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COMPLETION THEOREM FOR COHOMOLOGICAL DIMENSIONS

WOJCIECH OLSZEWSKI

(Communicated by James E. West)

Abstract. We prove that for every separable metrizable space X with

dimG X < n , there exists a metrizable completion Y of X with dimg Y < n

provided that G is either a countable group or a torsion group, and with

dimG Y < n + 1 if G is an arbitrary group.

1. Introduction

This paper was inspired by the general plan to construct cohomological di-
mension theory parallel to the theory of covering dimension. We restrict our
considerations to metrizable spaces.

We call a space Y an absolute extensor of a space X if every mapping

/: A -» Y, where A is a closed subset of X, extends over X ; we write then

Y £ AE(X). We define the cohomological dimension dimG I of a space X
with a coefficient group G as

min{n: K(G, n) £ AE(X)},

where K(G,n) stands for the Eilenberg-MacLane CW complex (see, for ex-

ample, [5]). Note that Y. Kodama proved in [3] that every mapping f:X—>K
from a closed subset A of a metrizable space X to a CW complex K extends

over an open set U ç X containing A . For a deeper discussion of cohomo-

logical dimensions in the realm of metrizable spaces we refer the reader to [ 1 ]
and [2].

It is known as the completion theorem for covering dimension that for every

metrizable space X with dim X — n, there exists a completely metrizable
space Y containing X with dim Y = n . In [4] L. R. Rubin and P. J. Schapiro

proved that the analogous theorem holds for cohomological dimension with the

coefficient group G = Z, where Z denotes integers, provided X is metrizable

separable; they derived this theorem from their generalization of the Edwards-

Walsh theorem.
We give the direct proof of that completion theorem and its generalization

to every group G which is either countable or torsion. We also prove that for

any group G and separable metrizable space X with dime X = n , there exists

a completely metrizable space Y containing X with dime Y = n + 1. The
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results show that Conjecture 3 of [2] is true, and answer partially Problems 3

and 4.

2. Proofs

We shall start with the main theorem.

Theorem 1. Let K be a countable CW complex. For every metrizable separable

space X such that K £ AE(X), there exists a metrizable completion Y of X

such that K £ AE(Y).

The following simple lemma established by Walsh will play a key role in the

proof.

Lemma 1 (Walsh [5]). Every mapping f: A -> K from a subspace A of a

metrizable separable space Z to a CW complex K is homotopic to a mapping

/*: A —► K which extends over an open subspace U ç Z containing A .

Lemma 2. Let K be a CW complex, Z a metrizable separable space, and X

its subspace such that K g AE(X). Every mapping g: C -» K from a closed
subset C CZ extends over an open set U ç Z such that C U X ç U.

Proof. Extend g to a g* over the closure of an open V containing C, and

next, g*\bdV ill to an h over X. It is easily seen that f(x) = g*(x)

for x £ V and f(x) = h(x) for x £ X - V is a well-defined mapping of

V U X. Therefore by Lemma 1, there exists a mapping homotopic to / which

is extendable over an open set U ç Z such that Culç Fulç U, and so

is g.

Proof of Theorem 1. Assume that X ÇQ, where Q stands for the Hubert cube;
we shall construct a (/¿-subspace Y ç Q containing X such that K £ AE(Y).

To this end, we shall first define inductively countable families il„ of open
subspaces of Q containing X and families of mappings {fu'- U £ il„} , where

fu: U^K.
Let {Dk: k £ N} be a family of closed subsets of Q with the property that

for any closed C ç Q and open V ç Q containing C, there is a k £ N

such that C ç intDk ç Dk ç V. The set [Dk, K] of all homotopy classes

of mappings from Dk to K is countable; that is, [Dk , K] — {[g£°',]: ' € N} .

By Lemma 2, every g^\ extends over an open subspace U^\ ç Q containing

DkuX ; denote the extension by fl°). Set

Ho = {U™: fc.ieN},

and fu = fjf] for U — Uf\ . By the Homotopy Extension Theorem, we have

,. » every mapping /: Dk —> K extends over U to a mapping

^ ' homotopic to fu for some U £ Ho .

