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ABSTRACT. It is shown under CH that there exists a countably compact topo-
logical semigroup with two-sided cancellation which is not a topological group.
“Wallace’s question” of 40 years standing is thus settled in the negative un-
less CH is explicitly denied. The example is a topological subsemigroup of an
uncountable product of circle groups.

1. INTRODUCTION

A topological semigroup is a jointly continuous binary operation defined on a
Hausdorff topological space and such that the operation is associative. At the
annual meeting of the American Mathematical Society in 1953, A.D.Wallace [W]
noted that several authors had proved that a compact topological semigroup with
two-sided cancellation was a topological group. He further remarked that whether
compact might be weakened to countably compact still remained an open question
despite contrary published assertions. At the June 1993 Conference on General
Topology and Applications at Slippery Rock, USA, renewed interest was expressed
in this problem by several speakers including R.W. Heath and D.L.Grant. The
problem was also listed by W.W.Comfort in [C1] and [C2], and by R.W.Heath in

Mukherjea and Tserpes [MT] in 1972 showed that any countably compact can-
cellative topological semigroup with first countable topology was a topological
group. Pfister [P] in 1985, following earlier work of Brand [B], showed that in the
completely regular case a countably compact topological semigroup which was alge-
braically a group was a topological group. In the completely regular case D.L.Grant
[G] in 1993 proved that a sequentially compact cancellative topological semigroup
was algebraically a group, which coupled with Pfister’s result made it a topological
group. Later in the paper we show by elementary methods that in a countably
compact Frechet space a cancellative topological semigroup is a topological group.
There are no restrictions as to regularity. Following a suggestion of J.D.Lawson that
attention be focused on countably compact topological subsemigroups of topological
groups, a number of interesting properties were noted, including one communicated
to us by V.Pestov—each such semigroup is dense in some compact group.
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In the paper all spaces are assumed Hausdorff. As usual an ordinal is the set
of smaller ordinals and a cardinal is an initial ordinal. Let w and w; be the first
countable and first uncountable ordinals respectively. Also [w;]¥ denotes the set
of all strictly countable subsets of w;. For a subset A of a group G we denote by
(A) the semigroup algebraically generated by A and by [A] the topological closure
of Ain G. A countably (sequentially) compact space is one in which each infinite
subset (sequence) has a limit point (a convergent subsequence). A Frechet space is
a space in which each limit point of a subset is the limit point of some sequence in
the subset.

The main purpose of this paper is to prove the following:

Theorem A (CH). There is an example of an Abelian completely reqular countably
compact topological semigroup with two-sided cancellation which is not a group.

The following result is well known.

Lemma A.1 (CH). It is possible to enumerate [w1]* as {Io : w < a < w1} in such
a way that I, C a for each w < a < w1.

We also call on a paper of Tkachenko [TK, Theorem 1 and Note 2], in which,
under CH, he shows the existence, as a topological subgroup of an uncountable
product of circle groups, of a group G with the following properties: G is (non-
compact) countably compact, hereditarily separable, hereditarily normal, connected
and locally connected; G is algebraically isomorphic to the free Abelian group of
cardinality wy; and the closure of any infinite subset of G is uncountable. Thus we
have the following

Lemma A.2 (CH). There exists a (non-compact) countably compact subgroup G of
an uncountable product of circle groups, such that G is torsion free and the closure
of any infinite subset of G is uncountable.

Lemma A.3. Let G be an Abelian, torsion free, countably compact group such
that the closure of any infinite subset of G is uncountable, and let e denote the
identity of G. Suppose that T is any countably infinite subsemigroup of G such
that e ¢ T. We denote by T~ the set of inverses of elements of T. Let B be any
infinite subset of T'. Then there exists g, a limit point of B, such that for each
new, g" ¢ (T'UT™Y) and, moreover, e ¢ (T U{g}).

Proof. First of all let us note that the set [B], the closure of B in G, is uncountable.
As T is countably infinite so is T77'. We note that for each n € w the map
pn : G — G, by p,(x) = 2™, is one-to-one. Indeed, if 2§ = x5, then (x125')*
and as G is torsion free, xlzrgl =e, 50 21 = 2. Now as T, T~! are each countable
so is the group (T'UT~1). Thus for each n € w the set p,, *((TTUT 1)) is countable.

So
A=t (o)) 0 e w)

is also countable. Since [B] is uncountable, we may choose g € [B] such that g ¢ A.
Then for each n € w, g" ¢ (T UT 1), and e ¢ (T U {g}). O

:€7

Proof of Theorem A. From Lemma A.2, under CH there exists a countably compact
torsion free Abelian group G such that the closure of any countably infinite subset
of G is uncountable. Again e denotes the identity of G. Let a € G, a # e. The
generated subsemigroup (a) = {a™ : n € w} is countably infinite and e ¢ (a), since



AN ANSWER TO A.D.WALLACE’S QUESTION 327

G is torsion free. Next from the enumeration given in Lemma A.1 we have I, C w.
Thus B = {a" : n € I,} must be infinite, since I, is countably infinite. Apply
Lemma A.3 to the sets B and T = (a) to find a, a limit point of B, such that for
eachn € w, a” ¢ (TUT™Y), and e ¢ (T'U {a,}). Let

Se =T U{a,})={a":ncwlU{ay:w<a <w+w}.

