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ABSTRACT. This paper focuses on a multiplicative property of the Berezin sym-
bol A4, of a given linear map A: # — f , where # is a functional Hilbert
space of analytic functions. We show 4B = AB for all B in &(#) if and
only if A is a multiplication operator M, , where ¢ is a multiplier. We also
present a version of this result for vector-valued functional Hilbert spaces.

1. INTRODUCTION

Let n be a fixed positive integer and let Q be a region in C". A functional
Hilbert space # is a Hilbert space of analytic functions on Q such that the
point evaluations are bounded, linear functionals. By the Riesz-representation
theorem there exists, for each z in Q, a unique element K, of #Z such
that f(z) = (f, K,) for all f in #. The function K on Q x Q, defined
by K(z,w) = Ky(z), is called the reproducing kernel function of # . Let
k, = ]]Tlg‘li be the normalized reproducing kernel function. For a given linear

map A: # — # , the Berezin symbol A (see [1]) of amap A of Z into itself
is defined by

A(z) = (4k, , k).

It is known that the map A — A is injective (see [3]). A function ¢ defined on
Q is a multiplier of #Z if ¢.f isin #,forall f in # . Let &(#) denote
the set of all bounded, linear operators from # into # . The multiplication
operator M,: # — # defined by M,f = ¢ - f isin Z(#), when ¢ is a
multiplier of Z .

2. THE MULTIPLICATIVE PROPERTY OF THE BEREZIN SYMBOL
ON A FUNCTIONAL HILBERT SPACE

Theorem 1. Let A be a bounded operator on # . Then
AB(z) = A(z)B(z)
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Jor all B in &(X) if and only if A is a multiplication operator, M, , where
@ is a multiplier. Moreover, 9 = A.

Before proceeding with the proof, we need the following:
Lemma 1. When ¢ is a multiplier of #, H,,(z) =¢(z).
Proof. M,(z) = (Myk., k.) = (pk., k.) = 9(2).
Lemma 2. The Berezin symbolof f@ g, for f,g in Z, is

(fog)z) = "gK( ")Zf(z), zeQ.

Proof. For f and g in # and z in Q,

(feg)(z) = <(f ®g )||K [ Ile||>

By the reproducing property of the kemel function, we have

Feo0 =g, faex,

Proof of Theorem 1. Suppose AB(z) = A(z)B(z) for all B in &(#). Let
B=f®g for f and g in #. Then, by Lemma 2,

AB(2) = (45 8)(2) = S 4N,

By the hypothesis, we have

ED ane) = E dasca),

which reduces to _
(Af)(z) = A(2)f(z)
forall f in # . Hence 4 =M;.
Conversely, if 4 is a multiplication operator, M, , where ¢ is a multiplier,
(Bk:)(2)
K|l

M,B = (M,Bk,, k;) = ¢(z)

for all B in #(#). By Lemma 1, we have
M,B(z) = M,(2)B(2)

forall B in &(%).
Corollary 1. Let B be in B (#). Then
AB(z) = A(z)B(2)
Jorall A in B(#) ifand only if B = M., , where v is a multiplier.

Proof. The assertion follows from Theorem 1 and the fact that F‘( z)= ?( z),
forall T in &(#).




THE BEREZIN SYMBOL AND FUNCTIONAL HILBERT SPACES 3689

The Hardy space H? consists of the complex-valued analytic functions on the
unit disk D such that the Taylor coefficients are square summable. A calculation
shows that K, = ﬁ has the reproducing property (see [4]). Let P denote the
orthogonal projection of L2(dD) onto H?, and let ¢ be a bounded measurable
function. Then the Toeplitz operator, T, , induced by ¢ is defined by T, f =

P(pf),forall f in H?.
Corollary 2. Let A be a bounded operator on H?. Then

AB(z) = A(2)B(2)

forall B in % (H?) if and only if A is a Toeplitz operator, T,, induced by ¢
in H*®. Moreover ¢p = A.

Proof. The multiplication operators on H? are the analytic Toeplitz operators.

We should mention that Corollary 2 is also true if one replaces H? by the
Bergman space or any of the weighted Bergman spaces. (For analytic Toeplitz
operators on weighted Bergman spaces see [6].)

3. THE MULTIPLICATIVE PROPERTY OF THE BEREZIN SYMBOL
ON THE ANALYTIC REPRODUCING KERNEL SPACE, # = 4 ® %

Let # be a functional Hilbert space of (scalar-valued) analytic functions
on Q with the reproducing kernel function K,, for each fixed z in Q. Let
% be a separable Hilbert space, and let # be the functional Hilbert space of
% -valued functions, # = # ® €. The reproducing kernel function of #,
J,: &~ #,is defined by J,(u) = K, ® u, where u isin % .

