(ne . geC®(0,2).

By the representation [S, (5.4.1)] of Laguerre polynomials in terms of Bessel
functions, we have

[ o] ) l 00 _
Ug(x) =€§Zg(n);7/0 ey " Jo(2vxy)dy.
n=0 '

Since the sequence {£(n)} decreases rapidly at infinity, we can invert the order
of summation and integration. Thus, we have

n!

- %eé /0 ooe-YJo(2¢)Ty)nz=;) /0 g(t)(y

Ug(x) = e} /0 ” 0= o (27) i” (n)dy
lt)n

dtdy.

Inverting the order of > 77, and foz" , we have

0o 2n
Ug(x) = 5-ef / / Jo(2V%y)g(t) exp(—(1 — e~*)y) dtdy.

We clalm that [° J; 2 fo Indeed, we denote by Hy(y, t) the integrand
in the double mtegral Smce there exists a constant ¢ > 0 such that suppg C
[e, 27 — €], it follows that

[Hx(y, O] < 1Jo(2vxY)| |8(2)| exp(—(1 — cose)y).

This inequality leads to our claim. Hence, we have

2n 0o
Ug(x) = gzt [ 2(0) [~ h(2v5m)exp(—(1 - e ) dy .
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It follows from the formula [W, 13.3(1)] that the inner integral has the form
(oo
|| oy exp(=1 - =) dy
) . 2
= / exp (—(1 - e"‘)yz—) Jo(uv2x)udu
0

=ﬁexp(—l—_xe—:ﬁ) forO<t<2m.

Simple calculation shows (2.6).

We shall prove the boundedness of the operator U from L4(0, 2m) to
L0, 00) for 2 < g < oo. Let g € C*(0, 2n). By using (2.6) and by
changing the variable u = %cot £, we have
q

dx

o o]
lUgls =7~ /0

(o o)
=7'[_q/
0

By the well-known inequality [ |k(x)|9dx < C [ |h(w)|?|u|*"2du, 2 <
g < oo, for Fourier transforms (cf. [Ti, Theorem 79]), we have

2n it
i%cot4 e
/0 g(t)e _sing dt

(o) q
/ (g(2cot=! 2u)ei™ " H(4y? 4 1)~ }e™ du| dx.

lUgli < C / 1g(2cot=! 20)[9(412 + 1)~} w92 du

<C / |2(2cot™" 2u)|9(4u? + 1)~ du < Cllg]4,

which shows (2.4) for g € C°(0, 2n). The standard density argument leads
to (1) of the lemma.

We now come to the proof of (2) of the lemma. Let C°(0, co) be the space
of infinitely differentiable functions with compact support in (0, oco). Since the
sequence {ad(f)} decreases rapidly at infinity (cf. [K, Lemma 1]), it follows

that
2n

/ " feUs dx= o= [ Vg1t
0 0

for f e C*(0, o) and g € C*(0, 2r) . By a duality argument, we have (2.5)
for f € C*(0, o). The density argument concludes the proof of (2) of the
lemma.

Remark. The following identity dual to (2.6) can be proved in a very similar

way or by a duality argument:
. —l% 00 .
V) = € / f(x)e ot dx,  feC(0, 0o).

0

in l
2sm§

Note. After submitting this paper, we received a preprint by Gasper, Stem-
pak, and Trebels entitled Fractional integration for Laguerre expansions, which
proves the weighted fractional integration theorem using Laguerre convolution.
Also, we received a letter from Thangavelu which informed us of a proof of the
fractional integration theorem using special Hermite expansions.

We wish to thank Professors G. Gasper, K. Stempak, and W. Trebels for
sending their preprint, and Professor S. Thangavelu for sending his letter.
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