Note that for ay # ag it follows that an, # aa,.
We construct by transfinite induction for each A, w < A < wy sets Sy, and
ordinals 7(A) < wy such that
YSy={a":newlU{as:w<a <7(\)} and if a1 # a2, then ay, # aq,-
) SA is a subsemigroup of G and e ¢ S.
) A< T(A ) < wi.
)Ifw A <) < A, then Sy € 5, C S
JIfa < A, thenaaeS
6) {a™:neh} U{aq :w<a,a€l})C S,
Conditions (5) and (6) follow from Lemma A.1 together with conditions (1) and
(3) and are used in the sequel.
The case A = w is established above and 7(w) = w 4+ w. For A > w there are two
options: either A is limit or non-limit.
(a) A is not a limit ordinal. Apply condition (6) to the set Sx_1 to get

(1
(2
(3
(4
(5
6

B=({a":nel_1}U{aq :w<a,a€lr_1}) C S\_1.

Also by condition (1) and the fact that G is torsion free, B is an infinite subset of
Sx—1. By Lemma A.3 and condition (2) we may choose a(y—1)+1 a limit point of B

such that for each n € w, a7\ ;) ; ¢ (Sr—1 USy! ) and e ¢ (Sxo1U{ar(—1)+1})-
Put 7(A) =7(A— 1)+ w and

Sx = (Sxm1U{aroa—1)41))
=S 1U{aa:TA-1)+1<a <7(A=1)4+w}
={a":newlU{as :w<a <T7(\)}

The choice of the point a,(x_1)4+1 ensures that Sy satisfies condition (1). This is
because, if s1(a-(x—1)+1)"" = s52(ar(r—1)41)™* for some 51,52 € Sx—1 and ny < na,
then (ar(n—1)41)" 7" € (Sa-1 U S5 ') which has been excluded. Condition (2)
is also immediate. To check (3) we notice that A — 1 < 7(A — 1) which holds by
condition (3) for A — 1, and so

ASTA=1)4+1<7(A=1) +w="1(A).

To see that (4) is satisfied we can use Sy—1 C Sy and it remains to apply induction
assumptions for Sx_j. It is pointed out above that conditions (5) and (6) follow
directly from (1) - (4) and Lemma A.1, so they are satisfied automatically.

(b) A is a limit ordinal. In this case first define the set S% and the ordinal 7*(\)

as follows:
S5 = J{Saa <A},

A) = U{T(a) ta < A}
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Clearly S} is a subsemigroup of G by conditions (2) and (4), is countable, and
e ¢ S5. Let
B={a":nelh}U{ay :w<a,ac )}

Since I, C A, then for each pair aj,as € I, it follows that aj,as < A. So if
a1 < g, then by conditions (4) and (5) applied we have that aq,, aa, € Sa,. Hence
by condition (1), aa, # Ga,. Also the group G is torsion free. So B is an infinite
set. Since I C A and, by induction assumption (3), A < J{7(a) : @ < A} = 7*(N),
we get

BC{a":nelh}U{ay:w<a <A}
Cl{a":nelh}U{an:w<a <7°(\)}
= J{Sa:a <A}
= Sy.

Apply Lemma A.3 to the sets B and S} to get a limit point a,«(y)41 of the set
B such that for each n € w, al. ), & (S} U Sxhy and e ¢ (S5 U {ar(ay41})-
Define 7(A\) = 7*(A\) + w and

Sx = (Sx U{ar-(ny+1})
=S U{aa: 7"V +1<a <7(\) +w}
={ad":newlU{ay:w<a <7\)}.
We now check that (1) - (4) are satisfied for the constructed sets Sy and 7(\).

If iy # o, then an, # aq, as above in the non-limit case. Next, as shown above
and from the definition of 7(\)

A< U{T(a) ta < A=7"(A) < T(N).

So (3) holds. Condition (2) is immediate and (4) is a routine exercise.
Now, let

SZU{S’,\:wg)\<w1}.

First, S is an Abelian, completely regular, cancellative topological semigroup as
a subsemigroup of the Abelian topological group G (by conditions (2) and (4)).
Further, S is not a group for e ¢ S by condition (2). Finally, S is countably
compact. Indeed, from our construction

S={a":newlU{a,:w<a<w}
and therefore, for any countable subset A C S, there exists A < w; such that
A={a":ne}U{ay:w<aacl}

Hence, by condition (6), A C Sy and A either has the limit point a,(x_1)11 € Sx C
S, if Ais not a limit ordinal, or a«(x)11 € Sx C S otherwise. O

Remark 1. In a compact semigroup there is always at least one idempotent element.
We have shown under CH that even in the completely regular cancellative case there
is a countably compact semigroup with no idempotent element.
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Remark 2. 1t follows from comments preceding Lemma 2 that the semigroup con-
structed in Theorem A is hereditarily separable and so is of countable tightness.
Under CH this answers in the negative Question 1 from [G].

