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EVERY SEPARABLE BANACH SPACE
IS ISOMETRIC TO A SPACE OF CONTINUOUS
NOWHERE DIFFERENTIABLE FUNCTIONS

L. RODRIGUEZ-PIAZZA

(Communicated by Dale Alspach)

ABSTRACT. We prove the result stated in the title; that is, every separable Ba-
nach space is linearly isometric to a closed subspace E of the space of contin-
uous functions on [0, 1], such that every nonzero function in E is nowhere
differentiable.

1. INTRODUCTION

A theorem of Banach and Mazur [B2] states that every separable Banach
space X is isometrically embeddable in #([0, 1]). One can ask whether we
can require more properties of the functions in the image of the embedding; or,
when these properties establish restrictions on the Banach space X .

In this direction, it has been proved that a closed subspace E of %([0, 1])
must be finite-dimensional if every function in E has bounded variation [LM],
or if every function in E is differentiable at every point of [0, 1] [G1]. If E
is infinite-dimensional and every function in E has a derivative at every point
of (0, 1], then E must contain an isomorphic copy of ¢y [G1]; in fact, E
must be isomorphic to a subspace of ¢,. Moreover, if we want to embed ¢; in
([0, 1]), we will always find a function in the image of the embedding which
is nondifferentiable at every point of a perfect subset of [0, 1] [PT]. Our aim
is to prove that nowhere differentiability imposes no restriction for embedding
any separable Banach space.

Weierstrass was the first one to give an example of a continuous nowhere
differentiable function [W]. Actually, almost all functions in #([0, 1]), in the
sense of Baire’s category, are nowhere differentiable, as was proved by Banach
[B1]. In [G2] an infinite-dimensional subspace of such functions (of course,
but the zero function) is constructed using trigonometric sums. In [FGK] the
authors use Van der Waerden’s functions for giving such a closed subspace of
#([0, 1]) isomorphic to ¢, .
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We are going to improve these two last results: we will prove that every
separable Banach space can be isometrically embedded in #([0, 1]) using only
the zero function and nowhere differentiable functions. Let A be the Cantor set
(A= {0, 1}N); it is well known that every separable Banach space is isometric
to a subspace of #(A), so we only have to consider this space to obtain the
announced result for every separable space. This case will be stated in the
following theorem; we devote the rest of the paper to its proof.

Theorem 1. There exist a closed subset K of [0, 1], homeomorphic to the Cantor
set A, and a linear operator S: €(K) — Z([0, 1]) such that, for every f €
Z(K) \ {0}, we have:
(1) Sf(t)= f(t) forevery t € K, thatis, Sf is a continuous extension of
f to the whole interval.
(1) [ISfNlco = Iflloo> S is an isometry.
(iii) Sf is nowhere differentiable in [0, 1].

In order to prove this theorem, after giving the description of K, we will
construct a first operator 7: & (K) — Z([0, 1]) which satisfies (i) and (ii) in
the theorem, but such that, for every f in &(K), T f behaves well, that is, we
can control both the infinity norm in certain subsets, and certain increments.
The operator .S will be a perturbation of T .

2. DESCRIPTION OF K AND T

Let (m,)n>o0 be an increasing sequence of natural numbers such that m = 1
and that, forevery n=1,2, 3, ... , we have
my 10 . 2n+2

mn . . s .
1 is an integer divisible by 4, >
(1) My_ g Y My_y 1/6

This implies that, for every n > 1, we have

n—1
2n+lmk

Forevery n=0,1, 2, ... we will choose 2" pairwise disjoint closed inter-
vals {I, ;}%_, in [0, 1] such that, if I, ; =[a..;, ba,;], then

. . . 1
(3) mya, ; is an integer divisible by 4, and b, j =a, ; + e
n

We will also require that

In+l,2j—l UI,,+1,2jC the interior Ofln,j ,
n=0,1,2,..., j=1,2,...,2".
In this situation, it is clear that, if
K,=1, ,Ul, ,U...Ul, 3,

then K =(),, K, is homeomorphic to the Cantor set A.

Let us define the intervals I, ;. There is no other possible selection for the
case n =0, Iy ; must be [0, 1]. Suppose that for certain n we have defined
I, ;. Divide this interval into five intervals of equal length 1/5m,; we will
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choose the interval I,.; ,j—; inside the second one, and I,,, ; inside the
fourth one, this will assure us that

Ant1,2j—1—Qn,j 2 Sm. Any1,2j _bn+l,2j—l >
n
(4) |
and b, ;- b F>
n,j n+1,2j Z 5m,,

In order to see that we can make this choice with the extremes of the intervals
still satisfying (3), take into account that in any of the five subintervals into
which we have divided I, ; there are at least m,,/5m, > 5 consecutive points
of the form x/m,,, with x an integer, and we can take some x divisible by
4 such that x/m,,, and (x + 1)/m,,, belong to the same subinterval. This
-completes the construction of K .

Now we are going to see that we can extend every continuous function on
K to a continuous function on [0, 1] controlling certain increments and the
infinity norm out of K, . This extension will be a linear operator; actually we
are going to prove the following

Lemma 2. There exists a linear operator T: €(K) — € ([0, 1]) satisfying, for
every f e F(K):
(@) Tf(t)= f(t) forevery te K (Tf isan extension of f).

