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ABSTRACT. We show that any non-minimal idempotent in the semigroup
(BN, +) lies in a sequence of idempotents each smaller than its predecessor
and each maximal among all idempotents smaller than its predecessor.

1. INTRODUCTION

Given any semigroup (S, -) one can define two pre-orders <; and <y on
the idempotents of S by x <; y ifandonly if x =x-y and x <z y if and
only if x = y-x. (Thus x <, y if and only if x is a member of every left ideal
of S that includes y and x <z y if and only if x is a member of every right
ideal of S that includes y.) Then defining x <y if and only if x <; y and
x <g y one obtains a (reflexive, transitive and anti-symmetric) partial order on
the set of idempotents.

In the event that S is a compact right topological semigroup (that is for
each x € S the function p, : S — S defined by p.(y) =y x is continuous)
idempotents minimal with respect to each of these orders exist. (To say for
example that x is <;-minimal means that for all y € S, if y <; x, then
x <1 y.) In fact one has the following.

1.1. Theorem (Ruppert). Let S be a compact right topological semigroup.
(a) Given any idempotent x € S there is a <-minimal idempotent y with
y<x.
(b) Given any idempotent x € S, the following statements are equivalent.
(i) x is minimal with respect to <;
(ii) x is minimal with respect to <, ;
(iii) x is minimal with respect to <g;
(iv) x-S is a minimal right ideal of S;
(v) S-x is a minimal left ideal of S;
(vi) x is a member of the smallest two-sided ideal of S .

Proof. All of the information is provided by [14, Theorem 3.5 and Corollary
3.9] except for the fact that (b)(i) implies (b)(ii). To see this let x be <-
minimal and let y be an idempotent with y <; x. Let z = x-y. Then
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ZezZ=X-Y-X+y=x-y-y=Xx-y = z,s0 z is an idempotent. Also
z=x-y-x,80 z<x andso z=x. Then x <; y as required. O

As a consequence of Theorem 1.1 the term “minimal idempotent” is unam-
biguous. We will frequently use without specific mention the fact [5, Corollary
2.10] that any compact right topological semigroup has idempotents.

We shall be concerned here with a particular compact right topological semi-
group, namely the semigroup (BN, +) where BN is the Stone-Cech compacti-
fication of the discrete set N of positive integers and + is the right continuous
extension of ordinary addition to SN which has the property that for all x in
N, Ac : BN — BN is continuous where A,(y) = x +y. (A word of caution
is in order about the terminology. What we call “right continuity”, namely the
continuity of p, for each x € SN, many authors call “left continuity”.)

The semigroup (BN, +) has had numerous applications in combinatorial
number theory (see for example the survey [8]). In particular the existence of
minimal idempotents is a powerful combinatorial tool [2]. This semigroup is
also of significant interest in the study of dynamical systems. (See for example
[1].)

While “going down” (as in Theorem 1.1(a)) is easy, it is notoriously difficult
to go up in AN. For example it is easy to see that any left ideal of (BN, +)
contains a minimal left ideal and somewhat harder to see, but still true, that
any right ideal of (BN, +) contains a minimal right ideal (see [3, Corollary
1.3.12]). On the other hand it is a notoriously difficult question as to whether
each left ideal of BN is contained in a maximal left ideal. In fact, even the
simpler question as to whether any strictly increasing chain of left ideals exists
in BN remains open. (See [12].)

In [15] it was shown that given any p € N* = BN\N if N* + p is not a
minimal left ideal, then there is a strictly decreasing chain of left ideals of the
form N*+g¢ of order type w, contained in N*+ p with the property that each
member of the chain is maximal subject to being strictly included in all of its
predecessors. In a similar vein we show here in Section 3 that given any non-
minimal idempotent p there exist 2° non-minimal idempotents immediately
smaller than p and consequently there is a sequence (¢,)32, of idempotents
with ¢; = p and each ¢, < g, and each g,,; maximal among all idempotents
which are less than g, . We also obtain a chain of idempotents (gs)s<w, With
qs <. q. (meaning ¢, <; ¢, and it is not the case that ¢; <; g,) whenever
7t < o. This construction unfortunately sheds no light on the corresponding
problem of when one can find idempotents bigger than a given one.