Remark 3. Lemma A.1 may be modified (see for example van Douwen [D]) so
as to give in ZFC a sufficient enumeration of the countably infinite subsets of
the continuum ordinal to enable changes mutatus mutandis to our construction so
that Theorem A holds in ZFC, provided only that one can find in ZFC a torsion
free Abelian countably compact group in which each infinite subset has closure of
cardinality greater than or equal to the continuum.

So far the authors have been unable to construct such a group, even though it
would not need to have the additional properties of Tkachenko’s group under CH.
However, following circulation of the present results in preprint form at a talk given
at the August, 1994 Amsterdam conference on Topology and Applications, Tomita
[TO] has reported an improvement by construction under MA of a group with the
desired properties.

Theorem B. Let S be a cancellative topological semigroup defined on a countably
compact Frechet space. Then S must be a topological group.

There are no additional assumptions regarding regularity of the topology of S.
Our first lemma assumes only that our space S is sequentially compact.

Lemma B.1. If S is any sequentially compact cancellative topological semigroup,
then S has a unique idempotent which is a two-sided identity 1 for S. Moreover S
is algebraically a group and hence the topology is homogeneous.

Proof. Here we use some modifications of ideas from the paper [GKO]. It is shown
first that there exist z,y € S such that xy = y.

Consider any z € S and {z" : n € w} C S. If ™ = 2™ for some n > m,
then x"~™z™ = z™. Consider instead that {#" : n € w} is infinite. Take some
convergent subsequence {z"*) : k € w} — zp. Let us consider {z"*®~1 . k €
w,n(k) > 1}. Again there is some convergent subsequence {z"*(m)=1 : 1y ¢
w} — z1. As multiplication is continuous, zz; = z9. Continuing this process we
get {2z, : n € w} such that 2"z, = z9. If 2, = z,, then 2y = 2"z, = 2™z,
implies that 2™ = 2™. So {z, : n € w} is infinite. Also {z,(x) : k¥ € w} is
infinite so there exists a subsequence {zn(k(l)) : | € w} converging to some point
e S. As x"(k(l))zn(k(l)) = Zzp, then {x"(k(l))zn(k(l)) il € w} — zp. On the
other hand, {z"*®) : [ € w} — 2 and {zZnke@y) : 1 € w} — 2. Therefore
{x”(k(l))zn(k(l)) il e w} — 202" and so zpz' = zp.

That there is a unique idempotent which is an identity 1 for S now follows by
elementary algebra. Moreover, as translation by any element of S is a continuous
function, Sz and xS are sequentially compact. So, S, xS and Sz all have the same
identity 1. Now S C S1 C S(Sz) C S22 C Sz C S. So S = Sz. Similarly, S = zS.
Thus S is algebraically a group. The topology of S is then homogeneous. (]

Lemma B.2. If S is a topological semigroup which is algebraically a group and
which has a countably compact Frechet topology, then S is a topological group.

Proof. As the topology of S is homogeneous we need only prove the continuity of
the inverse operation at 1. Suppose that the inverse operation is not continuous at
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1. Then there exists a neighborhood U(1) such that for any neighborhood V(1),
(V(1))~! is not contained in U(1). Thus there is a set A C S which has 1 as
a limit point and A™! = {a™! : a € A} does not intersect U(1). As we have a
Frechet space there exists {a, : n € w} C A such that {a, : n € w} — 1. Then
by countable compactness the set {a,! : n € w} has a limit point ¢ such that
q ¢ U(1). Again as S is a Frechet space there exists {b; ' : k € w} C {a;' :n € w}
such that {b,' : k € w} — g. Clearly {b;' : k € w} must have arbitrarily high
members of {a;! : n € w} in it so we may choose a subsequence of {b;' : k € w},
say {b;&) : 1 € w}, which defines a subsequence {a;(ll) il ew}of{a;!:n € w} with
{a;(ll) tlew}l —q. Also {a,q) :l€w} — 1. So {an(l)a;(ll) :l€w} —1¢g=g¢q. On
the other hand, {1 = an(l)a;(ll) :l € w} — 1. Therefore 1 = ¢. This contradicts
q¢ U(1). O

Question 1. Is there a sequentially compact topological semigroup (not assumed
to be reqular) which is algebraically a group but is not a topological group ?

We are grateful to the referee for suggesting the following question.

Question 2. s there a cardinal k with the property that any k-compact cancellative
topological semigroup is a topological group? [By k -compact is meant a space in
which every open cover of cardinality less than k has a finite subcover.]
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