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ABSTRACT. Consider the differential equation of a nonlinear oscillator with lin-
ear friction and a T-periodic external force. We find optimal bounds on the
derivative of the restoring force and on the period 7 in order to obtain a
unique T-periodic solution that is asymptotically stable.

1. INTRODUCTION

The purpose of this paper is to complete the results obtained in [7] and [1].
Consider the differential equation

(1.1) x" +cx' + g(x) =p(2)

where ¢ > 0 is a fixed constant, p € C(R/TZ) and g € C!(R) satisfies
(LM) a<g'(x)<b foreachxeR

with a > 0. If a =0 we also need the additional assumption

(1.2) / t)dt < g(+0).

Recently, in [7], Ortega has studied the case a = 0 and obtained sharp condi-
tions on b for the existence, uniqueness and stability of a T-periodic solution
of (1.1). In fact he has proved that there exists bg, that can be computed, such
that if b < by, then (1.1) has a unique 7-periodic solution that is (locally)
asymptotically stable when (1.2) holds. Moreover there exists 7(b) > 0 such
that if b > by but T < t(b) the above assertion is still true, while if 7T > 7(b),
then instability will appear for some p satisfying (1.2).

The case a > 0 was considered in [3] and [4] and sufficient conditions on a
and b were obtained for the same problem. More recently, in [1], Ortega and
the author have also studied this case and found sharp conditions that guarantee
global asymptotic stability (g.a.s.) (and independent from the period T). In
fact we have defined two functions, 4 and B, and we have proved that if
A[a]B[b] < 1, then there exists a unique 7T-periodic solution of (1.1) that is
g.a.s., while if A[a]B[b] > 1, then one can find a periodic function p (for
suitable period) such that (1.1) has an unstable periodic solution.
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In this paper we shall obtain sharp conditions for a fixed period T when
A[a)B[b] > 1. In fact we shall find a sequence of intervals that can be computed
such that if T is in one of these intervals, then (1.1) has a unique 7T-periodic
solution that is asymptotically stable. In general this sequence is finite and has
several disjoint intervals (see Figure 1). This is different from the case a = 0
where only one interval appears.

Thanks to the principle of linearized stablhty the nonlinear problem can be
reduced to the following problem in linear theory: to determine under what
conditions on a and b the linear equation

YV'+cey' +al)y=0 (a<a(t)<b, ae.teR)
does not have nontrivial 27-periodic solutions. To deal with this question we
shall use a technique based in control theory as used by Brockett in [2] and by
Ortega in [7].

The main results on (1.1) are stated in Section 2. The linear equation is
studied in Sections 3 and 4. The proofs of the main results appear in Section
5.

I would like to thank Professor Ortega for encouraging me to study this
problem and for his suggestion to elaborate this paper.

2. THE MAIN THEOREMS
Consider the equation
(2.1) x" +cx' + g(x) =p(t)

where ¢ > 0 is a fixed constant, g € C'(R) and p € C(R/TZ). It will be
assumed that there exist positive constants @ and b such that

(2.2) a<g'(x)<b VxeR
Consider the functions
k=12 exp{—cwy 'tanh™ (i /c)} if 0 < k < c?/4,
Alk] =4 2c7/e if k =c?/4,
k=172 exp{—cw; 'arctan(wy /c)}  if k > c?/4,
and
0 if 0 <k <c?/4,
ikl = { y .
k12 exp{cwy '[arctan(wy /c) — 7]} if k > ¢2/4,
where w; = /|4k —c?|. Here arctan: (—oo, +o0) — (—-7m/2,w/2). As a
consequence of Theorem 1.2 in [1] we have that if A[a]B[b] < 1, then (2.1) has

a unique T-periodic solution that is globally asymptotically stable. Therefore
we are interested in what happens when A[a]B[b]> 1.

Theorem 2.1. Suppose that A[a)B[b] > 1 and (2.2) holds. There exist 1, =
7i(a, b) and 1, = 15(a, b) such that if

(2.3) T ¢gn[ty,12] VneN

holds, then (2.1) has a unique T-periodic solution that is locally asymptotically
stable.

