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ABSTRACT. It is shown that moduli spaces of complete families of compact
complex hypersurfaces in complex manifolds often come equipped canonically
with projective structures satisfying some natural integrability conditions.

1. PROJECTIVE CONNECTIONS

Let M be a complex manifold. Consider the following equivalence relation on
the set of a ne torsion-free connections on M: two connections I and I are said
to be projectively equivalent if they have the same geodesics, considered as un-
parameterized paths. In a local coordinate chart {t*}, « = 1,...,dimM on M,
where T and ™ are represented by Christo el symbols Flﬁ and rgﬁ respectively,
this equivalence relation reads [H]

r~T

Ms = Tlsbsda +baby
for some 1-form b = b,dt“. An equivalence class of torsion-free a ne connections
under this relation is called a projective structure or a projective connection.

Let M be a complex manifold with a projective structure. A complex subman-
ifold P c M is called totally geodesic if for each point ¢ C P and each direction
tangent to P at ¢ the corresponding geodesic of the projective connection is con-
tained in P at least locally.

2. MODULI SPACES OF COMPACT COMPLEX HYPERSURFACES

Let X be be a compact complex hypersurface in a complex manifold Y with
normal line bundle N such that H'(X, N) = 0. According to Kodaira [K-1], such
a hypersurface X belongs to the complete analytic family {X;|t € M} of compact
complex hypersurfaces X; in Y with the moduli space M being a (dim¢ H°(X, N))-
dimensional complex manifold. Moreover, there is a canonical isomorphism k; :
T;M — H°(X,, N;) which associates a global section of the normal bundle N; of
X; — Y to any tangent vector at the corresponding point ¢t € M.
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Consider F = {(y,t) e Y x M|y € X;} and denoteby p: F - Y andv: F — M
two natural projections,

€)) Yy £ F %M.

The space F'is a submanifold in Y x M. If N is the normal bundle of FF — Y x M,
then, for any point ¢t € M, we have Ng|,-1(;) =~ Nx,y, where Nx,y is the normal
bundle of the submanifold p o v~1(t) = X; — Y. By Kodaira’s theorem, there is
an isomorphism k : TM — v9(Nf), where v2(Nr) denotes the direct image.

Let us denote the point in the moduli space M corresponding to X by ¢, i.e.
X = povl(ty). Itis easy to show that, for each y € Y’ = J,,, X; the set
vo pu~!(y) is a complex analytic subspace of M. We denote by P, its manifold
content, i.e. P, =vopu~!(y) \ {singular points}. If the natural evaluation map

H°(Xy, Nx,)y) = N.
¢ — ¢(2),

where N, is the bre of NV at a point z € X; and ¢(z) is the value of the global
section ¢ € HY(X;, Nx,y) at z, is surjective at all points z € X; and for all t € M,
then P, = vopu='(y).

3. THE MAIN THEOREM

The idea of studying di erential geometry on the moduli space of compact
complex submanifolds of a given ambient complex manifold goes back to Pen-
rose [Pe] who discovered self-dual conformal structures automatically induced on
4-dimensional moduli spaces of rational curves with normal bundle N = C?® O(1).
In this section we show that moduli spaces of compact complex hypersurfaces of-
ten come equipped canonically with induced projective structures satisfying some
natural integrability conditions. Other manifestations of general and strong links
between complex analysis and di erential geometry can be found in Merkulov’s
survey [M].

Theorem 1. Let X — Y be a compact complex submanifold of codimension 1 with
normal bundle N such that H'(X,N) = 0 and let M be the associated complete
moduli space of relative deformations of X inside Y. If H'(X,Ox) = 0, then a
sufficiently small neighbourhood My C M of the point tg € M corresponding to X,
comes equipped canonically with a projective structure such that, for every point
y €Y' = Uers Xt, the associated submanifold P, C v o wt(y) N My is totally
geodesic.

