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ABSTRACT. This paper discusses the representation of the Hecke algebra of
GL,(F4) on a class of Cayley graphs and gives a natural construction of an
orthogonal basis of simultaneous eigenfunctions whose eigenvalues are the Soto-
Andrade Sums.

1. INTRODUCTION AND NOTATION

In [Ev], R. Evans constructed an orthogonal basis of simultaneous eigenfunc-
tions of adjacency operators of a class of Cayley graphs, known to be Ramanu-
jan graphs. In this paper, we give a natural construction of an orthogonal basis
of simultaneous eigenfunctions of such adjacency operators using the theory
of representations of GL,(F;). The eigenvalues given by our basis are also
the Soto-Andrade sums (see [Ev] and [S-A]). Our construction is natural and
conceptual, hence ready to be extended to situations for bigger groups such as
Spn(F;) and to local fields. One will see that the H-functions constructed by
Evans arise naturally from the theory of representations of GL(F,): they are
¥, x n, for cuspidal representations .

We set up some notation in this section. We discuss the structure of a Hecke
algebra of GL,(F,) in the next section. In Section 3, we construct the above-
mentioned basis. In Section 4, we view the adjacency operators as elements of
the Hecke algebra and find their eigenvalues to be Soto-Andrade sums.

After this paper was finished, the author received several papers from Audrey
Terras. She and the UCSD group have done extensive study on the finite analog
of the Poincaré upper half plane, which is very closely related with the Hecke
algebra we are discussing here. For the works of the UCSD group, see [A-V]
and references therein.

Throughout this paper, F = F, is a finite field with g elements ( g is a power
of odd prime); ¢ is a fixed non-square element in F ; yx is a fixed multiplicative
character of F* of order g—1; and w is a fixed multiplicative character of the
quadratic extension F(,/€) of order g% — 1. Denote x9~1)/2 by s, i.e. s(x)
is the quadratic symbol of x in F. Let N(z) denote the norm of z € F(/¢)
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to F . Fix a non-trivial additive character y of F,. Let G = GL,(F,),

K={<g ZZS)GG} and P={<J6 ’f)’y;eo,xeﬁ}.

We have K NP = {1}. We identify G/K with P. Notice that G acts on
F(y/¢) by linear transformation:

g(2) a b

S aztb forg=(c d)eG,zeF(\/E).

T cz+d’

K is the isotropy group of /¢. Define a pseudo-distance A on G as follows:

N(z, - )
Alg, &)= (iyll—bZZZ), if g1(Ve) = z1 = a1+b1Ve, &2(Ve) = 22 = ay+byV/e.

It is easy to see that KgK = Kg'K if and only if A(g, 1) =A(g’, 1). Fora
finite set X, let |X| be its cardinality. Finally, we define a function 6 on F
suchthat 6(y)=1if y=1; d()=0if y #1.

2. THE HECKE ALGEBRA H(G, K)

Define H(G, K) to be the linear space of all complex functions ¢ on G
such that ¢(k;gk;) = ¢(g) for all g € G, k;,k; € K. It is well known
that H(G, K) is an algebra under the multiplication defined by convolution:
(91 *92)(8) = Xhes @1(h)p2(h~'g) . See [Kr] for more properties of the Hecke
algebra.

Proposition 2.1. H(G, K) is a commutative C-algebra.

Proof. It suffices to prove that ¢, x 9, = ¢, x ¢, for all ¢,, 9, € H(G, K).
For that purpose and later use as well, we note that KtK = Kt 'K since
A(t, 1) = A(t™', 1). Therefore,

91 02(t) = o1 x 2(27")
=Y i(h)pa(h~'t7")

heG

= 0a((th) g1 (h)

heG

=Y pa(th)pi(h™")

heG

=) p(e)ei(g ) =g2xpi(t). O
geG

Since a double coset KgK is determined by A(g, 1), we denote the double
coset KgK by D, if A(g, 1) = a. There are ¢ double cosets, each corre-
sponding to an element a in F. Let ¢, be the characteristic function of D, .
H(G, K) is spanned by {¢,|a € F}. Hence H(G, K) is a g-dimensional
C-algebra. Since C is an algebraically closed field, H(G, K) is isomorphic
to C®4 as a C-algebra. Therefore, there are ¢ non-zero idempotent elements
Ms...,Nq € HG, K) such that n;xn; =0 if i # j and #; xn; = n;. Now we
can explicitly construct these idempotents.
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An irreducible representation 7 of G is called spherical if Res¢(n) contains
the identity representation of K . For every spherical irreducible representation

n of G, define .
1(8) = 1 D_ 0x(k8),
et
where o, is the trace function of 7. It is easy to see that n, € H(G, K) and
(1) #0.