Remark. We shall see below that the constants 7; and 7, can be computed. In
particular if A[a]B[b] =1, then 7, = 7, and therefore the intervals of stability
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FiGURE 1. The dotted line stands for the intervals of
stability in the case ¢ = 2, a = 0.3, b = 15. Here
7. =1.61408... and 7, = 2.34997...

are the infinite components of {¢ > 0|t # n1;, n € N}. On the other hand, if
A[a)B[b] > 1 we have that 7; < 7, and hence there must exist some n € N
such that

n+1<‘t_2

(2.4) S

If ng € N is the first number satisfying (2.4), then there exist exactly ng inter-
vals of stability for the equation (2.1) (see Figure 1).

In the next result we shall show that (2.3) is sharp. We shall need the addi-
tional assumptions

(2.5) inf{g'(x): x eR} =a, sup{g'(x): x e R} = b.
Theorem 2.2. Suppose that (2.5) holds. If there exists n € N such that
(2.6) Te n(Tl l} 12) s

then there exists some p € C(R/TZ) such that (2.1) has an unstable T-periodic
solution.

Now we shall say how one can calculate the constants, but first we introduce
some notation. If k > 0 define

2 . 2
£ = o if k > c*/4,
+o0o if k < c?/4,
where w, = /|4k — c2|. Notice that &, is the first positive zero of any nontriv-

ial function ¢ satisfying ¢” +c¢' + k¢ =0, ¢(0) = 0. Suppose that b > c%/4
and define the switching function : y € L°(R) as follows:

a lftS—éb,
{b if —¢ <t<0,
a if0<zt.

OES

For each s € [0, & + &) consider the initial value problem

y'(&) +cy'(t)+y(-s)y) =0,
(PS){ ¥(0)=0, y'(0) = 1.

When the solution y(z) of (P;) vanishes for some ¢ > 0, we define T'(s) as
the first positive zero of ys(¢t) and define R(s) = y{(T(s)) where y;(¢) is the
derivative of y;(¢) with respect to ¢. In the equation the function a(f) = y(1—s)
is a piece-wise constant function that at most has one switch in the interval
(0, T(s)). This equation is similar to the Meissner equation studied for example
in [6, p. 115] with ¢ =0.

The problem (P;) can be integrated and one can obtain explicitly the func-
tions T and R. In particular these functions are defined in an interval I C
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FIGURE 2. The functions 7 and R when a > c%/4

[0, &y + &) such that (&, &y +¢g) C 1. Figure 2 shows the graph of these
functions.

The explicit expression of 7(s) and R(s) and its properties are given in an
appendix at the end of the paper. Then one can compute 7, > 0 solving

(2.7) 11 =T(1), RGE)=-1, 51 €&, a],
and 713 > 0 solving
(2.8) 12=T(G2), R(G)=-1, 52€[0,8+&a),

where o is the point where R has its minimum. The solvability and uniqueness
of these equations follows from Proposition 1 in the appendix.

3. A PROBLEM IN CONTROL THEORY
Let 0 < a < b be such that b > c?/4. For A >0 consider the problem
y'+ey' +a(t)y=0,
(Pa){ y(0)=y(L)=0, y(0)=1, y'(L)=-4,
y(t)#0 vre(0,L),
where L >0 and a € L*(0, L) is such that
(3.1) a<a(t)<b ae.te(0,L)

Consider the functions 7(s) and R(s) defined on the interval [ as in Section
2. We have the following result:

Lemma 3.1. If the problem (P;) has a solution, then
(i) The equation

(3.2) R(s) = -4, sel,
is solvable.




OPTIMAL INTERVALS OF STABILITY 2035

(ii) If sy, s, are the solutions of (3.2) and T(s;) < T(sy), then L €
[T(s1), T(s2)].
Proof. We shall use the language and methods of control theory (see for example
[5]). Consider the control process

x' = Clulx, x =col(x;, x3), Clu] = (_Ou _lc) .