Suppose il„ and mappings fu , U G il„ , are constructed. For every U g ü„ ,

D¡, Dm, Dp, and Dq such that D¡ Ç intDm , Dp ç intDq, and DqDD, ç U,
consider the set

[(D, nU)U(U- intDq)] U (Dp n Dm) ;

arrange these sets into a sequence Dkn+l\  k £ N.   Observe that for every

Z>["+1U[(Z)/nc/)U(c/-intö<7)]u(Z)pnJDm),wehave [(D,r)U)ö(U-intDq)]n
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(DpnDm) = DpnD¡, and D["+l) is a closed subset of Zk = UöintDq ; recall that

Dq n D\ ç U. There is only a countable number of mappings hki: Dpr\Dm -*

K,  i £ N, such that hkj\Dp n D¡ = fu\Dp n D/ up to homotopy relative

Dp nD,. Let 4TW = k.tix) for * G Dp nDm and ¿^(x) = M*) {™

x £ [(Di n U) U (C/ - intl>?)]. By Lemma 2, gkn+^ extends over an open set

U(kn+l) CZk = UU intDq containing X ; denote the extension by fj¡"+l).

Set UB+, = {U(ky]:k, i £ N}, and fv = /¡fil) for £/ = U(knf. By the
Homotopy Extension Theorem, we have

every mapping h: Z>["+1) —► .£ such that A is homotopic to

(2) fv in [(D¡ n £/) u (C/ - intDq)] extends over V to a mapping

homotopic to fv for some V £ iXn+x.

Let Y = n^lon^n ■ We have to show that K g AE(Y), i.e., that every
/: A —y K, where A is a closed subset of Y, is extendable over Y. By virtue

of Lemma 1 and the Homotopy Extension Theorem, we can assume that /

extends over an open set U ç Q ; denote the extension by the same letter.

Consider a sequence of sets 0/(0) > A(i). ■•• such that A(«) - mtA(«+i) f°r

n £ N and c/ = UiA(n): " G N} , and a sequence of sets DP(0) > A>(i) » • • • sucn

that Dpin+i) ç intÔp(„) for n £ N and cle/l = f){i>p(n): n G N} .
We shall define inductively sets Un £ il„ and mappings /„: Un -» K such

that

(3) Dp{n)nD,{n)çUn,

(4) /„ is homotopic to fUtt,

(5) fn(x) = fn+i(x)   foreveryxG Yn[((2-intZ)p(„))uZ)/(„)],

(6) fn(x) = f(x)   foTX£Dp{n)nD,{n].

Let i/o G ilo be such that /|A(0) extends over i/o to a mapping To homo-

topic to fu0  (see (1)).   Suppose  U„ and /„  are defined.   Let D¡ = A(«) >

öm = A(»+i). ^ = DplH+l), Dq = Dp(n). Consider D(kn+X) = [(Z), n U„) U
(£/„ - intDq)] UDpnDm (Dq C\ D¡ Ç Un by condition (3) of the inductive as-

sumption), and the mapping h: Dkn+l^ —► K defined by letting h(x) - fn(x)

for x £ [(D¡ n U„) U (U„ - intDq)] and h(x) = f(x) for x £ Dp U Dm . By
virtue of (3) and (6) of the inductive assumption h is well defined; by (2), h

extends over a Un+X £ il„+i to a mapping fn+x homotopic to fu„+i . It is easily

seen that (3)-(6) are satisfied.

By (5), the sequence (fn)^ determines a mapping f*: Y -+ K which is an

extension of / by (6).

Corollary 1. Let G be a countable abelian group. Every separable metrizable

space X has a completion Y with dimG Y = dimG X.

In [1] J. Dydak established the following theorem.

Theorem. Let G be an abelian group. Then

(V) dimG X = max{dimTorG X, dimG/TorG X},
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(8) dimG X = max{dim// X: H £ a (G)},

where o(G) is a countable family of countable groups, provided G is a torsion

group

,Q.        there exists a countable group  H(G)  such that dimGX  <

^ '        dim//(G) X < dimG X + 1 provided G is torsion free

for every metrizable space X.

By virtue of this theorem, Corollary 1 and the monotonicity of cohomological

dimension (see [5] ), we obtain the following corollary.

Corollary 2. Let X be a separable metrizable space, and G an abelian group.

Then there exists a completion Y of X with dimG Y < dimG X + 1, and with

dimG Y = dimG X provided G is a torsion group.

We do not know whether for any abelian group G and separable metrizable

space X there exists a countable abelian group H such that dim// X < dimG X

and dimG Y < dim// Y for every separable metrizable space Y . Of course,

the positive answer to this question would give the completion theorem for an

arbitrary abelian group G.

Added in Proof

The author is indebted to L. R. Rubin for pointing out a mistake in the

introduction; namely, his paper with P. J. Schapiro ([4]) contains the completion

theorem for integer cohomological dimension under the assumption that X is

a metrizable, not necessarily separable, space.
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