The results of Section 3 depend on a result which we believe is of independent
interest which we present in Section 2. Let K denote the smallest ideal of
(BN, +). As the smallest ideal of a compact right topological semigroup, K is
the union of all minimal left ideals and is also the union of all minimal right
ideals. Further, the intersection of any minimal right ideal with any minimal
left ideal is a group. (See [3, Theorem 1.3.11].)

It is known that K contains 2¢ idempotents and that clK is a two-sided
ideal of (BN, +) [9, Lemma 3.5 and Theorem 3.8]. Ever since it was shown
([10, Theorem 7.6] and [9, Theorem 3.9]) that K misses the smallest ideal of
(BN, -) while clK is a left ideal of (BN, -), it has been known that (cl K)\K
contains significant algebraic structure. But it has been previously unknown
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whether all of the idempotents of cl K are contained in K. We show in Section
2 that if p is any element of N* such that p ¢ N*+p, then the smallest compact
semigroup of AN including p misses K. Since such elements are known to
exist in clK, we then have that idempotents exist in (c1K)\K. Combining
this fact with the results of Section 3 we obtain long chains of idempotents in
(c1K)\K , showing that the algebraic structure of (clK)\K is indeed very rich.

We take the points of SN to be the ultrafilters on N, the principal ultrafilters
being identified with the points of N. Given p and ¢ in BN, the sum p +g¢
is characterized as follows. For A C N, 4 € p+gq if and only if {x € N :
A-—x €q} € p,where A—x = {y € N: y+x € A}. Alternatively, if
(xi)ier and (y;)jes are nets in N converging to p and g respectively, then
p+q =lim;g;limje (x;+y;) . For an elementary introduction to the semigroup
(BN, +), see [11] (with the caution that the operation is reversed there from
the way we use it here).

We shall also have the occasion to use the semigroup (SZ, +). We will gloss
over the distinction between ultrafilters on N and those ultrafilters on Z with
N as a member and pretend that fN C SZ.

2. COMPACT SEMIGROUPS MISSING THE SMALLEST IDEAL

We show in this section that any right cancellable element of N* is a member
of a compact semigroup missing K , the smallest ideal of (AN, +).

2.1. Definition. Let (x,)3°, be an increasing sequence in N and let Y C N.
(a) For each m € N, Ry y = R, y((Xn)52)) = {Xj=) Xn(i) : S € N, Xn() >
m, {n(1), n(2),...,n(s)} € Y, and for each i € {1,2,...,5s}, Xui)41 >

m+ Y X} s
(b) Ry = Ry({xn)52,) = ﬂﬁ] cIR,, y .

2.2. Lemma. Let (x,)2, be an increasing sequence in N and let Y C N. As-
sume that {x,,; — X, : n € Y} is unbounded. Then Ry is a compact semigroup
of BN. Further, if p,q€ BN, p+q € Ry, and q€ R, then p € Ry.

Proof. The assumption that {x,,; — X, : n € Y} is unbounded guarantees
that R, vy # @ for each m € N and hence that Ry # &. To see that
Ry 1is a semigroup, let p, g € Ry and let m € N be given. We show that
pP+4q € clR, vy, that is, that R,, y € p + q. To show this it suffices to
show that R,y € {y € N: R,y —y € q}, solet y € R, , and pick
s € N and n(1), n(2), ..., n(s) as guaranteed by the definition of R, y
with y = 37 Xui). Let k = m+ 3;_ Xn;). Then Ry y € g, so it suf-
fices to show that Ry y C Ry, y —y. Let z € R, y and pick ¢t € N and
I(i), 1(2), ..., I(?) as guaranteed by the definition of R, y with z = 3i_, xy; .
Then letting n(s + i) = I(i) for i € {1,2,...,t} wehave z+y = i xqi
and n(1), n(2), ..., n(s+t) are as required to show that z+y € R, v.
Finally assume that p+g € Ry and g € Ry. Toseethat p € Ry ,let meN
be given. We show that R, y e p. Let A={y e N: R, y —y € q}. Since
R, .y € p+q, we have that 4 € p, so it suffices to show that 4 C R,,, y. So
let k € A be given. Now Ry, y € 4,50 Ry yN(Rm,y —k) # 2. Let z be the
smallest member of Ry y N(R,,,y — k). Pick s € N and n(1), n(2), ..., n(s)
as guaranteed by the definition of R, y with z+k =3} | x4 . Pick teN
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and /(1),1(2),...,[(t) as guaranteed by the definition of R, y with z =
Simt Xi(i) -