The class of admissible controllers is U = {u € L>*°(0, r)|[r > 0, a < u(t) <
b ae. t € (0, r)}, the initial point is Xy = col(0, 1) and the target set is
K = {(0,d)|d < 0}. For each u € U attaining the target set denote by 7(u)
the first positive zero of x;(¢), where x = col(x;, x;) is the corresponding
response. Consider the set V' = {u € U|xy(t(u)) = —1}. Note that the lemma
will be proved if there exist sy, s, € I such that T(V) C [T(s1), T(s2)] and
R(s1) = R(s2) = —4.
To prove this consider for each n € N the cost functional

Folul = t(u) + n(x(t(u)) + A)2.

Note that a € V' and that if v € V', then F,[v] = 7(v). Let u;, be an optimal
control minimizing F, with optimal response x; = col(x", x;"). Its existence
follows for example from Theorem 4 in [5, p. 259]. Consider the Hamiltonian
function H(n, x, u) = n- Clulx = (m — cn2)xy — unx;, and the function
M(n, x) =max{H(n, x, u)|la <u < b} =(n —cm)xy + b(mx1)™ —a(nx;)* .
The maximal principle of Pontryagin says that there exists 7 = col(7,, 7,) a
nontrivial solution of #' = —C[u}]*n such that H(7, x;, u;,) = M(7, x;;) a.e.
t € (0, 7(u})) . In consequence

o fa ifT)>0,
“"(’)‘{b i 7,(t) < 0.

Since 7,(t) and x}"(¢) are solutions of adjoint equations and x;"(¢) # 0Vt €
(0, 7(uy)) it follows that 7,(¢) has at most one zero in (0, 7(u},)). Therefore
u, has at most one jump in (0, 7(u;;)) and only takes the values a and b.
Hence u;, is a switching function as considered in Section 2 and there must exist
sy such that u}(¢) = y(t—s;) a.e. t € (0, t(u},)). Moreover t(u;) = T(s;) and
xX3n(z(uy) = R(s3).

The sequence {s;} is bounded. This follows from

(3.3) T(sp) = t(up) < Faluy] < Fala] = t(e) = L

and the properties of T'(s) (see Proposition 1(ii) in the appendix). Hence we
can suppose that {s;} converge (in the other case one can take a convergent
subsequence). If a < ¢2/4, then (3.3) implies that the limit of {s}} isin I. If
a>c?/4,then I =[0, & +&,) but T(0) = T(& +&,) and R(0) = R(&,+&,) .
Therefore in both cases there exists s, € I such that T'(s;) — T(s;) and
R(s;) — R(s1). Let x* = col(x], x;) be the solution of x’ = C[y(t - s1)]x,
x(0) = col(0, 1). Note that T(s;) = t(y(- —51)) and R(s1) = x3(T(s1)) -

We assert that R(s;) = —A. If the claim is not true there must exist a
subsequence such that (R(s; )+ 4) — r # 0. But then F, [u;] = T(s; )+
ni(R(sy,) + A)? = +oo contradicting that uj, is the minimal optimal control
for F,, since Fy[a]=L < +oo.
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Finally, if v € V', then t(v) > T(s;). In the other case, since T(s;) —
T(s1), for n sufficiently large we should have F,[v] = t(v) < T(s}) < Fu[u}]
contradicting again the optimality of u;,.

To calculate s, we can use the same reasoning minimizing the cost functional

Galu] = e7™™ + n(xy(t(u)) + A)2
for n € N such that 1 +nA?>e L.

For the next result suppose that A[a]B[b] > 1. Then as consequence of
Proposition 1 in the appendix there exist unique 7; > 0 and 7, > 0 satisfying
(2.7) and (2.8).

Lemma 3.2. Suppose Ala]B[b]>1 andlet 1\, 1, be as in (2.7) and (2.8).
(i) If the problem (P,) has a solution, then L € [t;, 15].
(i) If Le [t1, 2], then there exists & € L>(0, L) satisfying (3.1) such
that the corresponding problem (P,) has a solution.