Lemma 2.2. ”n,*”nz—olfnlgubnn*”n d‘f%(';t_"n

Proof. Let m;, m, be two spherical representations of G. Let us denote by
(, ) both invariant inner products on the spaces of 7; and #,. Let {u} and
{v} be orthonormal bases of the spaces of 7z, and 7, respectively. (If n;, & n,,
we assume {u} is identified with {v}.) From the elementary theory of group
representation, we have

My * My (8) = D My (W), (h7' 8)

heG
=D K™Y on,(kih) K™Y on,(kah ' g)
heG k€K k€K
=K7Y Y on (h)on,(keh ki g)
ky,k;EK heG
=K Y Y 0n, (W)on,(h ki gk)
k), kyEK heG

=K% Y0 YN S (mhu, u) (ma(h ) ma (ki gha)v, V)

ki k€K w v heG
=0 ifm; &n,.

But if 7, = n, = 7, we have

M@ =K Y VY dlm( Fm(y ™ V) (wlagha)v, w

ky k€K uw v

=K? Y Y dlm( j(n(kighkz)u, u)

ki, k€K u

= |K|™ ———0x(ki1gkz)

" kZZGK dlm(n) 1672

|G| - _lal
dlm(n)lKl keZKaﬂ(kg) dlm(ﬂ) ’77:(8) D

From the table on page 70 of [P-S], there are g spherical irreducible repre-
sentations of G, and they are

py, (vj=a/¥Y  j=1,..., (g -1)/2) with dimension=g —1;
1; with dimension = 1;

p(s, s) with dimension = gq;

p(x’, ¥)(=1,...,(q—3)/2) with dimension = g + 1.




3618 JINGHUA KUANG

We note here that dimHom(1x, Res¢n) = 1, hence #.(1) = 1 for these =.

For these spherical irreducible representations 7, define 7, = di"&" ., . De-

note Mo = My Mj = My, gn> J = 1,0, (@ = 3)/25 Ng-1)2 = Nps,s) and
Ng=1)/2+j = Np,, > J = 1,...,(g—1)/2. Then we have

Theorem 2.3. 7;, j=0,...,q9—1, are the q idempotents in H(G, K) such
that m*r]j=0 lfl;é] and nixn;=n;.
Lemma 24. 7;(h) =n;(h~") = n;(h), i.e. these n; are real-valued functions.

Proof. The reason is that all the spherical representations used to construct 7;
are isomorphic to their contragradients and KhK = Kh~'K. O

3. THE REPRESENTATIONS OF H(G, K)

Let L%(P) be the space of all (square-summable) complex functions on P.
An element of L2(P) can also be viewed as a right K-invariant function on G.
H(G, K) acts on L?(P) by convolution, i.e. for ¢ € H(G, K), f € L*(P),

T,(Np) = (f*9)p) =Y floh™"Yo(h) = K| Y f(ory "))

heG p\EP

Define an inner product { , ) on L?(P) by setting (f;, f») = Yoer i) (D).
It is easy to see (T,(f), fo) = (fi, Ts(f2)), where ¢(h) = @(h~'). Hence
the commutative finite-dimensional C-algebra H(G, K) acts selfadjointly on
L?(P). There exists a basis of simultaneous eigenfunctions of H(G, K). Now
we are going to construct such a basis explicitly.

We recall that y is a fixed multiplicative character of F* of order ¢ — 1,
v is a fixed non-trivial additive character of F and d(y) =1 if y = 1;
d(y) =0 if y # 1. Let us now define some right K-invariant functions on G,
or equivalently functions on P . For each character ' of F*, define x;(g) =
x'(v) where gK = (; 1)K . We note that xi(p1p2) = xi(p1)xi(p2) for py, p2 €
P. For each a € F*, define ‘¥,(g) = 6(y)y(ax) where gK = (;7)K. We
need the following lemma.

Lemma 3.1. Let u, be a vector in the space of a non-trivial spherical repre-
sentation n of G such that n(( (')’;))ua = w(au), for all u € F. Then
Ekek(”(k)“a s Ug) # 0.

Proof. Since Resﬁn contains 1, let V; be the K-invariant subspace on which
K acts according to 1. It suffices to show that u, is not perpendicular
to ¥ under the G-invariant inner product ( , ). Assume the contrary, if
(ug, Vo) = 0, then (m(k)u,, Vo) = (u, m(k~')¥) = 0 and V' contains a
K-and- ( (') 'I‘)-invariant subspace of n. But G is generated by K and all the el-

ements ( (') 'l‘) ,hence V- containsa G-invariant subspace of 7, a contradiction
to the irreducibility of 7. O

Now we can prove

Theorem 3.2. {x;, T, (¥o) =Y¥ax*n, i=1,...,9—1,a€ F*} isan orthog-
onal basis consisting of simultaneous eigenfunctions of H(G, K). Moreover,
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?;(Xi) =|K[(nj, xi)xi, and Ty (¥axn) =Yoxm if i=j; Ty (¥axm)=0
ifi#j.

Proof. First of all, we have

i 1) =Y @%@ = > XY =

peEP X€EF yeF*

{0 ifij;
q(¢-1) ifi=j.