The evaluation functional E,: # — &, defined by E.f = f(z), for z in
Q, is bounded (see [2], Lemma 3.2). For fe€ #, u in &, we have

(f, E;u)r = (f(2), u)e.

We aiso hav: the reproducing property of the kernel function, that is

(f> 3:(w)w = (f(2), u)e.

Therefore, EXu = J,(u), for all u in & . By the reproducing property of the
kernel function, we have ||J3.(u)||> = K.(z)||u||*, where u is in &, and hence

13:1l = VKz(z) = | E.||.

Let %, = H%T be the normalized reproducing kernel function, and let A be
a bounded linear operator on /# . Then the Berezin symbol A of A is defined
by
A(z2) = ZAZ,.
Lemma 3. An operator A is a multiplication operator if and only if, for each
fixed z in Q, A*E? = E:®(z)* for some operator ®(z) in B(¥). Moreover,
in this case, A is the operator of multiplication by the function z — ®(z).

Proof. Let z be fixed in Q. Suppose A is a multiplication operator, My,
induced by ®: Q — #(%). We observe that

E.-Myf = Mgf(z) =P(z)f(z) =D(2)E.f forall f in Z.
Then we have E, Mg = ®(z)E, , for some operator ®(z) in #(¥%).
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Conversely, let 4 be a bounded operator on # such that A*E} = E:®(z)*
for some operator ®(z) in #Z(%). For u in &, we have

(f, A"E;u)y = (Af, Eju)y = (4f)(2), u)g forall f in #.

On the other hand, for u in &, we have (f, E}®(z)*u) = (®(z)f(z), u), for
all f in #. Then ((Af)(z), u) = (®(z)f(z), u), forall f in # and u in
& . Therefore, (Af)(z) = ®(z)f(z), forall f in #.

Theorem 2. Let A be a bounded operator on # . Then
Zﬁ(z) = A~(z)§(z)

forall B in B(#) ifand only if A= Mg, where ®: Q— B(%).

Proof. We observe that E, My f = ®(z)f(z), forall f in #. Then E,MoE}
= ®(z)E.E} and E:MoBE; = ®(2)E.BE;, for all B in & (#). Since
E.E} =K,(z)Iz, we have Mg = ®(z) and

E.BE:

A My(z)B(z) forall B in B(#).

MoB(z) = ®(2)
Conversely, suppose that 4 is a bounded operator such that AB(z)
A(z)B(z) forall B in & (#). Then from the definitions, we get
1

E.ABFE; = i ”2E ;AEIE.BE}; forall B in & (#).

For u and v in &, we have

E.AE;

E.ABEju,v) = <
(E: '=\TEP

ZE,BE*u, v> = (A(z)E.BE*u, v).
Then we have B
(BE*u, A*E*v) = (BE u, E*A(2)"v).

For each fixed nonzero #, BE}u runs through all vectors in 37 as B runs
through all elements of % (#). Thus we see that A*E} = E:A(z)*, for all z
in Q. Therefore A is a multiplication operator, M e by Lemma 3.

Let us note that if we take Z to be C and define %; = k. ®1, the sufficiency
proof of Theorem 2 will also work for Theorem 1, the scalar-valued case.

Let N={0,1, 2,...} denote the set of nonnegative integers. The set N"

is partially ordered by setting I = (i, iz, ..., in) > (J1, 2, .05 Jn) = J if
and only if i, > ji foxj k =1,2,...,n. If z=(21,2,...,2,) isin
Q, then we set z/ = z{' - z%..... z;y. We denote by H%*(n) ® €, where

H*(n) = H*® H>®---® H? (n copies), the set of all vector-valued analytic
functions f: D" — & with power series expansion f(z) = 2 leNn z'v;, with
vy in € and z in D", such that Y, . [|lv7[l2 < oo.

The space H?(n)®% is a Hilbert space with the reproducing kernel function,
J,:% — HXn)® %, for z in D", defined by J,(u) = K, ® u, where u is
in & and K. (w) =3 ;cnn Z'w! is the reproducing kernel function for H2(n)
(see [5]). Let H°(n)(Z (%)) denote the Banach space of all bounded analytic
functions ®: D" — % (%) with the norm ||®||o = sup{||®(z)||, for z € D"}.
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For every ® in H*®(n)(%# (%)), we can define the analytic Toeplitz operator
Te in B(H*(n)® %) as follows:

(Tof)(z) =®(2)f(z), zinD", fin H*(n)®%.
For the boundedness of the map Ty see [2].
Corollary 3. Let A be a bounded operator on H*(n)® % . Then

AB(z) = A(2)B(z)
forall B in B(H*(n)®%) ifand only if A=Te, where ® isin H®(n)(#(%)).
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