®) ITfOI<(A-2"")flloo Sforevery t ¢ K,.
(c) Forevery k=0,1,2,...,m,—1 we have

77() - 7/ (2] < gl

Properties (a) and (b) imply that T is an isometry.

Proof of Lemma 2. Forevery n >0 and every j pick a point x, ; in I, ;NK.
Let f bein & (K). We define Tf(t) = f(t) for every ¢t in K ; this satisfies
(a). For every n >0 and every j, we define

Tf(an,j)=Tf(bn,j)=(1=27")f(xn,j).
Extend Tf affinely to the interior of every interval in which is not defined.

T f is a continuous function on [0, 1]: every point outside K has a neigh-
bourhood where T f is piecewise affine and continuous; for the continuity of
Tf in K it is enough to remark that the oscillation of T f in each I, ; is less
than the oscillation of f in KNI, ; plus 27"| f]leo . It is easy to see that T
is a linear operator.

Take n > 1 and ¢t € K,_; ~ K,,. Then there will exist a j such that ¢
belongs to one of the three intervals

(5) [@n-1,j> @n,2j=1), [bn,2j=15 Gn,2;], OF [bn 2j, buoy j].
Since T f is affine in each one of these intervals, |Tf(¢)| is bounded by the
maximum of |7 f| on the extremes, which is, by the construction of T f, less
than or equal to (1 — 27")|| f]le , Proving (b).

In order to prove (c), remark that if I is one of the intervals in (5), and
x,y €1, we have by (4),
oscillation of Tf in [
- <
6) ITfx)-Tfy)< Tongth of 1

2|1/ ”oo

|x — Ix—yl-

Y S [
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If k/m, is one of the points a, ;, then (k +1)/m, =b, ; and T f(an, ;) =
Tf(bs,;) by the construction of Tf, so we have (c); if not, the interval
(k/my, (k+1)/m,) does not meet K, and we can use (6) to obtain, for certain
v<mnm,

k+1 1 10m,,_,
7}:)' < 10||f”oomu—lm—n < “m,

T7(o) - 71( /1o

This inequality, using (1), implies (c).

3. PROOF OF THEOREM 1

To prove the theorem we are going to define S as a perturbation of the
operator T in Lemma 2. We will need the following continuous function g
defined on the real line: g has period 4 and its values on [0, 4] are given by
0, if t €0, 1],

t—1, ifte[l,2],
1, ift €2, 3],
4—¢, iftel3, 4]

It is easy to see that g(x) =0 for every integer x divisible by 4, that

g(t) =

@) |g(x)— g(x+2)]=1 for every integer x,
and that
8) lg(x)—gW) <|x—y| forevery x,yeR.

Proof of Theorem 1. Take a dense sequence (s,) in K and, for every ¢ € [0, 1]
and every f € €(K), define

S/ =TS0+ 3 T g(ma).
n=1

It is obvious that S: & (K) — & ([0, 1]) is a bounded linear operator. We are
going to see that S satisfies the statements of Theorem 1.

In order to check (i) and (ii), note that if ¢t € I, ; = [an,;, b, j], then, by
(3), g(myut) = 0, thanks to the definition of g on [0, 1]. So, if ¢t € K,,,
g(myt) = 0. This and (a) in Lemma 2 prove (i). This also allows us to prove
(ii), since, if ¢ € K,—; \ K, , we have

|3 28 gmn] =| Y- S eoman
v=1 v=n

and by (b) in Lemma 2, (ii) follows.
To finish the proof, suppose that f € #(K)~ {0}, and let D, be the infinite
subset of integers

<3 Wl _ Wl

Dy={neN:|f(s))| > (1-1/6)]flloo}-

We will prove the following




BANACH SPACES OF NOWHERE DIFFERENTIABLE FUNCTIONS 3653

Claim. If ne Dy and ke {0,1,2,... , m, -2}, we have
5/ (2=) - 57(522)| 2 321 lee

(iii) follows from the claim: were Sf differentiable at x;, there would exist
a constant M such that

ISf(x) = Sf(x0)| < M|x — x| , forevery x €[0, 1].

So, if a < xp < b, we would also have |Sf(a) — Sf(b)| < M(b—a). This
would be a contradiction with the claim, since we can choose a = k/m, and
b = (k +2)/m, for a suitable k, and the sequence m,/2"*? tends to infinity
thanks to (1).

Proof of the claim. Since m;/m, is an integer divisible by 4, for every / > n,
we have

9) g(mz;nk—n) = g(mz k,:nz) =0.
By (c¢) in Lemma 2, we have
(10) 77(52) - A (552)| < 22 o

From (8) and (2) we obtain
3 Lol (o ,,,,,)-g(mu",:fn

n—1
1/6
< 3 o S gl

(11)

From (7), (9), (10), (11) and the definition of D/, we get

57(557) = 57(5)

> W lg®) —g®k DI _ 8y, - L) f1e > L2 1)

as claimed.
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