Proof. (i) This is a particular case of Lemma 3.1. _
(i) If L € [1;, 12] there exists § € [, 52] such that T(§) = L. Then
consider &(t) = y(¢t —§) and the problem

' +cy'+a(t)y=0,
(P)S ¥(0) =p(L)=0, y(©O) =1, y(L)=-1,
y()#0 in (0, L)
has a solution.

Corollary 3.3. With the same conditions as in the previous lemma, if T €
(t1, 72), then there exists B € L*°(R/TZ) satisfying (3.1) such that the equation

(3.4) yV'+cy'+B(t)y=0
is unstable.

Proof. If T € (1, 12), then A[a]B[b] > 1 and there exists s € (5;, 52) such
that T(s) = T . Consider f € L*(R/TZ) such that f(¢t) =y(t—s)Vte (0, T).
The solution y(¢) of (3.4) satisfies y(t+7T) = R(s)y(t) Vt € R. Then R(s) < —1
is a Floquet multiplier of (3.4) and thus is unstable.

4. THE LINEAR EQUATION
Let 0 < a < b be such that A[a]B[b] > 1. Consider the linear equation
(4.1) y'+cy' +a(t)y=0
where a € L*(R/TZ) satisfies
(4.2) a<a(t)<b ae.teR.
Proposition 4.1. Let ¢, < 1, be asin (2.7) and (2.8) respectively. If
(4.3) T ¢ nft;, 2] VneN,

then there does not exist any nontrivial 2T-periodic solution of (4.1).

Proof. Suppose, contrary to the assertion of the proposition, that there exists a
nontrivial 27 -periodic solution of (4.1). If ¢(¢) is such a solution, then it must
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vanish (to see this integrate (4.1) over a period). Let ¢y, be such that ¢() =0.
Since the zeros of ¢ are simple and ¢ is periodic, the number of zeros in the
interval [to, o+ 2T) is even. Let 2n (n € N) be the number of zeros of ¢ in
[to, to+2T).

We shall again use the language of control theory, but now we use polar
coordinates: y;(t) = p(¢)sinf(t), y2(t) = p(t)cosf(t). Consider the control
process

(4.4) {

The class of admissible controllers is U = {u € L>®(ty, r)i[r > ty, a<u(t) <b
ae. t € (&, r)}, the initial point is X, = col(0, 1) and the target state is
X, = col(2nm, 1). Consider the control problems of minimal and maximal
time to attain the target state. Note that if col(6(¢), p(¢)) is a solution of (4.4),
then y(¢) = p(¢)sin6(t) is a solution of (4.1). Also note that 6(¢) is increasing
when 0(t) = jm, j€Z. Let u* and col(p*, A*) be a minimal optimal control
and the corresponding response. Let

6’ = cos? 0 + usin’ 0 + csin 6 cos 9,
p' = p((1 —u)sinf cosf — ccos? h).

<< <th=1

be such that 6*(¢,) =kn (k=1,...,2n). Observe that p*(ty) = p*(tan) = 1.
As a consequence of the principle of optimability and Lemma 3.1 there exist
s; <--- <3, such that R(s;) = —p*(t)/p*(tk-1) and & — b, = T(s;) for
each k=1, ..., 2n. Hence we have t* = T(sf) +--- + T(s3,) and

(4.5) R(s7) -~ R(s3,) = 1.

Thus (s}, ..., s3,) is a solution of the problem of minimizing the function
S(S15 ..., 82m) =T(51)+ - -+T(s2,) intheset C ={(s1,..., 521)|8(S1, ..., S2n)
=0, s, € I Vk} where g(s;,..., S2n) = R(81) - R(s2,) — 1. Let o be as in
Section 2. From (4.5) and Proposition 1(iii) in the appendix we have that
R(o) > 1. We distinguish two cases:

Case 1: |R(o)| = 1. This happens when A[a]B[b] = 1. Furthermore 1, =
T(c) and C={(0,...,0)}. Hence sy =---=s;, =0 and t* = 2n7,.