Recall from Lemma 2.4 that n;(h) = nj(h~') = #;(h). If i # j, we have
(Ty,(Ya), Ty, (¥p)) = (¥a, Tyui, (W) = (Ya, Tyjun,(¥p)) = 0.
If i=j,

(T, (¥a), Ty(¥s)) = (Yo, Ty, (¥s))
=Y " Yup) Y Wolph™")Mih)

peEP heG

=K1Y 7i(p) Y Ya(0) o (o)

PIEP pEP

=|K|u§v§_m((g 7)_1);.;%((5 ey )

~KIY T (g 1) T X s0wi@nswr)wouy+ bx

ueF veF* YEF* x€F

~KIS (g )wew X wi@-bm =0 ifats

u€eF X€EF

If a=b, (T;,(¥a), T5,(¥s)) = |KIg C,er mi(( ")) W(au). Let 7 be the repre-
sentation of G that gives #; as in Section 2. Let us denote U = {( (l) DueF}

and Cu = the C-span of u. If dim(n) > 1, from Theorem 16.1 of [P-S] and
Frobenius Reciprocity, we have the decomposition

n|, = € Cuo W
CEF*

lu

Here and in the sequel, for c € F*, n(( ol

))u. = y(cu)u, forall u € F, and

7|, acts trivially on W;. The dimension of W, =0, 1, or 2 depending on
whether the dimension of 1 =g -1, g, or g+ 1 respectively. Let {u.|c € F}’
be an orthonormal basis of the space of 7 such that n(((l) 'l‘))llc = y(cu)u. . Here

and in the sequel, the prime ’ indicates that for ¢ = 0, uy does not appear, or
stands for one basis element from W, or stands for two basis elements from
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W, depending on the dimension of Wy =0, 0or 1, or 2. Then

(5 ‘1‘)>=|—,‘<—|Zjan(k((‘, i)
ZZ ﬂ(k( lf))uc,uc)

kGK U,

Z E (r(k)y(cu)u., u)

keK cEF

Z Z y(cu)(n(k)u., u)

keK cEF

x|~ i|~ ><|

and

(T(%2), Ty =Kla X ni( g 1 )wian

ueF

=43 3 S wleu(ntk)ue, uw)w(au)

u€F keK ceF
=a 3 Y mk)ue, u) Y wl(c - au)
keK ceF u€eF
= q2 Z(n(k)“a , Ug) #0,
keEK

from Lemma 3.1. To verify (x;, T,,(¥,)) = 0, we calculate
Ty, (X)) = xi ¥ 1;(p) = Y 2i(ph™")m;(h)

heG

=|K| Y xitppyni(pr) = K| » 1)+ 2:(D).

pPIEP

Now
(Xi ’ Tﬂj(\l’a)) = (Tﬁ,(XI) > Ta) = (T'Ij(Xi) > ‘Pa)
= (nj, xi)xi» Ya) = (nj, 2) Y 2:(0)¥a(p)

PEP

=, 1)y, > x:(»)6()w(ax)=0. O

x€EF yeF*

4, EIGENVALUES OF THE ADJACENCY OPERATORS

Recall that all the ¢,, the characteristic functions of the double cosets D,
(a € F), also make up a basis of H(G, K). Each T,, acts on L%(P) in the
same way up to a factor of |K| as the adjacency operator A4, acts on the Cayley
graphs in [Ev]. We are interested in the eigenvalues of A4, , or equivalently those
of T,, in the canonical representation of H(G, K) on L*(P) . Each n; takes
the same value on every element in a double coset D,. We denote the common
value by #;(D,). Let S, = D, N P. We have the following
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Theorem 4.1. The eigenvalues of A, on xi are |K|3 s Xxi(P) (i=1,...,9-
1). The eigenvalues of A, on ¥yxn; are ailn%I;T,»|Sa| |K|ni(Dg) (i=1,...,q9-1,
Vb), where m; is the representation that gives n; as in Section 2.

Proof. The first statement is from direct calculation:

Aa(i)(p) = xi * 0a(D) = Y, Xi(Ph™")9a(h)

heG
= K| " xipp)0a(or") = K| Y 2:i(001)
DIEP D1ES,
= (K| Y x:(01) - 2:(p).

141 esa

For the second statement, we note at first that

(ni, m)=Y_ ni)ni(p =& S mithym(h)
DEP heG
1 n(l1) dimm;
= —1; i NV=—2= .
w1 = TRT = K161

Since Ay (¥p*n:) =¥y *nix 9, and n;x 9, = Bi(a)n; for some number B;(a),
the eigenvalue is equal to the number B;(a). Now

(0% 0as 1) =D Ni % 0a(P) ()

pEP
=53 ni@h™")pa(h)ni(p)
PEP heG
=K1Y S miopr")9a(01) i)
pEP p,EP
=K1Y S nilopynip)
PEP €S,
=) > mmh~'py") = > mixmipr")
PIES, heG PIESs
= ni(pr") = |Salni(Da)-
P1ES,

Hence

(ni*9a, m) _ 1G] ,
Bi(a) = (mi, mi) dimnilK”S"l"’(D")' .

From the discussion in [Ev], one knows that #;(D,) and 3,5 Xi(p) are the
Soto-Andrade sums. It is of great interest to evaluate or even to estimate the
functions #n;(D;), which are essentially the eigenvalues of the Hecke algebra.
The Soto-Andrade sums have been estimated at least in two ways: see [Ka] and
[Li] respectively. See [A-V] and references therein for more information on the
eigenvalues.
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