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ABSTRACT. We construct a holomorphic mapping from C™ toP” for any m
and n with m > n > 1 which shows Cherry-Lang-Wong’s upper bound of the
error term of the Second Main Theorem in Nevanlinna theory is essentially the
best possible. Thus a question of Serge Lang is answered affirmatively in higher
dimensions.

0. INTRODUCTION

The classical one-dimensional Nevanlinna theory studies the number of so-
lutions to the equation f(z) = a in the disc of radius r as r tends to infinity
asymptotically. In the higher-dimensional Nevanlinna theory one studies holo-
morphic mappings from C™ into an n-dimensional complex manifold X . One
is interested not only in the preimages of points but also in the inverse images
of complex analytic subsets of X of positive dimension. Of all the various the-
orems in Nevanlinna theory, the Second Main Theorem is the most important.

In recent years, there has been considerable interest in finding the precise
error term of the Second Main Theorem. Such a question was raised by Serge
Lange [4] who was inspired by Vojta’s [9] analogy between Nevanlinna theory
and Diophantine approximation. In 1990, S. Lang [5] found the best nature of
the upper bound of the Second Main Theorem by improving Wong’s method
in [10] in the equidimensional case. Later, Z. Ye [14] showed all upper bounds
of the error terms in C conjectured by Lang are sharp. Recently, based on
Lang’s method, Cherry [1] obtained an upper bound for the error term when
the dimension of the domain is not less than that of the image space under the
assumption that f is a non-degenerate holomorphic mapping. On the other
hand, Wong and Stoll [11] also obtained an upper bound for the error term
when the dimension of the domain is less than that of the image space un-
der the assumption that f is a linearly non-degenerate meromorphic mapping.
However their upper bound has not been verified to be sharp yet. In this paper,
we show the main term in the upper bound in Cherry-Lang-Wong’s theorem is
sharp when the dimension of the domain is not less than the dimension of the
image space.
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1. PRELIMINARIES AND RESULTS

Let X be a projective manifold of complex dimension » and D be a di-
visor on X . A divisor D =}, D; has simple normal crossings if each D; is
irreducible, non-singular, and at each point of X there exist complex coordi-
nates zj, ..., z, such that D in a neighborhood of this point is defined by
zy---2; =0 with k < n. The maximal value of k which can occur is called
the complexity of D. Let

fC"-X
be a non-degenerate (i.e., f(C™) contains a non-empty open set in X) holo-
morphic map and m > n > 1. We always assume in this paper that:

D =Y D; is an ample divisor and has at worst simple normal crossings of
complexity k (< n).

Lj = Lp, is a line bundle associated with D;, with a metric p; .

s; is a holomorphic section of L; such that (s;) = D; and |[sjof]; = |sjof],, -

Q is a volume form on X, defining a metric k¥ on the canonical bundle
Ly ; so the first Chern form ¢|(k) = RicQ.

?s is a function with f*QAT[Z, ., V-1/2ndz; AdZ; = y/¥, where ¥ is
Euclidean volume form in C™.

n is a closed and positive (1, 1)-form such that ¢;(p;) < n for all j and
Q< n"/n!.

Let ¢ (> 1) and ¥ be positive and increasing functions such that

* du * dx
(1) ) [ W_bO(W)<OO and /1 W=OO

In what follows all notations and terms are defined as in [5] unless indicated
otherwise, e.g., Tr ,, N p, Ny ram» €tC.

Under the above assumptions, Cherry-Lang-Wong [1], Theorem 11, proved
that, when m > n,

Ty k(1) + 3 T7,5,(r) = Ny, p(r) + Ny, Ram(7)
n 1
< 5S(BT", b, v, r) = 5logys(0) + 1,

where S(F,c, y,r) = logF(r)+ logy(F(r)) + logy(crF(r)y(F(r))). Thus
when the complexity of a divisor D is n, (2) can be written as

(3) Tr k() + Y Tr, 5, (r) =Ny p(r)+ns Ram(r) < nlog Ty ,(r)+o0(log Ty ,(r))

for all large r outside a set of finite Lebesgue measure. In this paper we simplify
the upper bound of (2), explain the connection between the upper bound and
the size of the exceptional set, and show that (3) is sharp. Thus (n+¢)log Ty(r)
is essentially the best possible error term, and we have answered a question of
Lang [5] when m =n.

