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ABSTRACT. A new proof of a result of Lutz Weis is given, that states that the
stability of a positive strongly continuous semigroup (etA)tZO on L, may be
determined by the quantity s(A). We also give an example to show that the
dichotomy of the semigroup may not always be determined by the spectrum

o(A).

Consider a strongly continuous semigroup (e!?);>¢ acting on a Banach space
X with unbounded generator A. It has long been known that the spectral map-
ping theorem €74 = g(et4) \ {0} does not necessarily hold. (Here o(A) de-
notes the spectrum of an operator A.) Indeed, let s(4) = supRe(c(A4)), and let
w(A) = sup Re(log(o(e?))) = inf{\ : [|e*|| < Mxe}. Then there are examples of
semigroups for which s(A) # w(A) (see [N]).

The purpose of this paper is to give one situation in which it is true that s(A) =
w(A). This next result has already been proved by Lutz Weis [We]. We will give a
different, shorter proof. We refer the reader to [We] for a history of the problem.

Theorem 1. Let €' be a strongly continuous positive semigroup on L,(Y,F, 1),
where (2, F, ) is a sigma-finite measure space and 1 < p < co. Then w(A) = s(A).

In order to show this result, we will make use of the following lemmas. The first
result may be derived from [C], Theorem 7.4 (the reader may like to know that a
proof of the ‘Pringsheim-Landau Theorem’ used in [C] may be found on page 59 of
[Wi]).

Lemma 2. Let ' be a strongly continuous positive semigroup on a Banach lattice
X, and let g € X. Then for any A > s(A) we have that

AN—A)lg= / e5(A=N g ds.
0
Here the right-hand side is taken in the sense of an improper integral.
The next result may be found in [LM1] and [LM2].
Lemma 3. Let ' be a strongly continuous semigroup on a Banach space X, and

let 1 < p < oo. Then 1 ¢ o(e*™) if and only if iZ No(A) = 0 and there is a
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constant ¢ > 0 such that for any v_,, v_p41,..., vy € X we have
27 n p o n p
/ Z (ik — A)"toge™t|| dt < cp/ Z vpeF| dt.
0 k=—n 0 k=—n

For the next result, we specialize to a Banach lattice of functions on a sigma-
finite measure space. In fact, this is really no loss of generality, and the interested
reader should find no trouble making sense of this result for a general Banach lattice
by applying the ideas in [LT], Chapter 1.4.

Lemma 4. Let P be a positive operator on X, a Banach lattice of functions on
a sigma-finite measure space, such that |g| < f € X implies that g € X. Let
1<p<oo. If f:[0,27] — X is a measurable, simple function, then

( / P(f())P dt)l/p -p (( / o dt)l/p> |

Proof. Let us set f = 22:1 Uk XA,, Where v, € X and the sets Ay C [0,27] are
disjoint. Then, letting fr = vg |Ak|l/p7 the result reduces to showing that

n 1/p n
<Z|P(fk)|p> <P <Z|fk|p>
k=1 k=1

However, we know that

n 1/p n
P = Lu.b. Re(a .
<kz_:1|fk| ) sb (ar fr)

1/p

k=1

Here, l.u.b. denotes the least upper bound in the lattice. Now, since P is positive,
we have that

P ( Lu.b. Re(akfk)>

Clarl?<1 =
is an upper bound for >°;'_; Re(arP(fx)) whenever Y |ax|? < 1. Hence

n 1/p n
(Z |P<fk>|p> = b ST Re(wP(4)
k=1 arlts1y

=1

<P| lub. Re(a
B (Zlaklklk_l ( kfk))

n 1/p
=P (Z |fk|p>
k=1

Proof of Theorem 1. It is well known that s(A) < w(A) (see [N]). Thus by simple
rescaling arguments, we see that it is sufficient to show that if s(A) < 0, then
TNo(e?™4) = ).
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We will show, under the assumption that s(A) < 0, that if f : R — L, is a
bounded, measurable function that is periodic with period 2w, then for each N > 0
1

we have
. N /p o 1/p
/ / esAf(t _ S) ds dt < HA_IH </ ||f(t>||1[)/p dt) :
0 0 0

In order to show this, we may assume without loss of generality that f restricted to
[0, 27] is a simple function. Then (s,t) — e*4 f(¢) is Bochner measurable, and hence,
without loss of generality, we may suppose that the map (s, t,w) — [e54 f(t)](w) is
jointly measurable. (Recall that strictly speaking, an element of L, is an equivalence
class of functions, and so here we are making a choice.) Fix N > 0. By the positivity
of e*4 and Fubini’s Theorem, we have that

P 1/p » 1/p

/O% ) s /O% /ONeSA|f(t—s)|ds dt
(/Qﬂ </N ’ P 1/p
= A f(t—s)| ds) dt)
0 0

By the integral version of Minkowski’s Theorem (see [HLP], Section 203), it follows
that for each w € Q

(A%<ANwAua—@mwd§pm)up

<AN(A%06AU@—@medQUP@

1/p

—AN(A%aéAuwmed§ ds.