Case 2: |R(g)| > 1. Lemma 2 and Proposition 1(iv) in the appendix imply
s; € (&, &+ &) . Now by using Lagrange’s multipliers there exists A € R such
that Vf(s},...,s3,) =4AVg(st, ..., s3,), or equivalently

T'(s7) = AR'(s7) -+ R(s3,)
T/(an) = ).R(Sf) U R'(Sin)-

As in this case T'(0) # 0 and R'(s) = O one has that s; # o and hence
R'(sg) # 0 foreach k=1, ..., 2n. Thus one car divide each equation by the
corresponding R'(s;) and multiply by R(s;) to obtain

TGDRsT) __ T'(s3)R(3,)

RGO T TRE)

thanks to (4.5). Now, since the function A(s) = T'(s)R(s)/R'(s) is one-to-one
in (&, & +%)\{o}, then st =-.- =53, . Hence R(s})?" = | and consequently
we have that s} =5, and 7* = 2n7,.
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Therefore in both cases the minimal optimal time is 2nt;. We use the
same reasoning to show that the maximal optimal time is 2n7,. But since
u = a is a control that allows one to reach the target at the time 27 we have
2nt; < 2T < 2nt, leading to nt, < T < nt,, contradicting (4.3).

5. PROOFS OF THE MAIN THEOREMS
Now the results in Section 2 follow from standard methods:

Proof of Theorem 2.1. Repeating the reasoning of [8, p. 168] one obtains that
(2.1) has at least one T-periodic solution. If x; and x, are T-periodic so-
lutions of (2.1), then y(¢) = x;(¢) — x2(¢) is a T-periodic solution of (4.1)
with

(i) = £nlih-gal) if x,(1) # xa(1),

a if x1(2) = x2(1),

that satisfies (4.2). From Proposition 4.1 one obtains that y = 0 and hence
(2.1) has a unique T-periodic solution. If z(¢) is such a solution, consider for
each s €[0, 1] the linear equation

(5.1) Y'(0) +cy'(t) + [s8'(z(2) + a(l - s)y(2) = 0.

Note that for s =1 (5.1) is the linearized equation of (2.1) at z(¢). Let A[s]
be the discriminant of (5.1), that is, the trace of a monodromy matrix. This is
a continuous function of s (see for instance Lemma 2.1 in [7]) and it is well
known that the existence of 27 -periodic solutions of (5.1) is equivalent to

|A[s]| =1 +e~<T.

Therefore from Proposition 4.1 it follows that |A[s]| # 1 + e~ and since
|A[0]] < 1+ e~<T one obtains that |A[s]] < 1 + e~T for each s € [0, 1].
Therefore the Floquet multipliers lie on the open unit disk. In particular this
is true for s = 1 and the asymptotic stability of z(¢) is a consequence of the
principle of linearized stability.

Proof of Theorem 2.2. Since T/n € (11, T2) one can use the same argument of
[7, Theorem II] together with Corollary 3.3 to state the theorem.

APPENDIX

Here we study the properties of the functions 7'(s) and R(s) defined in
Section 2 related to the linear initial value problem (F).

Proposition 1. (i) T(s) and R(s) are C' functions defined in an interval I C
[0, &p +&a) such that (&, &y +&a) C 1.
(ii) T(s) is strictly increasing in (&, &, + &) . Moreover if a < c2/4, then

lim T(s)= lim T(s)=+o0.
s—inf I s—sup [
(iii) R'(s) has only one zero in (&, &,+&,) where R(s) reaches a minimum.
If ¢ is such a zero, then R(o) = —A[a]B[b].
(iv) If s & (&b, &p +&a), then |R(s)| < 1.
(v) The equation

R(s)=r, sel,
has at most two solutions for each r € R.
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Proof. After a simple but tedious computation one can obtain explicitly the
functions T and R, the interval I and the minimum o . We distinguish three
cases. In all cases the properties follow from simple verification.

