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CHARACTERIZATION OF HILBERT FUNCTIONS
OF GORENSTEIN ARTIN ALGEBRAS

WITH THE WEAK STANLEY PROPERTY

TADAHITO HARIMA

(Communicated by Eric Friedlander)

Abstract. We give a characterization of Hubert functions of Gorenstein Artin

algebras with the weak Stanley property. Namely, we prove that a necessary

and sufficient condition for a given O-sequence H_ to be the Hubert function

of some Gorenstein Artin algebra with the weak Stanley property is that the

sequence H is an Si-sequence.

1. Introduction

A standard G-algebra A = A0 ® Ax © • • • over a field k is a commutative

graded ring such that Aq = k, A is generated as a fc-algebra by Ax and the
dimension of Ax as a /c-vector space is finite. Thus they are those A;-algebras

which can be written in the form A = k[xo, xx, ... , xn]/I, where the jc; are

indeterminates of degree 1 and / is a homogeneous ideal. In this paper a

standard G-algebra over k is called a k-algebra for short.

The Hubert function of A is defined by H(A, i) = dim^ A¡ for all / =
0, 1,... , and H(A, i) = 0 for all i < 0. In particular, if A is Artin, then
we denote by the finite sequence H(A) = (H(A, 0), H(A, I), ... , H(A, s))
the Hubert function of A, where s = max{/ | A, ^ 0} . Furthermore, we put

o(A) = s + 1.
If h and i are positive integers, then h can be written uniquely in the form

* = (?) + (?L-l) + -(7)-
where «, > w,-i > • • • > n¡ > j > 1. We put 0</> = 0 and

»- -(7++ó+C"-,+1)+---+(7++.)-
A finite or infinite sequence H= (ho, hx, ...) of nonnegative integers is called

an O-sequence if H is the Hubert function of some /c-algebra, i.e., Ao = 1
and 0 < Al+, < hfl> for i = 1,2,... (cf. [7] and [11, Theorem 2.2] for
the details). A sequence H = (ho, hx, ... , hs) of positive integers is called a
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Gorenstein sequence if H is the Hubert function of some Gorenstein Artin k-

algebra. Furthermore, we say that a sequence H_— (ho, hx, ... ,hs) of positive

integers is unimodalif ho < hx <■■■< hj > hj+x > ■■■ >hs.

R. Stanley and A. Iarrobino independently conjectured the following (cf. [11,
page 68]).

A sequence H = (ho, hx,... , hs) is a Gorenstein sequence if and only if H

is a sequence which satisfies the following three conditions:

(i)   H_ is unimodal.

(ii)   H is symmetric, i.e., hs-¡ = A, for all / = 0, 1, ... , [s/2].
(iii)   (ho,hx-ho,h2-hx, ..., ht-ht-X) is an O-sequence, where t = min{/1

hi >hi+x}.

A sequence which satisfies the three conditions above is called an Si-sequence.

R. Stanley [11, Theorem 4.1 and Theorem 4.2] showed that all Gorenstein

sequences satisfy condition (ii), and that this conjecture is true if hx < 3.

But every Gorenstein sequence does not necessarily satisfy condition (i). The
first counterexample was given by R. Stanley [11, Example 4.3], with H =

(1, 13, 12, 13, 1), and others have brought this down to hx = 5 (cf. [1,
Theorem 1] and [3, Example 5.5]). The author does not know whether there

exist nonunimodal Gorenstein sequences with hx = 4.

In this paper, we examine Hubert functions of Gorenstein Artin /c-algebras
with the following property.

Definition 1.1 (cf. [13, Definition 3.1]). Let A = 0¿=o^, be an Artin algebra,
where As ^ 0. We say that A has the weak Stanley property (WSP for short)

if A satisfies the following two conditions:

(i) The Hubert function of A is unimodal.
(ii) There exists g £ Ax such that the ^-vector space homomorphism g :

A, —> Ai+X defined by /1—► gf is either injective or surjective for all

i' = 0, 1, ...,s- 1.