Theorem 1. Let f, D, pj,x, v, ¢, and n be as above. Suppose that f(0) ¢ D
and 0 ¢ Ram f ; then

Tf,x(r)‘l'ETf,p,-(r)"Nf,D(r)'l'Nf,Ram(r)
@) "

(2)

n

< "2 K \0g Ty (1) + nlog (T, () + 2 logy(r) — nlogs(r)
Jor all r > ry outside a set E with [, dr/¢(r) < cc.
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Theorem 2. For any integers m and n with m > n > 1, there are a holomorphic
mapping f from C™ to P", a divisor D = 231:1 D; C |L|, where the L is the
hyperplane bundle, and a closed positive (1, 1)-form n such that, for all large
r,

Ty (1) + Y Tr 5, (r) = Ny p(r) + Ny ram(r) = nlog Ty () + o(log Ty 4 (r)).

When ¢(r) = 1, then the exceptional set in Theorem 1 has finite Lebesgue
measure, so (2) is a special case of (4) and (4) is a simplified version of (2).
When ¢(r) = r, then the exceptional set in Theorem 1 has finite logarithmic
measure. However, on the right side of inequality (4) there is an extra term,
—nlog ¢(r) , which plays an important role when T ,(r) is of finite order (i.e.
Ty, ,(r) is approximately equal to r®) . A more detailed discussion will be found
in [13]. In the one-dimensional case, A. Hinkkanen [3] showed the term log
can be completely ignored. Other questions of Lang in [5] were investigated by
the author and others in the one-dimensional case (e.g. [12], [8] and [2]).

The function in Theorem 2 is of infinite order (i.e. limsup(log Ty ,(r)/logr)
= 00) and has a big ramification term. We refer the readers to [13] for the case
of finite order maps.

2. LEMMAS

Lemma 1. Let F be a positive and increasing function defined for r > 0 with
Dpiecewise continuous derivative. Suppose there exists r, such that F(r)) > 1,
say. Let ¢ > 1 and y be as (1). Then we have the inequality

F'(r) < F(r)y(F(r))/$(r)
forall r > ry outside a set E with [;dr/¢(r) < bo(y) <
Proof. Set E ={re (r,00); F'(r)> F(r)y(F(r))/é(r } Then

ar F'(r) © gy
/E¢(r) = i FowE®) ar < /1 ww(w) = bo(y).
Thus the lemma is proved.

Lemma 2. Let F be a positive and increasing function defined for r > 0 such that
the first derivative exists and F' is of piecewise continuous derivative. Suppose
that both F(r) and r*™='F'(r) are positive and increasing functions of r, and
that there exists ry such that F(r\) > 1 for r>r,. Let by > 1 be the smallest
number such that

bir*\F'(ry>1, forallr>1.
Let y and ¢ be the same as in Lemma 1. Then, for any ¢ >0,

gy (7GR < F OV EF (/60

for all r> ry outside a set E with [ dr/¢(r) < oo

Proof. For any ¢ > 0, we have from ([14], Lemma 1) that there is a positive
and increasing function y; such that f1°° dr/(ry(r)) = bo(y1) < oo, wi(r) <
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r'/2 and y,(r*m+%) < ew(er) for all r > r;. Applying Lemma 1 to y; and
r?m=1F'(r) and y and F gives

;r ( 2L (r)) < PR () (P F (1) 19()

for r > r, and r ¢ E, with fE. dr/¢(r) < oo and

F'(r) < F(r)yi(F(r))/(r)

for r > 2 and r ¢ E, with fE dr/é(r) < co. Thus, as r ¢ El U E, and
r > ro=max{r,, r,, r3}, we obtam that

oy (PG ) S FOREEME FORE)/$0)/$0

< eF(r)y(eF'*(r)y(eF" *(r)y(r)/¢*(r),
which implies Lemma 2.

Lemma 3. There is a one-variable entire function E with

(5) % /Ozn log |E(re®)|d6 = (14 o(1))(logr)*?  (r — o0)
and

2n
(6) = [ log|E/(re)d6 = (1 +0(1))(log"? (o).

Proof. Let r, =exp((n(n+1)/4)) for n=1,2,3,... and set

%) E(z) = ﬁ (1 + (é)"> .

n=1
For r € [ry, req1) s

8) n(E,0,r)=k(k+1)/2=2logr, =(2+0(1))logr (r— ).
Consequently,

9 N(E,0,r)=(1+o0(1))(logr)? (r = 0).

Moreover, for |z| =r € [y, res1),

log|E(z)| = Z nlog + Zlog

1+( )
—N(E,O,r)+Il+12.

