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ABSTRACT. A sufficient condition is given for the compactness of the evolution
operator U(t, s) generated by a family of nonlinear w-accretive operators
A(t). This family A(t) satisfies a time-dependence condition which is not cov-
ered by the results of Calvert and the author. It is also shown that the main part
of this sufficient condition is necessary.

1. INTRODUCTION AND PRELIMINARIES

In what follows, #, %, are the real line and the set [0, o), respec-
tively. Also, T is a fixed positive number and X is a real Banach space.

Definition 1. We denote by .# the set of all integrable functions f : [0, 7] x
[0, T] — &, such that:

(l) f(S,S)=O, f(S,t)=f([,S), f(l,s)gf(t,r)+f(s,r), 0<r<s<
t<T,;

(i) for each s € [0, T), we have f(-,s) € £1(0,T) and f(-+s,:) €
ZY0, T -5s);

(iii) for each h € (0, T), the function

h
F(s,r)z/0 f(t+s,t+r)dt

is upper semicontinuous on [0, T — h] x [0, T — k], i.e., {sn}, {r.} C[0, T —
hlx[0, T —h] and s, — S¢, r, — ro imply that
limsup F(s,, rx) < F(so, ro).

n—oo

Definition 2. Let Z C [0, T)xX, D(s)={xe€eX : (s,x)e I}, s€[0,T).
Let U(t,s), 0<s <t< T, bea family of operators in X. Then U(¢, s)

Received by the editors April 28, 1993 and, in revised form, October 13, 1993.

1991 Mathematics Subject Classification. Primary 47H20; Secondary 39B70, 47H06.

Key words and phrases. Compact evolution operator, w-accretive operator, compact resolvents,
Crandall-Pazy theory.

© 1995 American Mathematical Society




2082 A. G. KARTSATOS

is said to be an evolution operator of type & (<, w, f), where w € # and
f e, provided that:
(E1) if 0<r<s<t<T, U(t,s) maps Z(s) into Z(t), U(s, s) is the
identity on Z(s) and U(t, s)U(s,r)=U(t, r) on D(r);
(E2) for s€[0,T) and x € D(s), U(-,s)x e C([s, T), X);
(E3) for 0<r<s<T, 0<t<T-s, xe(s) and y e Z(r),

t
U@+s,s)x=U(+r, Nyl <e|x -y +/ e f(r+5, T+ r)dr.
0

Definition 3. For x, y € X we set
(x,¥)+ = /ilnfl“(llx + [l = lIx|)-
>0

An operator A4 : X — 2X is w-accretive, where w € %, whenever
(x—y,u-v); >-w|x-y| forallx,ye€D(A),ucAdx,v € Ay.
Condition I. Let A(t), t € [0, T), be a family of w-accretive operators, for
some w € H,. Let & = {(t,x)€[0,T)xX : xe€ D(A(t))}. Let f € &

and let U(t, s) be an evolution operator of type & (<& , w, f). Suppose that for
0<s<t<T, xeP(s), 0<r<T and w € A(r)z we have

e~ UL, s)x — z|| —e™||x — z]|

</ e (Ut )% — 2, —w)s + f(x, P

Condition II. R(I+AA(t+A)) D D(A(¢)) forall t € [0, T) andall A€ (0, T—1t)
with Aw < 1.

Calvert and the author gave in [4] a result, under Conditions I and II, con-
taining necessary and sufficient conditions for the compactness of the operator
U(t, s). However, this result does not cover an important case of operators
A(t), i.e., operators satisfying the following condition.

Condition II1. (i) There exists w € #, such that foreach t € [0, T the operator
A(t) is w-accretive and R(I + AA(t)) =X for L€ A= (0, Ay), where Ay is a
fixed positive constant such that Agw < 1.