In this case, we say that the pair (A, g) has the WSP.

The main theorem of this paper is the following.

Theorem 1.2. Let H = (ho, hx, ... , hs) be a sequence of positive integers. Then

H is the Hubert function of some Gorenstein Artin k-algebra with the WSP if
and only if H_ is an Si-sequence.

This characterization, in characteristic zero, is a special case of the g-Theo-
rem by L. J. Billera and C. W. Lee [2] and R. Stanley [12]. The g-Theorem
says that an /z-vector is the A-vector of a simplicial polytope if and only if it

is an SI-sequence. We give another proof which avoids the hard results of toric
varieties and topology used by R. Stanley [12]. That is, the idea for proving this
characterization is to use the construction in [5, Corollary 2.5] and [6, Theorem
4.1], a result of linkage [8, Remarque 1.4] and the technique of the proof of
[13, Theorem 3.8].

Finally I would like to express my sincere gratitude to the referee for use-
ful advice.
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2. Preliminaries

Throughout this paper, let k be an algebraically closed field and let R —
k[xo, xx, ... , x„] be the homogeneous coordinate ring of P" = P" . Let X be

a finite set of points in P" and let I(X) c R be the homogeneous ideal of X.
The Hubert function of X is defined by H(X, i) = H(R/I(X), i) for all i.
Furthermore we put AH(X, 0) = 1, AH(X, i) = H(X, i) - H(X, i - I) for
all i = 1, 2,... and AH(X, i) = 0 for all i < 0. We denote by | X j the
number of points in X.

We recall some basic facts about Hubert functions of points in P" .

Proposition 2.1. Let X be a finite set of points in Pn .

(1) H(X, i) < H(X,i+l) for all i > 0.
(2) H(X,i) = H(X,i+l)^H(X,i + 2) = H(X,i+l).
(3) H(X,i)=\X\ for all i»0.

Put a(X) = min{/ | AH(X, /') = 0}.
(4)IfYcX, then a(Y) < a(X).
(5) H(X, i) =| X | for all i > a(X) - 1.
(6) \X\>2<=*o(X)>2.
(1) (AH(X, 0), ... , AH(X, a(X) - 1)) is an O-sequence.

Proof. The assertions of (1), (2), (3) and (4) follow from [9, Proposition 1 and

Proposition 2].
(5) follows from (2) and (3).
(6) Assume that | X \> 2. Then it follows from (1), (2), (3) and H(X, 0) = 1

that H(X, 1) > 2. Hence AH(X, 1) > 1. Thus a(X) > 2. Conversely assume
that <j(X) > 2. Then since AH(X, 1) > 1, it follows that H(X, 1) > 2.
Hence \X |>2.

(7) follows from [6, Proposition 2.7].

3. A CONSTRUCTION OF A NUMBER OF GORENSTEIN ARTIN

/c-ALGEBRAS WITH THE WSP

In this section, we prove the following four lemmas, which are the key to

the proof of Theorem 1.2. That is, for two given geometrically linked sets of
points, we give a construction of a number of Gorenstein Artin fc-algebras with
the WSP whose Hubert functions can be recovered from the Hubert function
of one of the sets (cf. [8] for the details about geometric linkage).

Lemma 3.1. Let X and Y be two finite sets of points in P" suchthat XnY - 0

and Xl)Y is complete intersection, and put A — R/I(X) + I(Y). Furthermore

put a = a(X) - 1, b = a(X U Y) - a(X) - 1, c = a(X U T) - 1. Assume that
2a(X) < a(X U Y) and \ X |> 2. Then H(A) is a Gorenstein Sl-sequence as

follows.

