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POROUS SETS AND CONVERGENCE OF FOURIER SERIES
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(Communicated by Christopher D. Sogge)

ABSTRACT. In this note, examples are given of a continuous function whose
graph is porous but whose Fourier series diverges at a point and of a contin-
uous function whose graph is not porous but whose Fourier series converges
uniformly.

About five years ago we asked whether or not the graph of Brownian mo-
tion is, with probability 1, a porous set in the plane. The question stimulated
substantial interest and was answered affirmatively by Cox and Griffin [CG].
A second topic concerning porosity of planar graphs of continuous functions
relates to the uniform convergence of the Fourier series of the function. A
preliminary report was given at the classical analysis section of the first joint
meeting of the LMS and AMS in Cambridge, England on July 1, 1992.

We define porous and ¢ porous sets. Let R? be the cartesian plane with
rectangular coordinates (x,y). We consider oriented squares, i.e., squares
whose sides are parallel to the coordinate axes. Let S ¢ R?2 and p e S. We
consider squares Q, with center at p. Let |Q,| be the area of Q,, and let
a(Qp,) be the supremum of |Q|, with Q C Q, and QNS =2. S is said to

be porous at p if
lim sup (%)

10,10 |Qpl

> 0.

S is a porous set if it is porous at every p € S.

S 1is said to be ¢ porous if it is the union of countably many porous sets.
If D is the class of countable sets, P the class of o porous sets, Z the class
of sets of measure zero, and C the class of sets of the first category of Baire,
then Dc P, Pc Z,and P c C. In many cases where the exceptional set
was known to be in Z or in C, it is now known to be in P.

In this note, we give an example of a continuous function whose graph is a
porous set but whose Fourier series diverges at some points, and an example
of a continuous function whose graph is not porous but whose Fourier series
converges uniformly.

We review classes of functions of generalized bounded variation, which are
useful to us, and whose Fourier series converges uniformly.
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Recall that a continuous function f:[-7, n] — R is of bounded variation
if supY_i U1 f(xis1) — f(x))] < o0, for all partitions -7 < X < X < -
Xp =T of [ n,n). Let 1BV be the set of functions of bounded variations. A
continuous function f issaid tobein 2BV if sup)_ |, IS (Xie1)— —f(x)]? < 00.
This class was introduced by N. Wiener who showed that if f is continuous and
in 2BV , then its Fourier series converges uniformly Let p>1. pBV is the
set of continuous functions for which sup Y~/ LI( x,+1) f(x)P <oo. L. C.
Young [Y] showed that if f € pBV , then its Fourler series converges uniformly.
A more general class of functions was introduced implicitly in [G] and was
labelled HBV, of harmonic bounded variation in [W], where its properties were
developed. Let I, = [a,, b,], n=1,2, ..., be a pairwise disjoint sequence
of intervals in [-n, n]. f € HBV if it is continuous and if

SuDZ %If(bn) — f(an)| < oo.
n=1

It is known that HBV D pBV for every p > 1 and that the Fourier series
converges uniformly for every f € HBV .

We construct a continuous periodic function, of period 2z on [-=&, 7],
whose graph is not porous, such that f € pBV , for some p > 1, so that its
Fourier series converges uniformly. We use the function y = x‘/ 2, x>0,and
its reflections about the x-axis, the y-axis, and the origin, as a guide to our
construction. We first cefine f (x) for 0<x<1. Forevery n=1,2,...,
deﬁne f(x) on I, = [77, 1], as follows. Let fG5) = f(3) = 0. For

=0,...,n—1,let Iim = [77 + 751 T + ). Define f on Ium
as follows D1v1de I.m = [a, B] into four equal parts by the points a; = a,
az—a+@, a3—a+/37'—‘1, as = a+ 2 “), as=B. Let f(a)) = f(a3) =
f(as) =0, f(ax) = T]),/[ , flag) = (n+|)'/2 , and join these five consecutive
points linearly. Define f(x) on [—1, 0] by reflection about the y-axis. Extend
f(x) as 0 on [ n, —1] and [1, n]. For p > 1, the p variation of f(x) is
CYwl) e < CZ,, { W which converges if § —1>1 or p>4.In
particular, f € 5BV so that its Fourier series converges uniformly; we show
that the graph of f(x) is not porous. Let a € I,, and let Q be the square
whose sides are x = +a, y = +a. Let S be the graph of f(x). By studying
the graph of f(x) we observe that a(Q) < (2)?. It follows that S is not
porous at (0, 0).

We indicate an example of a nonnegative continuous function f on [-=, ],
periodic of period 2n , whose graph is porous and whose Fourier series diverges
at x = 0. It is a slight modification of a standard example [R]. Let {I,} be a
sequence of pairwise disjoint closed intervals, such that I, is to the right of
0 and to the left of I, and the left endpoints of the I, converge to 0. For
every n, let J, be the closed interval whose left end point is the right end point
of I,,, and whose right end point is the left end point of I,. Let f be 0 on
[— n 0] and on each J,. On each I,, let f be highly oscillatory, bounded
by 1, and such that [, |Dy,(t)|f(t)dt > n, for some k,, where {k,} is an
mcreasmg sequence. The Fourier series of f diverges at x = 0. The porosity
of the graph is obtained by choosing I, and J,, for every n, so that the length
of J, is more than n times that of I, for every n.
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The following related question seems to be difficult. Is there a continuous
function whose graph is not ¢ porous but whose Fourier series converges uni-
formly? J. Foran [F] has given an example of a continuous function whose
graph is not ¢ porous. An affirmative answer would be given to our question
if we could find such a function in pBV for some p > 1 or even if we could
find such a function in HBV .
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