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WEIGHTED NORM ESTIMATES
FOR OBLIQUE DERIVATIVE PROBLEMS
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ABSTRACT. Estimates of the Caccioppoli-Schauder type are proven for a class
of regular oblique derivative problems in Holder function spaces with weights.
Previous restrictions on the range of admissible weights are showed to be un-
necessary.

1. NOTATION

Let w be a bounded open subset of a finite-dimensional Euclidean space. We
adopt traditional notation for (real) function spaces such as C*(@), C*-9(m),
C¥(w), L?(w), which need not be illustrated. We do however specify that
Wk-P(w) denotes the Sobolev space of order k and exponent p on . Next,
as in [1], we set

Hy(w) = C'(w), |*]o:0 = norm in C%(@),
H,(w) = Ck* (@), |+ |a:0 = norm in C*-%~* ()
for k (a nonnegative integer) <a<k+1,

and denote by Hlﬁ;‘,ﬁ) , b < a, the family of functions u: @ — R with finite

norms
b -
|u|£z;w) = supo* b|“|a;wa )
a>0

w, being the set of points of @ whose distance from dw is > a. Of course,
HS(w) = Hy(w),  HY(w)c HS () if b < b.
Let
Bt ={xeR":|x| <1, xy >0},
SO={xeR":|x| <1, xy =0}, St =08B%/S",
=B, 5 =)0

- a;B+*

. .
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On the space of functions u € H,ﬁ'b’ with supports in the half-sphere %F of
radius 1/2 a norm equivalent to |u|51'b) is given by sup,.o06°97°u|,, BY, > where

Bf,={x€B*:|x| <1, xy >0}; from [1] and [6] we know that

(1) ul " < Cluls™®
provided that 0 < a’'<a, b<a’,and b < a’ if b is an integer, whereas

0

|ulemo < Clul

(|- |emMo = norm on the space of functions of BMO, that is, Bounded Mean
Oscillation, over B* ). The above implies u € L2(B*) for any b > 0, whereas,
if -1<b<0, ueLP(B*) whatever pe[l, —1/b[.

2. STATEMENTS OF THE MAIN RESULTS

Let L = —a'/9?/8x;0x; (summation convention), where [a'/] is a positive
definite symmetric N x N real matrix.

For functions # in H.™® with supports in $B* it was proven in [1] that
the estimate

—b) (2— b)

(2) luls™® < C(Ju-, 0)lp, 50 + | Lul$)
holds true provided that 0 < b <a, a > 2, and nelther a nor b is an integer.
In [6] it was later proven that (2) remains valid for b € N as well. More exactly:
let uy begivenin Hy. 5 and f', ..., fV in Hf,'_',b) for some b > 0 and some
noninteger a > b, a > 1. If a function u in W'-?(B*), p = p(b), vanishes
outside of $B* and satisfies

u(+, 0) = u, / a’ucvgdx = | flugdx YuveCHBY),
+ B+

then u is in Hé“b) with

(3) Ul < Clluoly;s0 + D LS 1L)-
(In [6] the case when a is in N is studied as well, but here we will not dwell
upon it.)

Let us pass to the Neumann problem. In [2] it was proven that, whenever
1 <b<a,a>2,and neither a nor b is an integer, the estimate

4) Jul™ < Clutay (-, O)lpors0 + | Lul ")

holds true for any function u in H\~ 5 with support in %B’L . Notice that for
b not an integer (4) is equivalent to the bound

(5) July < ClJttxy (- O)lpor50 + 1Lul 5,

On one hand, indeed, the implication (4) = (5) is trivially consequent on (1),
which yields

(6) luly™ < Clufi™
since b is not an integer. On the other hand, u(-, 0) € H,.5 is the trace on
SO of a function U € H,™® which vanishes near S*, with

1UIS < Clu(-, 0)]y. 50 < Clus.
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This follows from [1, Lemma 2.3]—a result which we shall return to in a short
while. For the moment suffice it to say that, as a consequence, (5) yields (4)
once (2) has been applied with u replaced by u— U, and consequently u(-, 0)
by 0.

If b is an integer > 2, counterexamples show that (6) is false in general, and
s0 is (5); yet in the present paper we prove that (4) still holds. More specifically,
we have the two following results.

Theorem 1. Let [A"] bean N x N matrix with symmetric part [a'/]. For some
b > 1 and some noninteger a > b let u€ W'-2(B*) have support in %T and
satisfy

(7 / AVuyv, dx = | flv,dx Vve C'(B"),
B+ B+
where the fi-s,i=1,..., N, are functions in Hé'_"lb). Then u € Hé’b), and
the following estimate holds:
(8) ™ < Y11

Theorem 2. Let g € Hy_|.50, f € H;Z__zb) for some integer b > 2 and some
noninteger a > b. Let u € W2 2(B*) have support in %FJ' and satisfy

(9) Uy (+,00=g onS°, Lu=f inB*.
Then u is in Hé"b) with

(10) 1) < C(Igloor. 50 + 1/1EF).