Case 1: a>c2/4. Then I =[0, &, +&,) and

(s+ Z(n— arctan(2tan(%s))) if0<s< X,
wt o ifs =72,
—— s — Zarctan(2tan(%s)) ff Z <5<,
s =&+ &(n —arctan(Setan(% (s - &)))) if & <s <&+ Z,
LI 1 ifs=¢&+ &,
[ s =&, i E)z—barctan(g)—’ftan(%ﬂ(s —-&)) if&+Z < ; <& +&,
- cos?(%ts) + (52)? sinz(“’—zhs)e‘§T(s) if0<s<§,
RSY= —\feos2(%(s - &) + (22)2sin? (4 (s - &))e 4T
\ if§ <s <&+

R(s) has its minimum in ¢ = &, + 2arctan(w,/c)/w, . Figure 2 is a drawing of
these functions in this case.
Case2: a=c?/4. Then I = (n/wy, +o0) and

2 ® .
T(s) = { s — -tan(%s) if 2-<s<&,

s =&+ o (m —arctan(%(s — &) if & <5,

cos(%s)e57) if - <5<,
R(s) =

—3/4+ k(s — &)2e~1TO) if &, <s.

Here R(s) has its minimum in o =&, +2/c.
Case 3: a < c?/4. Then I = (2(n — arctan(w,/w,))/wy , +00) and

T(s) = s— g;tanh"(%;tan(%hs)) if >(n —arctan(£)) <s <&,
s =& + & (n —arctan(Z:tanh(% (s - &)) if &, <,

” { —\/cosz(-"—’i’ls)—(g:)zsinz(%hs)e'fT(’) if wib(n—arctan(;‘:’;h))<s5 &,
R(s) = ‘

—y/cosh?(% (s — &)) + (£ )2sinh® (% (s — &))e ™8T if & <s.

R(s) has its minimum in ¢ = &, + 2tanh™ (w./c)/ @, .
In Section 4 we used the following lemma.

Lemma 2. (i) The function h(s) = R(s)T'(s)/R'(s) is one-to-one on (&, &, +
E)\{o}. Let sy, 5, €1 besuch that s, & (&, & +&,) and |R(sy)| > 1. Then
(ii) There exist §, 5, € I such that R(5))R(5;) = R(s1)R(s2) and T(3) +
T(5)<T(s))+ T(s2).
(iii) There exist $;, $» € I such that R(5))R(S;) = R(s1)R(s2) and T($) +
T(fz) > T(Sl) + T(Sz).
Proof. We study the case a > ¢?/4. The other cases are similar and are left to
the reader.
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(i) Here h(s) = 2sin(wa(s—&p)/2)/(wa cos(wa(s—&p)/2) —c sin(wa(s—Ep)/2))
is strictly increasing in (&, & + &)\{0}.

(i) Let ap = 2arctan(w,/c)/w,. R(s) reaches a maximum in gp. We
distinguish several cases. If s, € [0, gp), then there exists §; € (gp, &) such
that R(5;) = R(s;) and T'(5;) < T(s,) (see Figure 2). Similarly, if s, € (o, &+
&,), then there exists §; € (§,, o) such that R(5;) = R(s;) and T(5;) < T(s;),
proving the assertion.

Therefore suppose that s, € [go, &] and s, € [£,, g]. Since R(s) is strictly
decreasing in [ayg, o], for each s € [s, 5;] there exists a unique ¢(s) such that
R(s)R(p(s)) = R(s;)R(s2). The function ¢(s) is continuous and decreasing.
Moreover T(s) is strictly decreasing in [dy, &] and increasing in [, o]. In
consequence we obtain (ii) for s, € [0y, &) taking §; =5, § = ¢(s) for any
s€(00,&). ,

Finally suppose that s, = £, . Consider the function f(s) = T'(s) + T(¢(s)),
s € [s1,52], and let r € (&, s2) be such that r = ¢(r). We assert that f(s)
is decreasing in (&, r). Note that this implies (ii). From the inverse function
theorem, ¢(s) is differentiable in (£, r) and

e R(S)R(p(s)) .
7= "ROR ()
also f(s) is differentiable and f'(s) = T'(s) + T'(¢(s))¢’(s) . Multiplying by
R(s)/R'(s) > 0 one obtains

R L) = h(s) = hip(s) < 0
and hence f(s) <0 in (&, r), proving the assertion.
(iii) Similar.
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