A straightforward argument shows that E is an entire function and that

(2) 1]+ 3 1os

n=k+1

(10)

(1) I < klog2 < O(VIogr)  (r - o)
and
oo n
(12) bi<ios2+ Y- (%) <om (-,
n=k+2 Te+2
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It follows from (7), (10), (11), and (12) that

N(E,0,r)<T(E,r)<logM(E,r)

(13) =log E(r) < (1+0(1))N(E,0,r)  (r— o)

and so, as r — oo,
(14)
mE,r)=T(E,r)=(1+0(1))N(E,0,r) and m(E,0,r)=0(T(E,r)).

Putting together (14), (13), and (9) we have proved (5). Furthermore, for r €
(ks Test)

ZE'(2) -k
E(z) Zn + z 1+ (z/r,,)" 1+ (z/r)k

(ke Dfre n(z/rm)"
1) T (/e fézu(z/r,.)"

k(4 1)(z/re)
T+ (&/nf T+ (2

For 1 <n<k-1 and r € [ry, rcy1), we have from the definition of r;

that
n 3
— exp (—”(k; 2)) 221+

Thus we obtain from the definition of J; in (15) and (16) that

=nE,0,r)+ 1 +

+ Js.

n
z

I'n

U

(16) LS

a7 |Jl|_z(,/r si—;’ o) (r—oo).

For n >k +2 and r € [ry, rx41), Similar to above, we get
rn/ 2" 2 (Fesz/Tis1)" 2 €" = 1+ 13 /6.

It follows that

oo

19 S Y s X B0 -

n=k+2 n=k+2

Moreover, if |a| > 1 and a # —1, then Re{l/(1 + a)} < 1/2; so, for
relre, rest)

(19) Re{l/(1+(z/n)")} < 1/2, if (z/n)* # -1,

To estimate the remaining term in (15), we set Ty = (rx + rx41)/2. Then, for
rer, Til,

(Qf_‘_"_l)k-'-l >( 2rk+l )k+l _ (1+rk+|—rk)k+]
(20) r T \Tk F s Fegr + Tk

>1+(k+1) (2 2:}(%) > 1+%(1—e“'/2)(k+1)
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for all large k. It follows form (15)-(20), k = O(y/logr) -, and (9) that, for
ren, Tel, and (z/r)* # -1,

CeE) E'(2)
4 4 zZ z
E(z) ZRC{ o)
1 (k+1)(z/r )k+l
2n(f, 0, 1) = 1] = kRe sy = | S S [~ 12l
> n(E, 0, ) +0(1) - & k+1 L o

2 n/ze =1
>(1+o()n(E,0,r) (r— ).

Therefore we have from (21) and (9) that, for r € [ry, Ti],
1 2n E' 0

- - 1
(22) n /0 log | 7 (re™)

d@ >logn(E,0,r)—logr+ O(1)

=(-14+0(1))logr (r — o0).

To accomplish inequality (22) for r € [T}, ri,1), we apply Jensen’s formula
to E'/E. Then the fact N(E, 0, r)= N(E, 0, T;) and (22) give that, for all
large k,

1 2n
7 /0 log

=N(E'/E,0,r)— N(E'|E, o, r)+ O(1)
=N(E',0,r)—N(E,0,r)+0(1)

(23) >N(E',0,T,)—N(E, 0, T;)+ O(1)
>N(E'JE,0,T)- N(E'|E, 0, Ti) + O(1)

1 2n

>(=1+o0(1))logr (r— o).
Combining (22), (23), and (5), we see

1 [ 1 il L i0
E/o log |E'(re )|d025/0 log |E(re'?)|d@ — O(logr)

= (1+o0(1))(logr)%.
On the other hand, we have from the logarithmic derivative lemma that

2n

(25) % A log|E'(re®®)|d60 < m(E'/E, r) + m(E, r) = (1 + o(1))(logr)2.

Now (6) follows from (24) and (25). Thus Lemma 3 is proved completely.

%(rei") do

%(Tkew) do+0(1) > (=1 +o(1))log Ty,

(24)

Remark. Functions similar to those used here were considered in [14], [3], and
[6]. Our functions are better behaved in the sense that inequality (23) holds for
all large r rather than for some large r.

Lemma 4. Let E be the function in Lemma 3, m > 1 be any integer, and
Sr)={z=(z1,..., zZm) €C™: ||z|| = r}. Then

(26) /S( )108 |E'(z1)|0(z) = (1 +o(1))(logr)?  (r — o0)
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and

(27) | | 08lE()Io(2) = (1 +o(D)logn? (7= o)
Proof. The case m =1 is already treated in Lemma 3. So we assume m > 2

in the following. By an orthogonal projection of C™ to C (e.g. see [7]) and
Lemma 3,

-1 2n (r2 t2)m— .
/ log |E'(z)|a(z) = // e ~——————tlog|E'(te’)|d0 dt
S(r)

