
proceedings of the
american mathematical society
Volume 123. Number 12. December 1995

CHAINS OF IDEMPOTENTS IN ßN

NEIL HINDMAN AND DONA STRAUSS

(Communicated by Franklin D. Tall)

Abstract. We show that any non-minimal idempotent in the semigroup

(/?N, +) lies in a sequence of idempotents each smaller than its predecessor

and each maximal among all idempotents smaller than its predecessor.

1. Introduction

Given any semigroup (S, -) one can define two pre-orders <¿ and <r on

the idempotents of S by x <¿ y if and only if x = x • y and x <r y if and
only if x = y -x. (Thus x <l y if and only if x is a member of every left ideal

of S that includes y and x <r y if and only if x is a member of every right
ideal of S that includes y.) Then defining x < y if and only if x <L y and
x <r y one obtains a (reflexive, transitive and anti-symmetric) partial order on

the set of idempotents.
In the event that S is a compact right topological semigroup (that is for

each x e S the function px : S -» S defined by px(y) = y • x is continuous)
idempotents minimal with respect to each of these orders exist. (To say for

example that x is <¿ -minimal means that for all y e S, if y <¿ x, then
x <Ly ■) In fact one has the following.

1.1.   Theorem (Ruppert). Let S be a compact right topological semigroup.

(a) Given any idempotent x e S there is a <-minimal idempotent y with

y < x.
(b) Given any idempotent x e S, the following statements are equivalent.

(i) x is minimal with respect to < ;
(ii) x is minimal with respect to <¿ ;

(iii) x is minimal with respect to <r ;

(iv) x • S is a minimal right ideal of S ;
(v) S • x is a minimal left ideal of S ;

(vi) x is a member of the smallest two-sided ideal of S.

Proof. All of the information is provided by [14, Theorem 3.5 and Corollary

3.9] except for the fact that (b)(i) implies (b)(ii). To see this let x be <-

minimal and let y be an idempotent with y <L x.  Let z = x • y.  Then
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z-z — x-y-X'y = x-y-y = x-y = z, so z is an idempotent.   Also

z - x -y • x, so z <x and so z = x. Then x <¿ y as required.   D

As a consequence of Theorem 1.1 the term "minimal idempotent" is unam-

biguous. We will frequently use without specific mention the fact [5, Corollary

2.10] that any compact right topological semigroup has idempotents.
We shall be concerned here with a particular compact right topological semi-

group, namely the semigroup (ßN, +) where ßN is the Stone-Cech compacti-

fication of the discrete set N of positive integers and + is the right continuous
extension of ordinary addition to ßN which has the property that for all x in

N, Xx : ßN —> ßN is continuous where kx(y) = x + y . (A word of caution

is in order about the terminology. What we call "right continuity", namely the
continuity of px for each x e ßN, many authors call "left continuity".)

The semigroup (ßN, +) has had numerous applications in combinatorial
number theory (see for example the survey [8]). In particular the existence of

minimal idempotents is a powerful combinatorial tool [2]. This semigroup is

also of significant interest in the study of dynamical systems. (See for example

[!]•)
While "going down" (as in Theorem 1.1(a)) is easy, it is notoriously difficult

to go up in ßN. For example it is easy to see that any left ideal of (ßN, +)

contains a minimal left ideal and somewhat harder to see, but still true, that

any right ideal of (ßN, +) contains a minimal right ideal (see [3, Corollary
1.3.12]). On the other hand it is a notoriously difficult question as to whether

each left ideal of ßN is contained in a maximal left ideal. In fact, even the

simpler question as to whether any strictly increasing chain of left ideals exists

in ßN remains open. (See [12].)

In [15] it was shown that given any p e N* = /3N\N if N* + p is not a
minimal left ideal, then there is a strictly decreasing chain of left ideals of the
form N* + q of order type œx contained in N*+p with the property that each
member of the chain is maximal subject to being strictly included in all of its
predecessors. In a similar vein we show here in Section 3 that given any non-

minimal idempotent p there exist 2C non-minimal idempotents immediately

smaller than p and consequently there is a sequence (qn)nx=x of idempotents

with qx=p and each qn+x < q„ and each qn+x maximal among all idempotents

which are less than qn . We also obtain a chain of idempotents (qa)a<wl with

qa <l q* (meaning qa <L qx and it is not the case that qT <i qa) whenever

x < a. This construction unfortunately sheds no light on the corresponding

problem of when one can find idempotents bigger than a given one.
The results of Section 3 depend on a result which we believe is of independent

interest which we present in Section 2. Let K denote the smallest ideal of
(ßN, +). As the smallest ideal of a compact right topological semigroup, K is
the union of all minimal left ideals and is also the union of all minimal right

ideals. Further, the intersection of any minimal right ideal with any minimal
left ideal is a group. (See [3, Theorem 1.3.11].)