(ii) There is a continuous function h : [0, T] — X of bounded variation on
[0, T, and an increasing function L : %, — %, such that
(©) 142(0)x — Az (s)x[| < A(2) = AILAIx[)(T + [|42(s)x]1)
forall Ae A, t,s€[0,T], and x € X, where

L) =T +240))7", A1) =271 = L))

In fact, under Condition III, the integral inequality in Condition I will have
the function L(||x|)||A(7)—A(r)||(1+]||w]|]) in place of the function f(z, r). This
can be seen in the paper of Tanaka [15, p. 51]. Because of the presence of the
factor L(||x]|)(1+|lw]), the function f(z,r) does not satisfy (i) of Definition
1. Thus, the sufficiency part of the proof of the main result in [4] does not go
through in the present setting, and some modifications are needed in the proof
of the necessity part.
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Our purpose in this paper is to give a set of sufficient conditions for the
compactness of the Crandall-Pazy evolution operator generated by a family of
w-accretive operators satisfying Condition III. This is the content of Theorem
1. Theorem 2 shows that two of these conditions are also necessary for the
compactness of this evolution operator.

We collect some properties of w-accretive operators 4 and the directional
derivative (x, y),. The books of Barbu [2] and Lakshmikantham and Leela
[13] are excellent references on the subject of accretive operators. We assume
that R(A+AI)= X forall Ac A. Weset J, = (I+14)71, 4, = (1/A)(I - Jp)
and always assume that A € A.

(i) [Max = Jwll < (1 -Ao) Hx-yll, x,y€X.
(ii) ||Jix — x|| € A(1 = Aw)~YAx|, x € D(4), where

|[Ax| = inf {|lyll}, x € D(4).
yEAxX

(iii) A, is w;-accretive with w; = w(1 — Aw)~!. Also,
l4zx — 4yl 27N+ (1= Aw) Dllx = yll, x,y € X.

(iv) Apx e AJ;x, xe X.
For x,y,z€ X and «a, f € # we have

(1) (x, ax +y)+ = allx|| +(x, ¥)+;

(2) (ex, By)+ =|Bl(x, y)+ for af >0;

(3) (x,y+Z)+ S (xay)++(x’ Z)+;

(4) (x,»)+ <llx+yl-Ilxl;

(5) 10, »)+l < vlls

(6) the function (x, y)s: X x X — Z is upper semicontinuous.

We give below some of the properties of the Crandall-Pazy evolution operator
U(t, s). The rest of its properties can be found in [5]. We let A = {(z,s) €
[0,T]? : 0<s <t<T} and assume that Condition III is satisfied. We let

D = D(A(0)). We know that D(A(?)) = D = const. for all ¢ € [0, T].
(i) For each (t,s) € A, U(t,s): D — D and the mapping (¢, s, x) —

U(t, s)x is continuous on A x D.
(ii) Forevery r,s,tec [0, T] with r <s <t, we have U(t, s)U(s, r) =
u(t,r).

(iii) (1U(t, s)x = U(t, s)yll <e*|x ~y|, (t,5)€A, x,y€eD.

2. MAIN RESULTS
Our main result is contained in the following theorem.

Theorem 1. Assume that Condition 111 holds. Then the Crandall-Pazy evolution
operator U(t,s) is compact on D, for each t,s € A with t > s, if the
Sollowing additional conditions are satisfied:

(i) For every x € D, J,(t)x is continuously differentiable w.r.t. t € [0, T],
for all A€ A, with derivative J,(t)x of bounded variation on [0, T). In addi-

tion, for every bounded set B c D,

T
}itr(l)l/ |J;(¢)x||dt = O uniformly w.r.t. x € B.
-0 Jo
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(ii) The resolvents J,(t) are compact on D for each t € [0, T and each
AeA.

(iii) Given € >0, s€[0,T), to€ (s, T) and a bounded set B C D, there
exists 6 =9d(s, ty, €, B) such that

IU(t, s)x — U(t, s)U(to, $)x|| <€
Jor every t € (s,s+ ) and every x € B.

The following statement is important for the applicability of Theorem 1 in
reflexive Banach spaces.