Our approach makes crucial use of the extension technique dealt with in the
next section, which enables us to follow, in the proof of Theorem 1, the main
idea lying behind the above proof that (5) = (4).

We sketchily mention that a perturbation argument, based on considerations
similar to those of [1, Proposition 4.3], would allow us to extend our results
to a class of uniformly elliptic operators L with variable coefficients, as well
as to replace the condition upon u,,|s0 with one upon Bu = (b'u,, + b%u)|so
with b0, b', ..., bV sufficiently regular, b" > 0. The passage to more general
oblique derivative problems

Lu=f inQ, Bu=g ondQ

when Q is a bounded domain would then proceed along the lines of [1, Theorem
5.1] and [2, Theorem 2] (which rely upon [1, Lemma 2.6]), provided that 9Q
is “sufficiently” regular—more than just Lipschitz continuous, anyway. The
Lipschitz case is dealt with in [3] and [4], where Hz(_'_y)(Q) estimates are
proven for y in a suitable range ]0, yo[, 0 < 7o < 1. The estimate of [4], in
particular, is deduced from the main result of that paper, which asserts: If a
function is harmonic in Q and has an oblique derivative of BMO over 9Q,
then all its first derivatives are also of BMO over Q. Such a result does not
yield the aforesaid estimate for y = 0, as is clear from the proof of [4, Theorem
3.1]. Our Theorem 1, instead, does yield an Hz("” estimate for a function u
satisfying (7), hence also 4'Nu, = g on SO with g € C°(S%), when fV is
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a function from Hl(g-)é which equals g on S° and is obtained through the

extension procedure of [1, Lemma 2.3]. (As for y = 1: We know that Hé'z)

estimates do not hold, no matter how smooth 9Q is, whereas H,, . estimates
hold for every J > 0 as a consequence of our Theorem 2.)

3. AN EXTENSION LEMMA
Let ¢: R¥-! — R be a smooth function with compact support, and let v =
v(x', xy) (with the notation (x’', xy) =x = (x;, ..., Xyv—1, Xn)) be at least
continuous for xy > 0, with support in %F . For t, xy >0 set

W', t, xn) = /v(x' —ty', xn)o(y)dy'.

(Here and in the sequel [ stands for f[;,_,.) By [1, Lemma 2.3] the function

Vix', )= WX, t,0)= / v(x' =1y, 0)p(y)dy’

verifies
VI < Clol,

for a > b > 0. But, as already pointed out, when b is an integer a function
v E H,E:f,’) , 0 > 0— the case which will concern us in the proof of Theorem 1—
may not belong to H,, so that we cannot avail ourselves of the above inequality.
Let us therefore modify the approach of [1], as follows.

‘Let ¢ be symmetric with respect to each coordinate hyperplane of RV-!.
For ¢t > 0 we have

We(x',t,xy)=t" /v(x’ -, xn)oV(y"dy'
with ¢U) = ¢, if j < N, whereas

Wi t,xm) = ol = 1, ) )y
with
N-1
oMY = (1=No(') = Y vidy, ()
j=1
—again a function which is symmetric with respect to each coordinate hy-
perplane of RV-!. All integrals [¢(V(y")dy’, ..., [¢NV)(3')dy’ equal 0, of
course. Let us generalize all of this to higher order derivatives. With the stan-
dard multi-index notation we have

DeW(x', t, xy) =t~ / v(x' = ty', xn)ga(y)dy'

where all functions ¢, € CX(RV~!) satisfy [¢,(y')dy’ = 0 provided that
|| > 0 (otherwise ¢, would simply be ¢ ). In the particular case when a is
of the form (0, ..., 0, A), that is, when D“ is the A-th pure derivative with
respect to ¢, the function ¢, is symmetric with respect to each coordinate
hyperplane of R¥-! and therefore satisfies

(11) [viaty)dy =0 vi=1,.. N-1.
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Let xy > 0. Let the multi-index B be defined by the identity D? = D*9/dt.
Suppose that v is in some space Hl(+; , 0 >0; then, if a =(0,...,0, h),
the function D*V,(x’, ¢, xy) equals t~1*I=! fu(x’ —ty’, xn)Pp()’ )dy as well
as —t7lol [y Vu(x' -1y, xn)pa(y')dy’ (with V = gradient in the first N —1
variables). This leads to the identities

/ v(x' —ty', xn)pp(v')dy' = —t / Y Vo' =1y, xn)ga(y')dy'
(12)

_ / Y IVU(x — 1y, xx) = Vo(x', xn)l6a(y)dY

where (11) has been utilized. If instead o; > 0 for some j < N we write D?
as D 9/dx; and obtain

/ v(x' —ty', xn)pp(y')dy' =t / Uy, (X" =1y, xn)po (V)Y

(12)
= t/[vXj(xl - ty/ ’ XN) - vxj(x,a XN)]¢a1(yl)dy’

since |a/| > 0.