=2(1+o(1))(m - 1)/0 -(rr_z—:l_)zm—_-it(logt)z dt

= (1+0(1))Gm(r).
We use induction to prove G, (r) = (1+0(1))(logr)? forall m. If m =2, itis

straightforward to show this claim holds. Suppose the claim is true for m — 1.
Then, taking the derivative of G,, with respect to r gives that

ad?(rz'”‘sz(r)) =2(m— Dr*3G,_1(r) = 2(m — 1)(1 + o(1))r*"3(logr)%.
Thus we get
1" 2Gu(r) — Gm(1) = P 2(1 + o(1))(logr)®?  (r — ),
and the claim is verified. Hence (26) follows. Similarly we can prove (27) by

using Lemma 3. So Lemma 4 is proved completely.

3. PROOF OF THE THEOREMS

Proof of Theorem 1. By using a refinement of Ahlfors’ method (e.g. see [5], p
95), we have that
(28)

n 1
Tf,x(r) +E Tf,,,j(r) ~Nf,D(r)+Nf,Rm(r) < 5 log /S(,) ‘yll\/"a- - E log Yf(O) +1.

Set B(f)={z=(z1, 22, ..., zm) €C™; ||z| < ¢} and

F(r)= / A /B ) yiimg,

Then, by ([1], Lemma 9), there is a constant B such that

(29) F(r) <BT}H™(r).

Applying Lemma 2 for a sufficiently small ¢ so that éB < 1 and the log(eB)
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term dominates the constant term in (28), we obtain from (29) that

n 1/n 1
= log y 0 — =
2 S(r) A 2

_n(m=1 (1 dF\) _1
=3 ( 2 pam= (r 7 2logyf(O)+1

< 2 1og(eF (WA F ()W (n/8(1) - 51087,(0) + 1

n 1
< 3 log(e BT/ () (eBT{ /" (r)y (1) /(1)) — 5 10g 7(0) + 1

log y£(0) + 1

n+k
2

for all r > ry outside a set E with [, dr/¢(r) < oo. It follows that Theorem
is proved.

Proof of Theorem 2. Let z =(z,, z3, ..., Zm) € C™ and define

f(2)=f(z1, 22, ..., zm) = (1, fi(z1), f2(22), ..., fu(2n)),

where fi(z) = exp(E(z;)) for i=1,2,...,n and recall m > n. Clearly f
is a holomorphic mapping from C™ to P"”. Let L be the hyperplane bundle
and 5 be the Fubini-Study form wg. Set D; = {w; =0} (i=0,1,...,n).
Then we take a divisor D = 3% | D; C |L| and holomorphic sections s; of
L for which the corresponding D; are linear functions in the local coordinates
Saj = Wj/w, in U, = {w, # 0}, where {U,}] is a covering of P”. Thus the
Hermitian moduli of the sections s,; are

hn

< log Ty ,(r) + nlogw(Ty ,(r)) + > log w(r) — nlog¢(r)

el = Ty T,
Therefore
Isjo fl=|exp(E(;)I/If1G=1,...,n), Iso o f1=1/I11,

HE'(zj)exp(E(zj)) , e = n!/| f|Xn D,

j=1

Al =

It follows that
|A|2hy,
YZ) =
(2) Hj=o |s o f?

Hence we have from ([5], p. 95) and Lemma 4 that
Ty (1) + Y Tr,p,(r) = N7, p(r) + N7, Ram(r)

(30) N /sm logy'/(z)a(z) + O(1)

= CTIE )P,

j=1

= n/ log|E'(z))|a(z) + O(1) = n(1 + o(1))(log r)>.
S(r)




THE ERROR TERM OF HOLOMORPHIC MAPPINGS 2163

Since the Fubini-Study form coincides with the Chern form ¢;(L),
" dt _
T =Trp0 = [ [ fa@yrom
0 B(1)
"dt c 2 m—1
= [ — [ ddlog|fIFre™ = [ log|flla.
o t Jp S(r)
It follows from (31), (13), and (9) that

Ty (r) = /S loglfllo(z) < n /S L IEE)Io)

< nmax |E(z,)] < nexp((1 + o(1))(log r?).

(31)

Consequently
(32) log Ty ,(r) < (1 +o0(1))(logr)?  (r— oo).
In the other direction, we obtain from (31), Jensen’s inequality, and Lemma 4

that
(33)

log T, (r) = log /S  loglflo(2)+ o) > /S  logloglflla(2) + 0()

> / log|E(zy)|a(z) + O(1) = (1 + 0(1))(logr)2 (r — o0).
S(r)

Combining (30), (32), and (33), Theorem 2 is proved.
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