It is known that K contains 2C idempotents and that clK is a two-sided
ideal of (ßN, +) [9, Lemma 3.5 and Theorem 3.8]. Ever since it was shown

([10, Theorem 7.6] and [9, Theorem 3.9]) that K misses the smallest ideal of
(ßN, •) while clÄ" is a left ideal of (ßN, •), it has been known that (clK)\K
contains significant algebraic structure.   But it has been previously unknown
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whether all of the idempotents of cl K are contained in K. We show in Section

2 that if p is any element of N* such that p & N*+p, then the smallest compact

semigroup of ßN including p misses K. Since such elements are known to

exist in clK, we then have that idempotents exist in (cl K)\K. Combining
this fact with the results of Section 3 we obtain long chains of idempotents in

(cl K)\K, showing that the algebraic structure of (cl K)\K is indeed very rich.
We take the points of ^N to be the ultrafilters on N, the principal ultrafilters

being identified with the points of N. Given p and q in ßN, the sum p + q

is characterized as follows. For ^ ç N, A e p + q if and only if {x e N :
A - x G <?} G p, where ,4-.x = {yGN:y + JtG/l}. Alternatively, if
(Xi)içi and (y¡)j£j are nets in N converging to p and q respectively, then

p + q = lim/€/ limjej(xj+yj). For an elementary introduction to the semigroup
(ßN, +), see [11] (with the caution that the operation is reversed there from

the way we use it here).

We shall also have the occasion to use the semigroup (ßZ, +). We will gloss

over the distinction between ultrafilters on N and those ultrafilters on Z with
N as a member and pretend that ßN ç ßZ.

2. Compact semigroups missing the smallest ideal

We show in this section that any right cancellable element of N* is a member

of a compact semigroup missing K, the smallest ideal of (ßN, +).

2.1. Definition. Let (x„)~, be an increasing sequence in N and let FcN.

(a) For each meN, RmyY = Rm,Y((xn)^=x) = {E'=i^(o : s e N, xnW >

m, {«(1), n(2), ... , n(s)} ç Y, and for each i e {1, 2, ... , s}, xn^)+x >

™ + Ei=i x„u)} ;
(b)RY = Ry((xn)Zx) = (X:=xclRm,Y.

2.2. Lemma. Let (xn)f=l be an increasing sequence in N and let FçN. As-

sume that {xn+x - x„ : n e Y} is unbounded. Then Ry is a compact semigroup

of ßN. Further, if p, q e ßN, p + q e RY, and q eRy, then p G Ry ■

Proof. The assumption that {xn+x - x„ : n e Y} is unbounded guarantees

that Rm, y ¥= 0 for each meN and hence that Ry ^ 0 ■ To see that

Ry is a semigroup, let p, q e Ry and let m e N be given. We show that
p + q e cli?m,r, that is, that Rm,y G p + q. To show this it suffices to

show that Rm,Y Ç {y G N : Rm,Y - y G q}, so let y e Rm,y and pick
s G N and h(1)> «(2), ... , n(s) as guaranteed by the definition of Rm,y

with y - Yfi=ixn{i)- Let k = m + ¿*=1 x„(;). Then Rk Y G q, so it suf-
fices to show that Rk> Y Q Rm,Y - y. Let z G Rk,y and pick t G N and

/(/'), 1(2),..., l(t) as guaranteed by the definition of Rk, Y with z = Y.'¡=i ■*/(/) •

Then letting n(s + i) = l(i) for i e {1,2,..., t} we have z + y - Y?£!\xn(i)
and n(l), n(2), ... , n(s + t) are as required to show that z + y G Rm,y .