Remark 1. Let Condition III hold with A(7) = ¢ and let X be reflexive. Then,
for every x € D, Ji(f)x is absolutely continuous and differentiable a.e. w.r.t.
te [0, T) forall A€ A. In addition, for every bounded set B C D,

T .
}ir%l/ I7;(£)x]|/dt = O uniformly w.r.t. x € B.
-0 Jo

Proof. We observe that A;(t) = (1/A)(I — Ji(¢)) and
I72(6)x = Ja(s)x|| < AL(lIx]Dz = s|(1 + [l 42(s)x]]).-

We have

" A= S < Anqueiy 1+ (/w0 - Sy
< L(XIDG -+ el + 130D,

@ 1401 < 10l + TL(LxINGE + Il + 15(0)xI)

and

© 19201 < 1050l + (1 = Zo0)™ 1 = ol

for any x € D, A € A, where xy € D is fixed. It is easy to see that (1)-(3)
imply that J;(¢)x is Lipschitz-continuous, and thus absolutely continuous on
[0, T]. Since X is reflexive, J;(¢)x is differentiable a.e. w.rt. ¢ € [0, T]
and the norm of the derivative, ||J;(f)x||, is an integrable function on [0, T]
(cf. Brézis [3, Proposition A.1]). Moreover, from the above inequalities we also
obtain that A||J;(#)x|| — 0 as A — 0 uniformly for (¢, x) € ([0, T]\ M) x B,
where M is a measurable subset of [0, T'] with u(M) =0 and B is a bounded
subset of D. This implies the validity of the integral condition.

Lemma 1. Let Condition 111 be satisfied and let f:[0, T] — X be a continuous
Sfunction of bounded variation on [0, T). Then, for any s € [0, T], xo € D,
the Crandall-Pazy solution x(t) = U(t, s)xo of the problem

! A t - t 07 t ’ T 3
1) x'+A()x - f(1) 3 €ls, T]

x(s) = xo

is well defined. Moreover, the Crandall-Pazy solution xg(t) of the problem
x'+Ap() - f(t)=0, te[s, T],

(€2) x(s) = xo

is also well defined and xz(t) — x(t) as B — 0%, wuniformly on [s, T).
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Proof. To show the existence of the solution x(¢) of (Cl), we observe first that
the operator A(¢)— f(t) is w-accretive. We show that R(I+A(A(t)—- f(?))) =X
foral A€ A, te€[0,T). Fix A€ A, t€[0, T], y € X. Then there exists x =
x(A, t,y) suchthat (I+AA4(¢))x 3 Af(¢t)+y. Thus, (I+A(A(t)—f(¢)))x > y. To
show the t-dependence of B(f) = A(1) — f(1), weset JE(t) = (I+AB(t))~!. It
is easy to see that J2(1) = Jy(t)(x + Af(¢)), A€ A, t €[0, T]. Thus, as in
Evans [6, proof of Theorem 2],

172 (0x = T (s)x|
S AS@) = SO+ AlAe) = RSNLa(1x[D(T + 1 Ba(s)x]1)

where L, : £, — . isan increasing function. Letting g(¢) = Var([0, t]; f)+
Var([0, t]; h), where Var([0, t]; f) denotes the total variation of f on
[0, t], we obtain

@ WE@0x = T (s)x]l < Alg(t)uo — g(s)uoll La(IIxI)(1 + || Ba(s)x]l)

for some new increasing function L, : #Z, — %, and any up € X with ||ug|| =
1, ie., atype of t-dependence exactly like the one in Condition (C). Thus, the
solution x(¢) = U(t, s)xp exists by [5, Theorem 2.1].

Concerning Equation (C2), we set Dg(t) = Ag(t) — f(¢). We note that Ag(t)
is w;-accretive, with @, = w/(1 — pw), forall € A and all t €[0, T]. We
now show that R(I + ADg(t)) = X forall g € A,A > 0 with dw; < 1,
and ¢ € [0, T]. Actually, it suffices to show that R(I + AA4g(f)) = X for the
same values of f,4 and t. To see this, fix y € X and consider the equation
(I4+AAg(t))x = y. The solvability of this equation is equivalent to the existence
of a fixed point for the mapping y(x), where

A
w(x) = A_+B_,B + 50

This mapping has a unique fixed point for the above values of the parameters
B, A and t (cf. [5, proof of Lemma 4.1]). We need to show that Dg(f) satisfies
a condition like (C), but this follows immediately from the fact that the operator
Ag(t) satisfies such a condition (cf. [5, proof of Lemma 4.1]) and an inequality
like (4).