Proof. An open neighbourhood of the submanifold X — Y can always be cov-

ered by a nite number of coordinate charts {1¥;} with local coordinate functions
(wi, 28), a = 1,...,n = dimX, on each neighbourhood W; such that X n W;
coincides with the subspace of W; determined by the equation w; = 0. On the
intersection W; N W; the coordinates w;, z{* are holomorphic functions of w; and
b

Zj,

w; = fij(wj7 Z?), Zzl'l = g;lj(wja Z?),
with f;;(0, zé’) = 0. Here z; = (zjl, ey 27
Let U C M be a coordinate neighbourhood of the point ¢, with coordinate
functions t*, « = 1,...,m = dim M. Then the coordinate domains U x W; with
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coordinate functions (w;, z%,t*) cover an open neighbourhood of X x U in the
manifold Y x U. For asu ciently small U, the submanifold Fy; & v~ 1(U) — Y xU
is described in each coordinate chart W; x U by an equation of the form [K-1]

w; = @iz, 1),

where ¢;(z;,t) is a holomorphic function of z¢ and ¢t* which satis es the boundary
conditions ¢;(z;,%) = 0. For each xed ¢t € U this equation de nes a submanifold
XeNW; — W,.

By construction, Fy is covered by a nite number of coordinate neighbourhoods
{Vi =W, x U|p} with local coordinate functions (z¢,t*) which are related to each
other on the intersections V; N V; as

2 = g5(05(z5, ), 25)-

ObViOUSly we have gbl(g”(gbj(zj, t), Zj),t) = fij(¢j(zj7t); Zj).

The Kodairamap k : TM|y — v2(Nr|r,) can be described in the following way:
take any vector eld v on U and apply the corresponding 1st-order di erential
operator V9, where 9, = 9/0t*, to each function ¢;(z;,t). The result is a
collection of holomorphic functions o;(z;,t) = V*0,¢;(2;,t) de ned respectively on
V;. On the intersection V; N'V; one has oi(zi,t)|.,—g.;(4,.2,) = Fij(z5,1)0i(25,1),
where
_ Uy 01 095

Fij = ow |, 0z

53 =¢;(25,t) 3 zi=gi; (¢5,25) Ow; w;=¢;(z;,t)
is the transition matrix of the normal bundle Nz |g, on the overlap Fiy NV, N'V;.
Therefore the 0-cochain {o;(z;,t)} is a Cech 0-cocycle representing a global section
k(v) of the normal bundle N over Fy.

Let us investigate how second partial derivatives of {¢;(z;,t)} and {¢;(z;,t)} are

related on the intersection V; N'Vj. Since

D¢i(zi,t) — 5. 99,1
ot Y e
zi=gi; (¢5,2;5)
we nd
0%, 0%, ¢ 0¢; 0¢; olo}
2 — =F,—2 +p, 29 _q. -9 _q. .-
@ o o Totegth "o g T T B T TP G
Z4 gw(‘i’]vzj)
where
B = —82fij _ % —829%
dw;0w; wj=¢(z;,t) 9z zi=9i5(¢;,2;) Ow;0w; wi=e;(z;,t)
0%, (8953— 8953-)
- a b . . ?
0210z zi=gi; ($;,2;5) Ow; O, wi=e;(2;,t)
and
D*¢i 993,
Gija = P ag < 89 ! .
z; ot zi=gi; (b5.25) OWI lwj=0;(z;.t)

The collections {E;;} and {G;;.} form 1-cochains with coe cients in N} and
v*(Q' M), respectively. Straightforward calculations reveal the obstructions for
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these two 1-cochains to be 1-cocycles,

6{Ey) = 22FC 1) 093
92§ OWk {4, — oy (21,1)
5(Ga) = OF1Cin1) 09 06;(2 1)
ther 028 Wk |yy_ gy O

From these equations we conclude that the 1-cochain {7, }, where

_ 1 Ok
Tika = EEzk% - szaa
is actually a 1-cocycle with values in »*(Q'M). Since H'(X,Ox) = 0, the semi-
continuity principle [K-2] implies H'(X;,Ox,) = 0 for all points in some Stein
neighbourhood M, C U. Hence, by the Leray spectral sequence