Finally assume that p + q e RY and q e Ry . To see that p G Ry , let meN
be given. We show that Rm,Y e p . Let A — {y e N : Rm, Y - y e q}. Since

Rm, y G p + q , we have that A G p, so it suffices to show that AC RmY . So

let k e A be given. Now Rk j Y e q, so Rk, Y n (Rm, Y - k) ¿ 0. Let z be the
smallest member of RkYn(Rm,Y - k). Pick 5 G N and n(l), n(2), ... , n(s)

as guaranteed by the definition of Rm,Y with z + k — Y?i=x xn(¡) ■ Pick t e N
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and 1(1), 1(2), ... , l(t) as guaranteed by the definition of Rk Y with z =

E,=i •*/(/) •
We show now that l(t) = n(s). Indeed if we had n(s) > l(t) we would have

z + k > x„(S) > X/(/)+i > k + £'■_, xifj) = k + z, a contradiction. Similarly if we

had n(s) < l(t) we would have z > X/(/) > x„(S)+x > m + Y^)=x *«(<) = m + z + k,

a contradiction. Next we observe that t = 1, that is, that z = X/(i) = x„(S). For

if t > 1 we would have z-jc/(;) e Rk,Yr\ (Rm;y -k), contradicting the choice

of z as its smallest member. Since z = x„(S), we have k = £*~, x„(,) so that

k e Rm,Y as required.   D

We recall from [4, Theorem 2.1] that an element p eN* is right cancellable in

N* if and only if p £ N*+p and from [16, Theorem 2] that p is right cancellable
if and only if there is an increasing sequence (xn)%Lx with the property that for

each k eN, {x„ : n e N and xn+x > xn + k} e p.

2.3. Theorem. Let p be any right cancellable element of N*. There is a com-
pact subsemigroup R of ßN such that p e R and R n K — 0.

Proof. Choose an increasing sequence (x„)~ , such that for each k e N, Ak =

{x„ : n e N and x„+x > x„ + k} e p. Then f)¡tLi c^ is a nonempty G¿
subset of N* which therefore cannot be a singleton. (Alternatively, inductively

choose n(k) such that xn{k)+x > xn{k) + k and note that (cl{x„(¿) : k e N})\N ç

C\kx'=x clAk .) Thus we can choose q G f)^=i clAk with q ^ p. Choose disjoint

subsets Y and Z of N with {x„ : n e Y} e p and {xn:neZ}eq.
Let i? = Ry . By Lemma 2.2 we have that R is a compact subsemigroup of

ßN. Suppose that R n K ^ 0 and pick r G i? n K. Now A: is the union of the
minimal left ideals of ßN ([14] or see [3, Theorem 1.3.11]), so pick a minimal

left ideal L of ßN with r eL. Then q + reL, so ßN + q + r is a left ideal
contained in L, so L = /3N + q + r. In particular r G /?N + ^ + r, so choose

some s e ßN with r = 5 + q + r. Since r e R and s + i? + rGi?,by Lemma
2.2 we have s + q e R.

Let B = {k + xn : n e Z, k e N, and xn+x > xn + k}. We claim that

B e s + q, for which it suffices to show that for all k eN, B -keq. Indeed,
given k eN one has Ak n {x„ : n e Z} ç B - k, so B - k e q .

Now B e s + q and Rx y e s + q , so choose some w e B f]RXiY . Since
w e B, pick fc G N and meZ such that xm+x > xm+k and w = &+*„,. Also

w e Rx, y , so pick í G N and «(1), «(2),... , n(t) such that w = Y^'i=x xn(i)

and {n(l), n(2), ..., n(t)} ç Y and for each i e {1,2,... ,t}, xn{i)+x >

1 + E;=l xn(j) ■
Finally n(t) e Y and m e Z, so n(t) ^ m. But if we had m > n(t) we

would have w - k + xm > x„(t)+x > Ey=i xn(j) = w , a contradiction. Thus

m < n(t). But then w = 2"li=i-*«(') - X"U) ̂  *«+i > xm + k = w. This
contradiction establishes that RnK = 0.   D

We have already remarked that (clK)\K has rich algebraic structure. Part

of this structure is the existence of right cancellable elements in (cl K)\K. (It is
an easy exercise to show that no elements of K are right cancellable.) The first
proof of their existence [9, Theorem 4.6] was an intricate combinatorial con-
struction. This was some years before the discovery [4] of the characterization
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of right cancellability of p as p & N* + p. The existence of right cancellable
elements of (cl K)\K is much easier to establish using that characterization

and the following often discovered result: If p e ßN and {n e N : Nn e p}
is infinite, then for all q, r, s e N* q • p ^ r + s. (This is originally in [10,
Theorem 5.3] and was discovered later but independently by the second author
of this paper and by Balear and Kalásek.) Then given p e cl K n (X¡LX cl(Nw),
one has p-p eel K since clK is a left ideal of (ßN, •) [9, Theorem 3.9] while

p -p £N* + N* and in particular p • p & N* + p • p .
Recall that c is the cardinality of the continuum.