We show now that /(¢) = n(s). Indeed if we had n(s) > /(t) we would have
z+k > Xp5) > X941 >k + 2’ Xyjy = k + z, a contradiction. Similarly if we
had n(s) < /(t) we would have Z 2> Xy 2 Xn(s)+1 > m+2 | Xn() = mM+2z+k,
a contradiction. Next we observe that ¢ = 1, that is, that z = x;;) = Xxp(5) . For
if > 1 we would have z—x;,) € Ry yN (R -k), contradlctmg the ch01ce

of z as its smallest member. Since z = X, , we have k = Z, 1 Xn(i) SO that
k € R, y asrequired. O

We recall from [4, Theorem 2.1] that an element p € N* is right cancellable in
N* if and only if p ¢ N* +p and from [16, Theorem 2] that p is right cancellable
if and only if there is an increasing sequence (x,)$2, with the property that for
each ke N, {x,:n€eN and x,,, >x,,+k}ep

2.3. Theorem. Let p be any right cancellable element of N*. There is a com-
pact subsemigroup R of BN such that p e R and RNK = 2.

Proof. Choose an increasing sequence (x,)>2, such that for each k €N, 4, =
{x» : n € N and x,41 > x, + k} € p. Then ;2 cl4, is a nonempty G;
subset of N* which therefore cannot be a singleton. (Alternatively, inductively
choose n(k) such that x,).; > X,k +k and note that (cl{x,, : k € N})\N C
Ni=; c14x .) Thus we can choose g € o, cl4; with g # p. Choose disjoint
subsets ¥ and Z of N with {x,:n€Y}ep and {x,:n€Z}egq.

Let R = Ry. By Lemma 2.2 we have that R is a compact subsemigroup of
BN. Suppose that RNK # @ and pick r € RNK . Now K is the union of the
minimal left ideals of BN ([14] or see [3, Theorem 1.3.11]), so pick a minimal
left ideal L of SN with re L. Then g+re€ L,so SN+ q+r is a left ideal
contained in L, so L = N+ g+ r. In particular »r € BN + g + r, so choose
some s € BN with r=s+qg+r. Since r€ R and s+¢g +r € R, by Lemma
2.2 we have s+qg € R.

Let B={k+x,:n€ Z,k € N, and x,,, > x, + k}. We claim that
B € 5 + q, for which it suffices to show that for all k € N, B—k € ¢q. Indeed,
given k € N one has 4, N{x,:ne€Z}CB—-k,so B-kegq.

Now Bes+q and R, y € s+ g, so choose some w € BN R, y. Since
w € B, pick kK € N and m € Z such that x,,,; > x,+k and w = k+x,,. Also

w € Ry y, sopick t €N and n(1), n(2), ..., n(t) such that w = ¥i_, xn(i
and {n(1), n(2),...,n(t)} €Y and foreach i € {1,2,...,¢t}, Xpi)41 >
1+ 2}=| X,,(j) .

Finally n(t) € Y and m € Z, so n(t) # m. But if we had m > n(t) we
would have w = Kk + X > Xp()41 > ) Xa(j) = W, a contradiction. Thus
m < n(t). But then w = i | X)) > Xny > Xme1 > Xm +k = w. This
contradiction establishes that RNK =@. O

We have already remarked that (cl K)\K has rich algebraic structure. Part
of this structure is the existence of right cancellable elements in (c1K)\K . (It is
an easy exercise to show that no elements of K are right cancellable.) The first
proof of their existence [9, Theorem 4.6] was an intricate combinatorial con-
struction. This was some years before the discovery [4] of the characterization
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of right cancellability of p as p ¢ N* + p. The existence of right cancellable
elements of (clK)\K is much easier to establish using that characterization
and the following often discovered result: If p € N and {n € N: Nn € p}
is infinite, then for all ¢, r,s € N* g-p # r+s. (This is originally in [10,
Theorem 5.3] and was discovered later but independently by the second author
of this paper and by Balcar and Kalasek.) Then given p € c1K N(0,2, cl(Nn),
one has p-p € clK since clK is a left ideal of (BN, -) [9, Theorem 3.9] while
p+-p € N+ N* and in particular p-pgN*+p-p.