Finally, from Lemma 4, we see that
2m
<en([Tisor )
0

(A%@“UﬁﬂVﬁ>

Putting all of these together, and applying Lemma 2, we obtain

P

Lyp

N
/ eSAf(t—s)ds
0

Lyp

Ly

1/p 1/p

27 N p N 27 1/p
/O /O e f(t—s)ds ) at | < /0 et (/0 IF (@) dt) ds )
%) 27 1/p 27 1/p
sA P —1 P
<| [ ([ wor ) | =] ([ wor a) }
27 1/p 2m 1/p
A—l p _ A—l P d ) ,
< }W(A U@ldQ | H(A £ @)1, dt

Ly
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where the last equality uses Fubini’s theorem. Now, if f(t) = €Y} e for
some 3 € R, then by Lemma 2, we see that

N n
/ eSAf(t—s)ds — Z (ik 4+ i3 — A) " lopetrt
0 k=—n

uniformly in ¢ as N — co. Hence by Lemma 3 it follows that e ¢ o(e?™4).

One might conjecture that the spectrum of the generator of a positive semigroup
e!? on an L, space might characterize the dichotomy of the semigroup, that is, if
a is any real number, then (a + iR) N o (D) = @ if and only if €T N o (e!?) = 0.

However, this is not the case, as the next result shows.

Theorem 5. There is a positive semigroup et? acting on an Lo space such that
(1+iR)Na(D) = 0, but e®™ € o(e2™P).

Proof. For each M € N, let Cy; be the contraction acting on ¢37 by the matrix

01 00 0]

0 0 10 0

0 0 0 1 0

Cvy=10 0 0 0 0

0 0 0 0 0]

Note that if A # 0, then
)\—1 )\—2 )\—3 )\—4 )\—M 7]
0 )\—1 )\—2 )\—3 . )\—M—i—l
M-1 o 0 0 At A2 A~ M2
A=Cu)' =D A"C, =10 0o o0 Al A~ M+
j=0

0 0 0 o - AL |

Thus, if |A| = 1, then [|(A — Car) 7| > VM. Also, if || > 1, then ||(A = Car) 7| <
Zj]vigl IA7'7 < 1/(]A| = 1). In particular, if |A| > 2, then |[(A=Cu)7H| <1
Also note that

1t t2/2 /6 - M7/ (M —1)!
0 1 ¢t /2 - tM=2Z/(M-2)!
o 00 1 t - tM3/(M-3)
e"™=10 0 0 1 MM —4)!
00 0 0 1 |

Thus we see that e/“™ is a positive operator. Clearly ||e*“M|| < e!lOmIl < et
Consider the positive semigroup acting on L2 ([0, 27]) by

27
Ay = —1) [ f(x) ;l—x + f(a+ M),
0 ™

so that its generator is the closure of

27
Avf@) =4[ jao)Z

d
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Note that ||etAM || < et
Now consider the positive semigroup e!BM = et4m @ tCM acting on
Xy = La([0,27]) @ 631 = Lo([0,27] x {1,2,..., M}).
We see that this semigroup is generated by By = Ay @ I + 1 ® Cypy. Also,
et < .
Consider a typical element of Xj; given by f(z) = > 2 v,e™®, where v, €

o and || fI%,, = 27300 . llvall5- I A # 4 and X ¢ MZ\ {0}, then A ¢ o(Ba)
and

inx

(A=Bu) 'f(@) =(A—4-Cn) oo+ Y (A= inM — Cps) " v,e™.
n#0
Thus

||()\ — BM)_1|| = max ||()\ —4 - CM)_1|| ,SL;pO ||()\ —inM — CM)_1|| .

In particular, if Re(A) = 1 and [A| < M — 2, then ||(A — By)~!|| < 1, whereas if
A=1+1iM, then ||(A = By) 7| > VM.

o0
Now consider the semigroup e!” = @ e'B™ acting on

B xu =L |\ ((0,27] x {1,2,..., M})

Note that e'? really is a strongly continuous semigroup, with ||e'?|| < €. The

o0
generator D is the closure of € By, and hence its resolvent set consists of those
M=1
A such that

|(A=D)~*| = sup ||(A = Bu) || < o0,
M>1

that is, o(D) C {z : |z — 4| < 1} U4Z \ {0}. In particular, if Re(A) = 1, then A ¢
o(D). However, supye;yqz ||(A — D)7!|| = oo, and hence, by Gerhard’s Theorem
(see [N], p. 95), €*™ € o (e?™P).
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