Lemma. For be N, 0<d <1 let v e H,§+§ and have support in ‘T The
Sunction V(x', xy) = [on_ 0(X" — xny', 0)0(¥')dy’ is in any space H! (=0) for
R
a>b+4, and
-b -b
VIS < Clolf,g-

Moreover, V(x',0)=v(x',0) if [ ¢(y’)dy’ =1.

Proof. For h+b+6 >a we have H\™ DHh+b+6’
to suppose a=h+b+9.

Let b = 1. Since v(-, 0) is of class H,_s, it follows from Lemma 2.3 of
[1] that

so that it is not restrictive

—1+44 -1
Vi < Clvlizs < CPoliy.

This yields a bound of the required type on o#+3|V|,_ ;. sy, for h a nonnegative

integer. (Notice that V(x’, xy) is smooth for xy > 0, so that we need only
worry about its behavior as xy — 0.) Let us proceed to bound

o' sup  |D*V(E) — DV (x)||€ - x|7°
x,(EBL, XA,

for |a| =h+ 1. We take |'”||+5 =1 and fix xy > 0.
First of all, we notice that

XN
/0 lus(&' = xny', 8) = vs(x’ — xnY', 8)|ds < C|€' - x'|Px )70

On the other hand, since

/ V(&) xx)ba(y )Y = / V(X' xx)ga(y')dy’ =0,
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we have

| [ = xw) = 0 = 20 2)als)dy
= ‘ / da(V")dy' /0 " V' - [Vu( -sy', xn) - Vo(x' —sy', xn)lds

XN
<C / V(& — sy, xx) — Vo(x' — sy', xx)lds < CIE = x/Px}?
0

(where, once again, V is the gradient in the first N — 1 variables). Summing
up, the difference

DV (&, xy)—D*V(x', xn)
= xy*! / [v(E —xny’, 0) — v(x’ — xny', 0)]¢a(y)dy’

= xy! / {v(é’ —xny', xn) —v(x' —xny', xn)

- /0 P05 = xy' s 5) = v — xwy s)]ds}asa(y')dy'

satisfies
(13) ID*V(E', xn) = D°V(x', xy)| < C|&' — x'PPxy71o1=2,
Let us now pass to consider (for &y > xy ) the difference
DV, &n) - DV (L, xn) = /éN DV (¢, vyt
(14) @ w
= [t fo@ -1, 0065000y,

D# = D*9 /ot . Since

/ (&, xn)bp(v)dy’ = / (€, 0)ps(y')dy’ =0,

we have

(15)
/v(f'—ty', 0)¢p(y')dy’ = /{v(f'—ty’, xn)

- /0 " [vs(& —ty', 5) —vs(&, S)]dS}fﬁﬂ(y’)dy'.

Either by (12) or by (12)"
(16) [0 = ', xwga)ay| < oot
On the other hand,

XN
/0 0s(& — 1", $) = u(&, $)lds < CExLYP,
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and therefore
(17) [ ésdy’ /0 [0, = 19", 5) — v(&', 5)]ds
for ¢t > xy . Thus, (14)-(17) yield
199
DV, &n) - DV (', xn)| < C (/ t"“'*"dt) xy°

S Cx;dlé]lv—hﬂ-ﬂs _xllv—la|+§|‘

146 y.—d
<Ct™xy

But for xy <&y < 2xy we have
N1 — Tl < Cloew + 0(Ew — xw)] T &y — xn)x?
< Cxp'l(Ey — xn) < Cxy 170 (&n - xw)°
for some 6 €]0, 1[, whereas for &y > 2xy , which implies
&+ X <28 <210 (¢ — xw)°,
we have
x;éléllv—laHJ +x}l"—|a|+¢5| < Cx—é(éNxN |a| + x4 xl |a|) < Cxl |a|— J(éN_-xN)&
Thus,
(18) ID*V(&, &) = DV (&, xw)| < Cxp ™0 (@ — x)’.
The required bound on
xgITHDey (&, &) - DOV (X', xn)| [ - x|~
follows from (13) and (18). In the case b > 1 it suffices to write

Ve (X', xx) = / Ve (X' = xXny', 0)$(¥')dy’

for i < N and proceed by induction.
The last statement is obvious. 0O

4. PROOFS OF THEOREMS 1 AND 2

If 1 <b <a<?2 the proof of (8) is achieved by repeating, with very minor
changes, Step 1 (for p = 2) and Step 2 of the proof of [6, Theorem 1], where the
same norm estimate, for AY = &/, was proven in the homogeneous Dirichlet
ca(l)se—that is, with the solution u# and the test-functions v all vanishing on
SY.