H' (v~ (Mo),v*(Q'M)) = 0.
Therefore, the 1-cocycle {7;..} is always a coboundary {7;;o} = 6{6;o}, Or more
explicitly,
(3) Tijoz(zja t) = FZ] (zja t)(_eia('zia t) zi=gi; (¢j,2;) + eja(zja t))a

for some 0-cochain {6;,(z;,t)} on v=1(My) with values in v*(Q*M). However, this
0-cochain is de ned non-uniquely J for any global section ¢ = ¢,dt® of v*(Q' M)
over v~ 1(Mjy) the 0-cochain

4) Oia(zi, 1) = Oia(2i, 1) + Ea®)]—1(00)nv;
splits the same 1-cocycle {r;;, }. Note that, due to the compactness of the complex
submanifolds »~1(t) c F for all t € M, the components &, of the global section
¢ € HO(v=1(My),v*(Q1 M)) are constant along the bers, i.e. &, € v=1(Oy,)-
If we rewrite equation (2) in the form
82¢i(zia t)
ote9r

82¢j (Zj ) t)
oteots

778 ; 5+ 7ip(25, 1)

and take equation (3) into account, we obtain the equality
¢ i i ¢; 09,
+ 0, — + 0;5— = +0.q—2
(s 0+ 9052)|_, )= 07 P50
which implies that, for each value of « and 3, the holomorphic functions,
P¢i(2i,1) I¢i(zi,t) O¢i(zi,t)
ot*otP ots o>
represent a global section of the normal bundle N over v—!(M,). Since the col-

lections of functions {0,¢;(z;,t)} form a Cech representation of a basis for the free
On,-module v2(Np|,-1 (1)), the equality

(5) iaﬁ(zia t) = rlgaaéi(zia t)

must hold for some global holomorphic functions rgﬁ on v~1(My). Since all the

bers v=1(t), t € My, are compact complex manifolds, these functions are actually
pull-backs of some holomorphic functions on M,. A coordinate system {t*} on M,
was used in the construction of Flﬁ(t). However from (5) it immediately follows

= Fij(z,1)
zi=gi; (¢5,2;5)

+ Tija (25, 1) ot

095
JB 8to‘

+0

iap(2i,t) = + 050 (2, 1) + 0;5(2,t)
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that under general coordinate transformations t* — ¢ = ¢t (¢%) these functions
transform according to

oo [y ot Ot 0%’

r = — -+ —

OB e ( ot otp’ aw’mﬁ')

Thus from any given splitting {r;;o} = 6{6io} of the 1-cocycle {7;;o} wWe extract
a symmetric a ne connection Fgﬁ(t). It is straightforward to check that this con-
nection is independent of the choice of the (w;, z{)-coordinate system used in the
construction and thus is well-de ned except for the arbitrariness in its construction
described by the transformations (4) which, as one can easily check, change the
connection as follows:

91’0( (Zia t) - oia (zia t) + fa (t)
Fop(®) = To5(0) + Ea ()8 + E5(8)6].

Therefore we conclude that the neighbourhood M, of the point ¢y in the moduli
space comes equipped canonically with a projective structure.

Let us now prove that for each point yo € Y’ = [J,c,, X, the associated
submanifold P, C v o u=1(y) C M, is totally geodesic relative to the canonical
projective connection in Mj. Suppose that yo, € W; for some i. Then yo = (wio, 25)
and the submanifold P, is given locally by the equations w;o — ¢;(zi0,t) = 0, where
t e vopu '(yo) \ {singular points}. Then a vector eld v(t) = V*9,|p,, is tangent
to Py, if and only if it satis es the simultaneous equations

(6) V@0a0i(2i0,t) = 0.