Recall that ¢ is the cardinality of the continuum.

2.4. Corollary. There exist compact subsemigroups with 2¢ elements contained
in (c1K)\K . In particular there are idempotents in (c1K)\K .

Proof. By [9, Theorem 4.6] there are right cancellable elements of SN in clK.
Given a right cancellable element p of SN, the elements p, p+p, p+p+p, ...,
are all distinct. (If sayonehad p+p+p=p+p+p+p+p,bycancelling p
on the right twice one would have p=p+p+p so p € SN+ p, contradicting
one of the characterizations of right cancellability cited above.) Let R be the
compact semigroup guaranteed by Theorem 2.3. Then RNclK is a semigroup
which is infinite and compact, hence has 2¢ elements [7, Theorem 9.11]. O

We remark that by [6, Theorem 3.2], the subsemigroups of Corollary 2.4 each
contain 2¢ idempotents.

3. DECREASING CHAINS OF IDEMPOTENTS

We show here that given any non-minimal idempotent in N* there is a de-
creasing sequence of non-minimal idempotents below it with respect to <, each
maximal among all those smaller than its predecessor. We also show that we
can find decreasing chains with respect to <; of order type w," below any
non-minimal idempotent.

3.1. Theorem. Let p be any non-minimal idempotent in N*. There exist 2¢
non-minimal idempotents immediately below p with respect to <.

Proof. By [15, Corollary 1] there is a sequence (x,)32, in N such that

(1) for each n, x, divides x,,; and n! divides x,.; and
(2) if ge(cl{x,:neN})\N, then pg BZ+q+p.

As was shown in the proof of [15, Theorem 2] if ¢, and ¢, are distinct
members of (cl{x, : n € N})\N, then (N*+¢q, +p)n(N*+¢q,+p) = 2.
Consequently since cl{x, : n € N} has 2° members [7, Corollary 9.12], it
suffices to show that for each g € cl{x, : n € N})\N there is some v € N*+g+p
with v < p and v maximal among all s with s < p. To thisend let g € cl{x, :
n € N})\N be given. '

By [15, Theorem 2] g+p is right cancellable. Pick by Theorem 2.3 a compact
subsemigroup R of SN with g+p € R and RNK =@. Then RN(N*+¢g+p)
is a compact semigroup, so pick some idempotent ¢ € RN(N*+g+p). Observe
that t=t+p since teN*+p. Let r=p+t. Then r+r=p+t+p+t=
p+t+t=p+t=r,so r isanidempotent. Since r = p +t+ p, we have
r < p. We claim that r is non-minimal. Suppose instead that r € K. Then
g+re K since K isanideal. But g+r=q+p+t,g+p€R and t € R,
so ¢ +r € RNK, a contradiction.
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Let & = {I': T is a <g-chain of idempotents, r€eI' and TC N*+g+p
and forall se€I', s <p}. Then {r} € & and the union of any chain in & is
again in %/ , so by Zorn’s Lemma we may pick a maximal member I' of &/ .

Let L={ueN*+qg+p:forall sel', s=u+s}. Now L =(N*+q+
P) NNyer #5 ' [{s}1, so L is compact. To see that L # @ it suffices to observe
that {N* + ¢ + p} U {p;'[{s}] : s € T} has the finite intersection property.
(Given a finite subset F of I' pick a <g-maximal member # of F. Then
u € (N*+qg+p)NNep Py [{s}].) Then (since each p;'[{s}] is a semigroup)
we have L is a compact semigroup, so pick an idempotent ¥ € L and let
v=p+u. Since u € N*+p, wehave u+p =u and hence v +v =v. Also
v=p+u€eN*+qg+p andgiven s€l’ wehave v+s=p+u+s=p+s=s
(since s<p),so veL.

Next we observe that v is not minimal. Indeed r € I' and v € L, so
r=v+r. If wehad v € K we would have r € X .

Now v =p+u+p,so v <p. Also by [15, Theorem 3] N* +¢+p is strictly
containedin N*+p,so pgN*+¢g+p andso v <p.