In order to apply Lemma 4.1 of [5], it remains to show that

JPE()x — JE(t)x as B — 0%,

foreach A€ A, t€[0, T], where J2#(t) = (I + ADg(1))". We set JP(1) =
(I + Adp(t))~" and note that J2 #()x = JP(x + Af(t)) and JE(t)x =
Ji(x + Af(t)). We also know that Jf(x + Af(t)) = Li(x +Af(2) as B —
0+, forall 1 € A, t € [0, T], because of the continuity of the mapping
Jy(t) : X - D(A(t)) in the variable g. This is shown, with x + Af(¢) replaced
by x, in[5, proof of Lemma 4.2]. Thus, xg(¢) — x(t) as f — 0%, uniformly
on [s, T]

Proof of Theorem 1. We consider the approximating problems
u'+Ag(thu=0, tels, T},
u(s)=x,

(Eg)
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and
(Fj) W+ Ag(tyu=J(t)x + A;(t)x, tels, T],
g u(s) = Jy(s)x,
for fixed A € A and x € D, where B is a sufficiently small positive constant
and w; is as in the proof of Lemma 1. We let ug, ug denote the C! solutions
of these problems, respectively. Since the functions ug, ug are continuously
differentiable, we have that the function |[ug(¢) — ug(t)| is differentiable a.e.
on [s, T] and such that

(d/dt)|ap(t) — up(t)|| = (Hp(t) — up(t), wg(t) — up(t))+
= (up(t) — up(t), —(Ap(0)up(t) — Ap()ug(2)) + Ji(1)x + A;(£)x)+
< (up(t) —up(t), —(Ap()ug(t) — Ag(t)ug(1)))+
+ (U (1) —ug(t), Ji(1)x + Ax(£)x)+
< (Up(t) = upg(t), J{(O)x + Ax(O)x)+ + @1 [|ug(t) —up ()|,

where we have used the w,-accretiveness of the operators Ag(f). Integrating
this inequality ( (x, y)+ is upper semicontinuous), we obtain

llup(?) — up (D)l

< llug(s) - Tp(s)] + / (75(1) — up (1), JU(1) + Ay(1)x).4d7

+on [ Imp(c) - up(o)ld
Working as in Remark 2.1 of [4], we see that this inequality implies
g (t) — up (@)
< e ag(s) — ug(s)ll + /t e (g (1) — up (1), J{(T)X + A3(1))4dT.
s

At this point we need to note that ug(t) = Ug(t, s)x, Hg(t) = Ug(t, s)Ja(s)x,
where Up, Uﬂ are the Crandall-Pazy evolution operators associated with (Eg ),
(Fpg ), respectively. From Lemma 1 we have that Ug(¢, s)x — U(¢, s)x and
Ug(t, s)Ni(s)x — Ji(t)x, as B — 0, because U(t, s)x is the Crandall-Pazy
solution of the problem
W +Atu>0, tels, T],
u(s)=x,
and J,;(¢)x is the Crandall-Pazy solution of the problem
W+ A us J(t)x + Ay(t)x, tels, T],
u(s) = Ji(s)x

(cf. [5, Theorem 3.1]). Thus, for every A € A, every x € D and every ¢ > s,
we have

(3)
IJa(8)x = U2, 5)x|| < e~ T (£)x — x|

+ /' e (T (u)x — Ulu, $)x, Jj(u)x + Ay(u)x)+du.
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We now use A;(t)x = (1/A)(I —J;(¢)x) and the properties of (x, y), to obtain
(a()x = U(u, s)x, Jj(u)x + A3 (u)x)+
= (/A (L (u)x — U(u, s)x, AJ;(u)x + Ad;(u)x)+
(6) < (/W) (w)x — U(u, s)x + AT} (u)x + Ad;(u)x||
= (1/A)Ia(u)x = U(u, s)x||
= (1/D)lx = Uu, s)x + AJj(w)x|| = (1/A) |2 (u)x — U(u, s)x]|.
Using
—e“ || Ty (w)x = U(u, $)x|| < =Tz (u)x = U(u, $)x]|
< = Ulu, s)x|| = llx = Ja(w)x]l,

t>u>s, in (6), and then modifying (5) accordingly, we obtain

(172) [ 130 = xlldu < 2= (s)x - x|
(7 o,
+(1/2) / €= (2lx — U(u, 5)x]| + AT (w)x]) du

for every A € A, every t €[s, T] and every x € D. Thus, if we replace x in
(7) by U(to, s)x, for some ¢y € (s, T], we find
(8)