(H(X,i), i = 0,1,..., a-I,

(3.1.1) H(A,i)=l \X\, i = a,...,b,

{ H(X,c-l-i),       i = b+l,...,c-l,

i.e., H(A) = (1, hx./za_i ,\X \, ... ,\X \, ha-X, ... ,hx, I), where hi =
H(X, i), and we have a(A) - c.
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Proof. By the assumption 2a(X) < a(X u Y) and | X |> 2, it is easy to show

that a < b, b+l <c-l and a < [(c - l)/2] < b .
First we show that

(3.1.2) H(A,i) = H(X,i) + H(X,c-l-i)-\X\    for all   i = 0, 1, ... , c.

From [4, Theorem 3 (b)], it follows that

AH(XuY,i)=AH(X,c-i)+AH(Y,i)   for all   i = 0,l,...,c.

Hence for every j > 0,

¿A//(Iuy, 0 = Y,AH(X, c-i) + Í^AH(Y, i).
i=0 ¿=0 i=0

Therefore

7 ; j

(3.1.3) $>//(*, c~ ') = EA7/(^U r> 0 - EA//(y ' o
i=0 ;=0 1=0

= H(XuY,j)-H(Y,j).

Furthermore, from a <c,

c

Y,àH(X,i) = H{X,c)=\X\.
í=0

Thus for all 7 = 0, I, ... , c,

(3.1.4) ¿ A7f(Z, c - /) = ¿ AH(X, i) -  ¿ A//(X, f)
/=0 i=0 i=0

=|X|-//(^,c-l-7).

Therefore we obtain from (3.1.3) and (3.1.4) that

(3.1.5)
H(XöY,j)-H(Y,j)=\X\-H(X,c-l-j)   for all   j = 0, 1, ... , c.

On the other hand, from the following exact sequence

0 -» R/I(X U Y) - Ä//(A") 0 Ä//(F) -»if^O,

we have

i/(^, i) = H(R/I(X), i) + H(R/I(Y), i) - H(R/I(X U Y), i)
= H(X, i)+H(Y, i)-H(XöY, i).

Hence we obtain from (3.1.5) that

H(A, i) = H(X, i) + H(X, c-l-i)-\X\.

Next we show that a (A) = c. Namely, it is enough to show that

H(A,c-1)^0   and   H(A,c) = 0.

Since a < b and b+l < c - 1, we have a < c - 1. Hence H( X, c - 1 ) =| X \.
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Therefore when i = c - I, it follows from (3.1.2) that

H {A, c - 1) = H(X, c - 1) + H(X, 0)- | X |

=|*|+1-|*|= 1.

Furthermore when i = c, we obtain

#(.4, c) = H(X, c) + H(X, -1)- | X |

=| X | +0- IX |= 0.

We show equality (3.1.1). Since a+6 = rj(X)-l+<x(Xuy)-<7(X)-l = c-l,
we have a < c - 1 - / for all / = 0, I, ... , b. Hence

H(X,c-l-i)=\X\    for all   i = 0, 1,..., b.

On the other hand we obtain from a < b + 1 that

H(X, i)=\X\    for all   i = b+l,....

Hence, from (3.1.2), we get

cxxn       m a   n    /*(*•»')                 for all* = 0,1,...,6,
(3.1.6)        ^>') = {Wc_1_/)       foraUl = i + 1.C_L

Thus equality (3.1.1) holds by noting H(X, i) =| X | for all i = a,..., Ô.
Hence from Proposition 2.1 (1) and (7), H(A) is an Sl-sequence. Furthermore

by [8, Remarque 1.4], A is a Gorenstein Artin k-algebra. Hence H(A) is a
Gorenstein sequence.

Lemma 3.2. With the same notation as in Lemma 3.1, let L c P" be a hyper-

plane defined by a polynomial G £ Rx, and let g £ Ax be the image of G.

Assume that 2o(X) <o(XuY) and X n L = 0. Then (A, g) has the WSP.