2.4. Corollary. There exist compact subsemigroups with 2C elements contained

in (cl K)\K. In particular there are idempotents in (cl K)\K.

Proof. By [9, Theorem 4.6] there are right cancellable elements of ßN in clÄ".
Given a right cancellable element p of ßN, the elements p, p+p, p+p+p,... ,
are all distinct. (If say one had p+p+P=p+p+p+p+p, by cancelling p
on the right twice one would have p = p +p +p so p e ßN + p, contradicting
one of the characterizations of right cancellability cited above.) Let R be the
compact semigroup guaranteed by Theorem 2.3. Then uncí .if is a semigroup

which is infinite and compact, hence has 2C elements [7, Theorem 9.11].   D

We remark that by [6, Theorem 3.2], the subsemigroups of Corollary 2.4 each
contain 2C idempotents.

3. Decreasing chains of idempotents

We show here that given any non-minimal idempotent in N* there is a de-

creasing sequence of non-minimal idempotents below it with respect to <, each

maximal among all those smaller than its predecessor. We also show that we
can find decreasing chains with respect to <¿ of order type cu]"1 below any
non-minimal idempotent.

3.1.   Theorem. Let p be any non-minimal idempotent in N*. There exist 2C
non-minimal idempotents immediately below p with respect to <.

Proof. By [15, Corollary 1] there is a sequence (x„)£L, in N such that

(1) for each n, x„ divides xn+x and n\ divides xn+x and

(2) if q e (cl{x„ : n e N})\N, then p^ßZ + q+p.

As was shown in the proof of [15, Theorem 2] if qx and q2 are distinct

members of (cl{x„ : n e N})\N, then (N* + qx + p) n (N* + q2 + p) = 0.
Consequently since cl{x„ : n e N} has 2C members [7, Corollary 9.12], it
suffices to show that for each q e cl{x„ : n e N})\N there is some v e N* + q+p
with v < p and v maximal among all s with s < p . To this end let q e cl{x„ :

n e N})\N be given.
By [ 15, Theorem 2] q +p is right cancellable. Pick by Theorem 2.3 a compact

subsemigroup R of ßN with q+p G R and RnK = 0. Then Rn(N* + q+p)
is a compact semigroup, so pick some idempotent t G Rn(N* + q+p). Observe
that t = t + p since t eN* +p . Let r = p + t. Then r + r = p + t + p + t =

p + t + t = p + t = r, so r is an idempotent. Since r = p + t + p, we have
r < p . We claim that r is non-minimal. Suppose instead that r e K. Then
q + r g K since K is an ideal. But q + r = q+p + t, q +p e R and t e R,
so q + r e RnK ,a contradiction.
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Let sí = {r : T is a </<-chain of idempotents, r eT and Y ÇN* + q +p
and for all s e Y, s <p} . Then {r} g si and the union of any chain in sí is

again in si , so by Zorn's Lemma we may pick a maximal member T of s/ .

Let L = {u e N* + q + p : for all s eT, s = u + s} . Now L = (N* + q +

P) n flier Psr'tW], so L is compact. To see that L ^ 0 it suffices to observe

that {N* + q + p} U {P71 [{•?}] : s G T} has the finite intersection property.
(Given a finite subset F of Y pick a </<-maximal member u of F. Then

u e (N* + q +p)C\ f]seF p^x[{s}].) Then (since each p~x[{s}] is a semigroup)

we have L is a compact semigroup, so pick an idempotent u e L and let

v = p + u. Since m g N* + p, we have u+p -u and hence v + v — v . Also

v=p + ueN*+q+p and given s e T we have w + j = /? + m + s=p + j = 5
(since 5 < p), so v e L.

Next we observe that u is not minimal. Indeed r e Y and v e L, so
r = w + r. If we had u G ÍT we would have r e K.

Now v - p + u+p, so v <p . Also by [ 15, Theorem 3] N* + # +p is strictly
contained in N* + p, so p 0 N* + q + p and so v < p.