/t (Jy(w)U(ty, s)x — U(ty, s)x)du

< [ WU, 5)x - Ulto, s)xldu
< /1;“’(""||Ja(S)U (to, $)x = Ulto, s)x|
+ / t e?=¥ (2||U(to, 8)x — U(u, s)U(to, 8)x|| + 4| J;(w)U(to, 5)x||) du.
We obs;rve that our hypotheses and (8) imply that for every ¢ > 0, s €

[0, T), to € (s, T] and a bounded set B C D there exists § = d(s, tp, €, B) >
0 and Ap = A¢(s, to, €, B) > 0 such that

9

forevery te(s,s+40), A€ (0, Ap).
We fix s, ¢t and £y as above and consider the operator

/t (L (w)U(to, s)x — Ul(ty, s)x) dul| < €

F(x) = /t L (w)U(ty, s)xdu.

To show that the set F (B) is relatively compact, we show first that the set &
of functions
foiu—- L(w)U(ty, s)x, uels,t]l, xeB,

is relatively compact. To this end, we must show that & is bounded, equicon-
tinuous and such that each set

(10) Qu={fi(u) : €Z}, uels,tl,
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is relatively compact in X. All three properties follow from our considera-
tions above as well as our hypotheses. In fact, the boundedness of & follows
from (2) and (3) and its equicontinuity from the global Lipschitz-continuity of
Jy(u)x. The relative compactness of the set Q, in (10) is a consequence of
the assumed compactness of the operator J;(u#). Thus, the set & is relatively
compact. Let us pick a sequence {x,} C B. Then, by the relative compactness
of the set &, there exists a subsequence {x,} such that the sequence of func-
tions j;,,k converges strongly and uniformly to some continuous function f on
[s, t]. Thus,

/t JL(w)U(ty, 8)xn du — /t f(u)du.

This implies that the set
t
FB)={yeX : y= / Ji(u)U(ty, s)xdu, for some x € B}
s

is relatively compact. We have shown that the operator F maps bounded subsets
B of D onto relatively compact sets. Since F is also continuous, it is compact.

Now, let B be a bounded subset of D, € >0,5€[0,T), te(s, T], to €
(s, T] and €y = (¢t — s)e/2. Then there exist 6 = d(s, &y, €g, B) > 0, Ay =
Ao(S, to, €0, B) > 0 so that (9) holds with ¢ instead of ¢ and such that the
set F(B) can be covered by a finite number of open balls of radius ¢;. From
(9) we see now that the set

t
{y :y=/ U(ty, s)xdu = (t—s)U(ty, s)x, for some x € B}
S

can be covered by a finite number of open balls of radius 2¢; = (¢ — s)e. This
implies that U(¢, s)B can be covered by a finite number of open balls of radius
€ and proves the compactness of the operator U(t, s) forany s € [0, T) and
any to € (s, T).

The next result shows the necessity of Conditions (ii) and (iii) of Theorem
1.

Theorem 2. Assume that Condition 111 holds. Then if U(t, s) is compact for all
(t,s) € A with t > s, Conditions (ii) and (iii) of Theorem 1 are true.