Finally we show that v is maximal among all idempotents less than p. We
do this in two steps, showing first that v is maximal among those idempotents
in N* + g + p which are less than p. Assume we have w € N* + g + p with
v<w<p. Thenforall sel', s <gpv <gpw,so I'U{w} is a <g-chain of
idempotents, T'U{w} isin &, wel', w<zpv (since veL),and w=v.

For the last step suppose w is an idempotent with v < w < p. Then
v € (N*+g+p)N(N*+w). Then by [17, Theorem 2] either N*+w C N*+g+p
or N*+g+pCN+w. f NN+w CN+g+p,then we N*+g+p and
we have already seen that v is maximal among the idempotents in N* + g +p
which are less than p. Thus we must have N* + g + p properly contained in
N* + w. But then by [15, Theorem 3] we have N* + w = N* + p. But then
w =p+ w = p, acontradiction. 0O

3.2. Corollary. Let p be any non-minimal idempotent of N*. There is a se-
quence (p,), of idempotents such that p; = p and for each n, pn.\ < p, and
Dn+1 is maximal among all idempotents less than p,. O

3.3. Corollary. There are 2¢ idempotents in (clK)\K .

Proof. By Corollary 2.4 there is some idempotent p € (clK)\K . By Theorem
3.1 p has 2¢ non-minimal predecessors. As we have remarked cl K is an ideal
of BN, so all of these predecessors are in clK. O

Observe that in the following corollary, we do not guarantee maximality,
even for the pre-order <, , at the limit stages. We remark also that one cannot
produce decreasing sequences of length greater than ¢ with respect to <;.
Indeed, suppose one had such a sequence (p;)s<, for some x > c. For each
o <k, N*+p, properly contains the compact set N*+p,,;, so one can choose
a clopen set U, in BN with N* + p,,; C U, and (N* + p,)\U, # @ . But the
clopen subsets of SN correspond exactly to the subsets of N and so there are
exactly ¢ of them.

3.4. Corollary. Let p be a non-minimal idempotent in N*. There exists an
w,-sequence (Dg)s<w, Of idempotents such that

(1) po=rp;
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(2) for each 6 < w;, ps41 < Py and p,., is maximal among all idempo-
tents of N* which are less than p, ;
(3) forany 6 <t < w;, p: < Do -

Proof. Let py = p. At successor stages apply Theorem 3.1. So let 7 be an
infinite limit ordinal with 7 < w,. Choose (g(n))2, cofinal in 7 (with
o(n+1) > a(n)). Then for each n, psny1) <L Ps(ny and it is not true that
Po(ny <L Po(n+1y - Thus (N* + ps,))52, is a strictly decreasing sequence of left
ideals. By [15, Theorem 4] pick some right cancellable ¢ € N* with N* + ¢ C
N (N* + ps(n)) . By Theorem 2.3 pick a compact semigroup R with ¢ € R
and RNK = @. Then pick an idempotent p; in RN(N*+q). Givenany § < 7
pick n such that 6 < o(n). Then p; € N* + py(nt1) C N* + po(ny C N* + ps.
Since N* + p;(n41) # N* 4 pg(n) , this completes the proof. O

There are two improvements we would like to make in Corollary 3.4. First
in conclusion (3) we would like to replace <; by <. Second we would like to
know whether at limit stages p; can be chosen maximal among those ¢ with
q <p ps foreach g < 7.

One can define an equivalence relation ~; on the idempotents of N* by
p =~ q if and only if p <; ¢ and g <; p. Now Theorem 2 of [17] says that
if (N“+p)N(N*+q)# @,then p=g or pe N*+q or g € N*+p (soin
particular N*+p C N*+¢q or N*+ g C N*+p). One thus deduces that as one
heads upward through the ordering <; induces on the =~; equivalence classes,
there is never any branching. On the other hand, Theorem 3.1 guarantees that
there is a great deal of branching going down.

We close by mentioning an extremally annoying gap in our knowledge. We do
not know whether or not it is possible for an idempotent to be both maximal
and minimal with respect to <. We do know that no minimal idempotent
is <g-maximal. Indeed, by [14, Lemma 1.2.6], any idempotent lies below a
<gr-maximal idempotent. (Be cautioned that the continuity is reversed in [14]
from that which we are using.) By [13, Theorem 3.3], for any <gz-maximal
idempotent p, {x € BN:p = x + p} is finite. But if p € K, then any of the
2¢ idempotents in p + BN is a left identity for p.
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