Finally we show that v is maximal among all idempotents less than p . We
do this in two steps, showing first that v is maximal among those idempotents

in N* + q + p which are less than p . Assume we have w e N* + q + p with

v < w < p . Then for all s e Y, s <R v <r w , so To {w} is a </{-chain of

idempotents, Tu {w} is in si , w eY, w <rv (since v e L), and w — v .
For the last step suppose w is an idempotent with v < w < p. Then

v e (N* + q+p)n(N* + w). Then by [17, Theorem 2] either N*+w CN* + q+p
or N* + q + p ç N* + w . If N* + w c N* + q + p , then w e N* + q + p and

we have already seen that v is maximal among the idempotents in N* +q +p

which are less than p . Thus we must have N* + q + p properly contained in

N* + w . But then by [15, Theorem 3] we have N* + w = N* + p . But then
w=p + w=p,a contradiction.    D

3.2. Corollary. Let p be any non-minimal idempotent of N*. There is a se-

quence (Pn)™=x of idempotents such that px = p and for each n,p„+x < p„ and

pn+x is maximal among all idempotents less than p„ .   O

3.3. Corollary. There are 2C idempotents in (clK)\K.

Proof. By Corollary 2.4 there is some idempotent p e (clK)\K. By Theorem
3.1 p has 2C non-minimal predecessors. As we have remarked clK is an ideal

of /?N, so all of these predecessors are in cl K.   D

Observe that in the following corollary, we do not guarantee maximality,
even for the pre-order <L, at the limit stages. We remark also that one cannot
produce decreasing sequences of length greater than c with respect to <¿.
Indeed, suppose one had such a sequence (pa)a<K for some k > c. For each
a < k , N* +pa properly contains the compact set N* +pa+x, so one can choose

a clopen set Ua in £N with N* +pa+xç Ua and (N* +pa)\Ua ¿ 0. But the

clopen subsets of ßN correspond exactly to the subsets of N and so there are
exactly c of them.

3.4. Corollary. Let p be a non-minimal idempotent in N*. There exists an

consequence (prj)fj<c,Jl of idempotents such that

(i) po=p;
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(2) for each a < tox, pa+x < pa and pa+x is maximal among all idempo-

tents of N* which are less than pa ;

(3) for any a < x < cox, pT <L pa .

Proof. Let Po — P ■ At successor stages apply Theorem 3.1. So let x be an

infinite limit ordinal with x < cox. Choose (ö-(rt))£L, cofinal in x (with

a(n + 1) > o(n)). Then for each n, pa(n+X) <l Pa(n) and it is not true that

Po(n) <l Pa(n+\) ■ Thus (N* + pa(n))T=\ is a strictly decreasing sequence of left

ideals. By [15, Theorem 4] pick some right cancellable q eN* with N* + q ç

(X?=X(N* + Pa(n)) ■ By Theorem 2.3 pick a compact semigroup R with q e R

and RnK - 0. Then pick an idempotent px in RC\(N* + q). Given any Ô < x

pick n such that Ô < a(n). Then px e N* +pa(n+\) C N* + pa(n) ç N* + p¿ .

Since N* +pCT(n+i) ¥" N* +Pa(n) > this completes the proof.   G

There are two improvements we would like to make in Corollary 3.4. First

in conclusion (3) we would like to replace <¿ by < . Second we would like to

know whether at limit stages pT can be chosen maximal among those q with

q <l Pa for each o < x.

One can define an equivalence relation «¿ on the idempotents of N* by

p «z. q if and only if p <l q and q <ip. Now Theorem 2 of [17] says that
if (N* + p) n (N* + q) t¿ 0, then p = q or p e N* + q or q e N* + p (so in
particular N* +p ÇN* + q or N* + q ÇN* +p). One thus deduces that as one
heads upward through the ordering <L induces on the «¿ equivalence classes,
there is never any branching. On the other hand, Theorem 3.1 guarantees that

there is a great deal of branching going down.

We close by mentioning an extremally annoying gap in our knowledge. We do

not know whether or not it is possible for an idempotent to be both maximal

and minimal with respect to <. We do know that no minimal idempotent

is </;-maximal. Indeed, by [14, Lemma 1.2.6], any idempotent lies below a

<K-maximal idempotent. (Be cautioned that the continuity is reversed in [14]

from that which we are using.) By [13, Theorem 3.3], for any <R-maximal

idempotent p, {x G ßN : p = x + p} is finite. But if p e K, then any of the
2C idempotents in p + ßN is a left identity for p .
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