Proof. It is enough to show that g : A¡ —► Ai+X is_either injective or surjective

for all i. Put B = R/I(X) = 0,>o 5,, and let G £ Bx be the image of G.
Consider the following commutative diagram:

Ao   M       Ax    -^      •••    -^       Ac_x    M       0      •••

B & . D & . G . D tr n
.on       -► 01        -► ■ • -        -> DC-1        -► -"C

where <p is the canonical homomorphism B —► A. It follows immediately

from X n L = 0 that G is not a zero-divisor in 5. Hence G : B¡ —»

-B/+1 is injective for all i. Furthermore we have from Proposition 2.1 (5) that

H(B, i) =| X | for all i > a. Therefore G : B¡ —» Bi+X is bijective for all
i>a. We obtain from (3.1.6) that H(A, i) = H(B, i) for all / = 0, 1, ... , b .
Hence since the homogeneous part of the canonical homomorphism tp : B —► A

is surjective, <p : B¡ —► A¡ is bijective for all / = 0, 1,..., b. Thus it follows
immediately that

injective        for all   i = 0, 1, ... , a - 1,

(3.2.1)    g : Ai —► Ai+X    is    { bijective        for all   i = a, ... , b - I,

surjective      for all   i = b, ... , c - I.
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Lemma 3.3. With the same notation as in Lemma 3.2, let d be an integer such

that 1 < d < o(X U Y) - 2a (X) and let (0 : gd) denote the homogeneous
ideal generated by homogeneous elements f £ A such that gd f = 0.   Then

H(A/(0 : gd)) is a Gorenstein Si-sequence as follows.

(3.3.1)
= 0, 1, ... ,a- I,

= a, ... , b-d,

= b+l-d, ... ,c-l

H(X,i),

[ \x\,
H(X ,c-l-i-d),

and a(A/(0:gd)) = c-d.

Proof. Put A = A/(0: gd). Note that the i-th graded piece of A is

Ai/ker[gd:Ai—> Ai+d].

Since 1 < d < a(X u Y) - 2a(X), obviously a <b-d. Hence we obtain from
(3.2.1) that

d    . . i injective, i = 0, I, ..., b - d,
ga : A, —-» Al+d   is   \       .

[ surjective,       i = b + 1 - d,_

Thus we get the following identification

(3.3.2) A^A0®AX ®---®Ab_d® Ab+X ®Ab+2 © •• • © Jc_, 0 0 ©••■ .

Obviously o (A) = c - d and

HÜ   1= J#(^z')> l' = °> U-..,b-d,
1   ,l)     \H(A,i + d),    i = b+l-d,...,c-l-d.

Hence, from (3.1.6), we obtain equality (3.3.1). Thus H(A) is an Sl-sequence.

Next we show that H(A) is a Gorenstein sequence, i.e., A is Gorenstein.

Put Soc(j4) = {y £ A | Axy = (0)}, where y is the image of y £ A. We

note that o(A) = c - d and dimk(A)c_x_d = 1. It is enough to show that

Soc(j4) = (A)c_x_d. Let y £ A¡ (y £ A¡, i < c - I - d) be an element such

that y £ Soc(yí). Hence Axy c (0 : gd). Since Soc(yi) = Ac_x, we have

ygd £ Ac-X. On the other hand, ygd £ Ai+d . Since /' + d < c - 1, we obtain

ygd = 0. Hence y = 0. Thus Soc(]4) = (A)c_x_d .

Lemma 3.4. With the same notation as in Lemma 3.3, let g be the image of g

in A/(0 : gd). Then (A/(0 : gd), ~g) is a Gorenstein Artin k-algebra with the
WSP.

Proof. It is enough to show that g : A¡ —► Al+d is either injective or sur-

jective for all i. It is easy to show that, with the identification (3.3.2), the

multiplication g : A —> A is described as

Aq —> Ax —> ■■■ —> Ab_d —► Ab+X —» Ab+2 —> ••• —> Ac-X.

The only part which is not clear is Ab_d —» Ab+X. But we obtain from b-d > a

and (3.2.1) that Ab_d -—► Ab+X is surjective.