For a noninteger a > 2, however, the above procedure no longer applies.
And it is here that the lemma of the preceeding section comes into play. If b
remains in [1, 2[, indeed, it enables us to utilize the previous step, which yields
a bound

(19) WG <cSIALY <IN

for any noninteger a’ € [b, 2[. Let, according to our lemma (for the case
b=1<a =1+4+0<2;thecase 1 <b <2 is[1, Lemma 2.3] for the choice of

a=b) UeH equal u on S°, with supp U C %T and

U1 < Cluly”
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The function U’ = u — U vanishes on S° and satisfies
/ AU v, dx = /B (fi - Uy g dx Vv e COBY),

the matrix [a'/] being the symmetric part of the matrix [4”/]. This means that
[6, Theorem 1] can be applied to U’ (cf. (4)). Thus,

U7 < (1D + 10100,
The result in the case at hand follows immediately once the inequalities
~b -b -b 1-b -b
W& <Y U, U < 0gg

and (19) have been taken into account. (See the proof of the implication (5) =
(4) in §2.) The proof of (8) for b =k +b', 1 < b’ < 2, is easily obtained by
induction on k € N, assuming the result true for k — 1 and applying it to the
derivatives u, ,s=1,..., N—1, which satisfy the same identity as u except
for the f'’s replaced by the f] ’s. Thus,

|st <CZ|XSa2 >

the above bound and the equation in B* for what concerns u,,,, provide a
bound of the required type on all derivatives of ¥ involved in the statement.
Since the unweighted theory provides also a bound on, say, the Hy norm of u,
we have proved Theorem 1.

‘Let us pass to the proof of Theorem 2. For simplicity’s sake we assume that
avy =1. Let

AV =a" + (6" —6/M)a"  (so that "V =1 = 4V = 'N):
(1) is equivalent to

AVuvedx = | (fo+Gev+Guy)dx YueC'(B),
B+ B+

where
(1-b) ' (2—b) _ (1-b)
GeH,"|” (sothat gradGeH )) with Glso=g, |G|,-," <Clglp-1:s0

(cf. [1, Lemma 2.3] again).

Let U® = u,, . On one hand, as is done in [3], we utilize the Dirichlet problem
satisfied by U™ ; on the other hand, instead, we view U!, U2, ..., UN"! as
solutions to oblique derivative problems. Here are the details.

UV satisfies

/ a’UNvy dx = —/ fug,dx Vv e CL(BY)
+ B+
as well as UM(-,0) = g on S°, so that the estimate for nonhomogeneous
Dirichlet problems in variational form yields
UM < CUAGS +18ls-15 S°)
(cf. (3)). For s=1,..., N—1, U*® satisfies

/ ATV v dx = [ (=fvy +Gyvry — Geyvy)dx Vo € C'(BY),
+ B+
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so that Theorem 1 yields
—b —b -b 2-b
1Us0Y < CUAES + lgrad GI7)) < CUALY +18lpo1 . 50)-

Thanks to the bound on |u|y provided by the unweighted theory, (10) has been
proven.

REFERENCES

1. D. Gilbarg and L. Hormander, Intermediate Schauder estimates, Arch. Rational Mech.
Anal. 74 (1980), 297-318.

2. G. M. Lieberman, Intermediate Schauder estimates for oblique derivative problems, Arch.
Rational Mech. Anal. 93 (1986), 129-134.

, Oblique derivative problems in Lipschitz domains. 1-Continuous boundary data, Boll.
Un. Mat. Ital. B (7) 1 (1987), 1185-1210.

4. ]. Pipher, Oblique derivative problems for the Laplacian in Lipschitz domains, Rev. Mat.
Iberoamericana 3 (1987), 455-472.

5. G. M. Troianiello, Elliptic differential equations and obstacle problems, Plenum Press, New
York, 1987.

, Estimates of the Caccioppoli-Schauder type in weighted function spaces, Trans. Amer.
Math. Soc. 334 (1992), 551-573.

DIPARTIMENTO DI MATEMATICA, ISTITUTO “GUIDO CASTELNUOVO”, UNIVERSITA DEGLI STUDI
DI ROMA, “LA SAPIENZA”, PIAZZALE ALDO MoORO 2, I - 00185 RoMa, ITALY