Proof. We give the complete proof although part of it follows as in [4]. Assume
that U(¢, s) is compact for (¢, s) € A with ¢ > s. Fix such a point (¢, s). To
show that J;(s)x is compact for every 4 € A, we note, as in Theorem 4 of
Tanaka [15], that we have

1U(t, s)x — z|| < e®*~9||x - z||
+ /t e I(U(t, s)x —z, —y)4
+ L(llxIDIlA(T) = A1 + llyID]dz,

forany r € [0, T], z € D(A(r)), y € A(r)z and any x € D. Letting r = s
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and replacing x and z by J;(s)x, we have
NU(2, $)Ja(s)x — Ji(s)x|]

</ I [(U(z, 5)J(5)x - Jy(s)x, ~)s

+ L(llfl(S)xll)/ lA(t) = h(SI(1 + [l 42()x]D]dT
< @@, t, 5)||4a(s)x]|

+eIL(|| Ly (s)xI)(1 + IIAA(S)XII)/ lA(7) — h(s)lldz

because A,(s)x € A(s)Jy(s)x. Here, ¢(w,t,s) = o 1?9 -1) if >0
and (¢t —s) if @ =0. Let B C D be bounded. Then J;(s)B and A;(s)B are
uniformly bounded ( A is fixed here). Since L(||x||) is also bounded on B, we
have that, given € > 0, there exists d = d(s, 4, €, B) > 0 such that

U2, $)Ji(s)x = Ja(s)x|| < €/2

for all ¢ € (s, s + d). Since Jy(s)x is bounded and U(¢, s) is compact, the
set U(t, 5)J;(s)B is relatively compact. As such, it can be covered by a finite
number of open balls of radius €/2. This last inequality implies that J;(s)B
can also be covered with a finite number of open balls of radius €. Thus, J;(s)
is compact for every s € [0, T). Its compactness for s = T follows easily from
its Lipschitz continuity on [0, T].

To show (iii) of Theorem 1, we fix (fy, s) € A with # > s andlet B C D be
bounded. Since the function g : (¢, x) — U(t, s)x is continuous on [s, T]xD
and Q =[s, T) x U(ty, s)B is a compact set, it follows that g is uniformly
continuous on Q. Thus, given € > 0, there exists d = d(s, f, €, B) > 0 such
that

IU(t, s)x = U(t, s)U(to, s)x|| <€

forall t € (s, s+d) and all x € B. This completes the proof.

3. DISCUSSION

It would certainly be interesting to know whether Theorem 1 is true without
the assumption (i).

The author gave a result in [9] which contains the generation of an evolution
operator for the functional evolution

X +A(t)x = G(t, x)), te[0,T1,
Xo=¢,

where A(t) is m-accretive for all ¢ € [0, T'] and satisfies Condition (C) with
h(t) = t. The function G is Lipschitzian in both variables and the function ¢ :
[-r, 0] —» X is also Lipschitz-continuous, where r is a positive constant. The

(FDE)

evolution operator U(t, s) for (FDE) is defined on D = D(A(t)) = const and
produces a solution x(7), t € [-r, T], which lies in the generalized domain
D, defined by

D =D(A(0)=DA(1) ={xeX : Jlim [|4(8)x]| < +o},
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only on an initial interval [0, T}], T; < T, where it is actually Lipschitz-
continuous. This solution is the uniform limit of solutions y”(¢) of the prob-

lems
Y+ AWy =G, yi7Y), tel0, Tl,
x(0) = ¢(0) € D,
such that y"(¢) = ¢(t), t € [-r, 0]. Such an evolution operator, with solution
lying in D whenever ¢(0) € D, was also obtained by the author and Parrott in
[11] (via a fixed-point theorem) and by Tanaka in [15], [16]. Tanaka’s operator
in [15] is actually more general than that of [9] and [11].

Shin and the author [12] gave some existence results by using the Schauder
fixed-point theorem on such functional time-dependent problems involving com-
pact evolution operators. The cases covered in that paper do not include the case
of an evolution operator satisfying Condition III. Thus, another open problem
arises in this direction. For conditions like the ones considered in [12], the
reader is also referred to Pavel’s book [14]. For evolutions with constant opera-
tors A, we cite the papers of Gutman [7], [8] and the book of Vrabie [17]. The
original results involving the compactness of the operator f — x, for nonlinear
problems

xX'+Ax> f
are due to Baras [1].

The author has given in [10] a method by which one can obtain large classes of
compact evolution operators which are generated, for example, by m-accretive
perturbations 4+ B(t) of m-accretive compact semigroup generators A. These
m-accretive operators A + B(t) satisfy Condition III and Items (ii) and (iii) of
Theorem 1.
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