Remark 3.5. Let X be a finite set of points in P" and let j be an integer.

Then it is easy to construct a finite set Y of points in P" such that XnY = 0,
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X U Y is complete intersection and a(Xl)Y) > j. For example we construct

Y as follows. We may assume that X n L = 0, where L is the hyperplane
defined by the equation xo = 0. Obviously there exist distinct elements a¡j £ k

( 1 < 1 < n, 1 < j < m ) such that X c Z , where Z = {[I; aXj;... ; anj] \
1 < j < m}. Then it is easy to show that Z is complete intersection and

a(Z) = nm-(n-l). Furthermore for a sufficiently large m, we get a(Z) > j.

We put Y = {P £ Z I P g X}. Then Y satisfies the conditions above.

4. Proof of Theorem 1.2

Before proving Theorem 1.2, we have to recall a result in [5] and [6].

Definition4.1 (cf. [6, Definition2.9]). AnO-sequence b = (bo, bx, ... , b¡,...)
is called differentiable if its difference Ab = (bo,bx-bo,...,bt-bj-X,...)is
also an O-sequence.

Proposition 4.2 (cf. [5, Corollary 2.5] and [6, Theorem 4.1]). Let b be a differ-
entiable O-sequence. Then there is a reduced k-algebra over an infinite field k

with Hubert function b.

We now start to prove Theorem 1.2.

Proof of Theorem 1.2. Assume that H is the Hubert function of some Goren-
stein Artin k -algebra (A, g) with the WSP. Then the Hubert function of A/g A
is the sequence (h0, hx - h0, h2 - hx, ... , ht - A,_i), where A, = H(A, i) and
t = min{z I H (A, i)(A, i + 1)} . Hence H is an Si-sequence.

Conversely assume that H is an Si-sequence.
If hx = 1, then it is easy to show that h,■ = 1 for all *' = 0, 1, ... , s. Hence

H is the Hubert function of A = k[xo]/(Xç+l), which is a Gorenstein Artin

/c-algebra with the WSP.
Let hx > 2. We put t = min{7 | h¿ > hi+x} . Hence

H = (l,hx,... ,ht-x,ht,...,h,,ht-x, ...,hx,l).

We consider the infinite sequence b = {¿>,},>o, where b¡ = h¡ for all / =
0, I, ... , t and bi = ht for all i = t + I, ... . Since H is an Si-sequence, b
is a differentiable O-sequence. Hence, by Proposition 4.2, there exists a finite

set X of points in P" such that H(X) = b, where n = hx - I. We may
assume that X n L - 0, where L is the hyperplane defined by the equation
xo = 0. Furthermore by Remark 3.5, there exists a finite set Y of points in P"

such that X C\Y = 0, X UY is complete intersection and a(X U Y) > s + 2.

Since 2t < s and a(X) = t + 1, it follows that 2a(X) < s + 2. Hence
2a(X) < a(X U Y). Put A = R/I(X) + I(Y) and d = a(X U Y) - s - 2,
and let g be the image of x0 in A. Note that d > 0. Furthermore, we put
a = a(X)-l, b = a(XliY)-a(X)-l and c = a(XUY)-l. Then we obtain
by Lemma 3.1 and Lemma 3.3 that

(H(X,i), i = 0,l,...,a-l,

H(A/(0:gd),i) = l \X\, i = a,...,b-d,

{ H(X,c-l-i-d),       i = b+l-d,...,c-l-d,

where g° = 1. It is easy to show that a < [s/2] < b - d. Hence

H(A/(0:gd),i) = H(X,i) = b, = hl
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for all i = 0, 1, ... , [5/2]. Thus since H(A/(0 : gd)) is symmetric and c -

I - d = s ,ii follows immediately that H(A/(0 : gd)) = H. Furthermore by

Lemma 3.2 and Lemma 3.4, A/(0 : gd) is a Gorenstein Artin /c-algebra with

the WSP. This completes the proof of Theorem 1.2.
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