In order to prove that the submanifold P,, for arbitrary y, € Y is totally geodesic
relative to the canonical projective connection, we have to show that, for any vector
elds v(t) = V*0, and w(t) = W*9d, on P,,, the equation

@) (WP9sV* +T5 VIWP)mod TP, =0
holds. Since v(t) and w(t) are tangent to P,, C M, we have the equation
9 1o
®) Wﬁ(t)w(‘/ Oa9i(zi0,1)) =0,
02 i(zi0, 1) 9¢i(zio, 1)
« B 1\~10 — o ﬁr'y 1\~10
VN = e L
From the latter equation and equation (8) it follows that
8(1)1(210 t)
POsVe + % VIWF) 222 = .
(WPogV 3, VIW?) e
By (6) this means that (W’9sV* + ' VYWF)d, € TP,,, and thus equation (7)
holds. The proof is completed. O

We may have a moduli space even if the condition H'(X, N) = 0 is not satis ed.
Given a moduli space, the proof above provides a projective structure so we have
the following global result.

Corollary 2. Let {X; — Y|t € M} be a complete analytic family of compact
complex hypersurfaces such that H'(X;,Ox,) =0 for all t € M. Then the moduli
space M comes equipped canonically with a projective structure such that, for every
point y € Y', the associated submanifold P, = v o u~*(y) C M is totally geodesic.
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We conclude this section with a brief geometric interpretation of geodesics canon-
ically induced on moduli spaces of compact complex hypersurfaces. Any complex
curve (immersed connected complex 1-manifold) in a complex manifold M has a
canonical lift to a complex curve in the projectivized tangent bundle Py, (T'M) ] one
simply associates to each point of the curve its tangent direction. Then a projec-
tive structure on M de nes a family of lifted curves in Py, (T'"M) which foliates
the projectivized bundle holomorphically [H, L]. Then, for geodesically convex M,
the quotient space of this foliation, Z, is a (2n — 2)-dimensional manifold, where
n =dim M. There is a double bration

© Z < Pu(TM) S M

such that, for each z € Z,co771(2) C M is a geodesic from the projective structure;
for each t € M, 7o 0~ 1(t) C Z is projective space CP" ' embedded into Z with
normal bundle TCP"~*(-1) [L].

Let Xy, — Y be a compact complex submanifold of codimension 1 such that
H'Y(Xo,N) = H'(Xy,0x,) =0 and let M be a geodesically convex domain in the
associated complete moduli space of relative deformations of X inside Y. The
space of geodesics Z can be identi ed in this case with the family of intersections
XsNX; CY, s,t € M. From the explicit coordinate description of submanifolds
X C Y given in the proof of Theorem 1 one can easily see that, for each ¢t € M,
the intersection X; N X is a divisor of the holomorphic line bundle on X, which is
a holomorphic deformation of the normal bundle N. Since H'(Xy,Ox) = 0, any
holomorphic deformation of N must be isomorphic to N [K-3]. Therefore, each
intersection X; N X is a divisor of the normal bundle on X, and, by completeness
of the family {X; — Y|t € M}, all divisors of N arise in this way. If ¢ € M is
the point associated to X, C Y via the double bration (1), then the set of all
intersections X, N X, is a projective space CPY™»~1 = 7 associated to ¢, via the
double bration (9). Then a geodesic through the point t; € M is a family of X;
which have the same intersection with Xj.

4. APPLICATIONS AND EXAMPLES

One of the immediate applications of the theorem on projective connections is
in the theory of 3-dimensional Einstein-Weyl manifolds. Hitchin [H] proved that
there is a one-to-one correspondence between local solutions of Einstein-Weyl equa-
tions in 3 dimensions and pairs (X, Y’), where Y is a complex 2-fold and X is the
projective line CP' embedded into Y with normal bundle N ~ O(2). However the
corresponding twistor techniques allowed one to compute only part of the canon-
ical Einstein-Weyl structure induced on the complete moduli space M of relative
deformations of X in Y, namely the conformal structure on M. Although the
geodesics were formally described and the existence of a connection with special
curvature was proved, no explicit formula for the connection was obtained. The
theorem on projective connections llIs this gap and provides one with a technique
which is capable of decoding the full Einstein-Weyl structure from the holomor-
phic data of the embedding X — Y. We shall use Theorem 1 in some examples
to compute explicitly the canonical projective connection and then the canonical
Einstein-Weyl structure on the complete moduli space of rational curves embedded
into a 2-dimensional complex manifold with normal bundle N ~ O(2).
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Consider a non-singular curve X of bidegree (1,n) in the quadric CP! x CP*.
Then X is rational and has normal bundle O(2n) [P]. The space M of such curves
can be described as follows: Let (¢,n) be a ne coordinates on CP' x CP' and
consider the graph of a rational function of degree n:

6]
QW)

P(C) = anC™ + an—1C" "t + - + ag,
Q) = bp(" + b1 "+ + b

The family of such (1,n)-curves is parameterized by CP?"** and the space M of
non-singular curves is CP*"*! \ R where R is the manifold of codimension 1 and
degree 2n given by the resultant of P and Q. The geodesics of the projective
connection are again given by projective lines in CP?" ™!\ R. We may of course
choose to describe the induced structure on the hypersurface given by R =1, and
for n = 1 this corresponds to the standard projective structure on SL(2,C) or on
one of its real slices H?, S3.

In order to obtain less trivial examples we consider branched coverings. Consider
a complex curve C' contained in a complex surface S. We want to construct a
branched covering of a neighbourhood of C' branched along C. Choose coordinates
(z;,y:) on neighbourhoods O; along C' such that O; N C is given by z; = 0. Then
on overlaps we have z; = x;H;;(x;,y;) and y; = K;j(x;,y;). Now, we look for
an n-fold cover branched along C: take patches W; with coordinates (w;, z;) and
de ne the covering map (w;, z;) — (zi,y;) = (w?, z;). This is a branched cover of
O, branched along O; N C. We want to identify the neighbourhoods W; along the
curve C to obtain a surface Y with a map = : Y — S which locally has the form
above. We get

(10)

wi = x; = x;Hij(z5,y;) = wi Hij (W}, z;).

If we make a choice of the n-th root and put f[ij = Hilj/” we get
w; = ijij(w;-l, Zj) = fij(wj, Zj).

The obstruction for this to work along the curve is the class ﬁijﬁjkﬁki €
H?%(C,Z/n). We can identify this obstruction to be the self-intersection number
of C modulo n: since dx; = H;;(0,y;)dx; we see that H;;(0,y;) represents the
normal bundle N in H'(C, ©*). From the long exact sequence associated with

exp

0—-Z—-0=0"—=0

we see that the degree of IV is equal to log H;; + log Hj, + log Hy;. Thus, the
obstruction to obtain Y is equal to the self-intersection of C, modulo n. Each
choice of Hilj/” corresponds to an element in H'(C,Z/n). Unless the homology
class of C in H»(S,Z) is divisible by n this local construction along the curve
cannot be extended to work globally on S [A].

Now, let us return to the case where C' is a (1,n)-curve in CP' x CP'. In this
case C' 2 CP', so there is a unique n-fold covering Y branched along C' which we
cannot extend to all of CP* x CP'. The branch locus X C Y is a copy of C but
deg Nx = %deg N¢ = 2 so0 we may describe an Einstein-Weyl structure on the
moduli space of curves in Y [H] and contrary to earlier attempts we are now able to
get the connection Fgﬁ explicitly. Let us concentrate on (1,2) curves and let C be
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the curve n = ¢2. The projection 7= maps the curves in Y onto those (1, 2)-curves
which meet C' in two points to second order. These curves may be given as in (10)
with
P(Q) = ¢* = 2tt1 ¢ — ¢,
Q(Q) = 3¢ + 2t1to( + 1+ 2tgty + 7

(see [P]). In order to describe the lifted curves we introduce the coordinates

951:77—C27 9U2=77_C27

Y1 = Ca Y2 = Ca
where ((,n) = (%, %). Then C' is given by x; = 0. Making the coordinate transfor-
mation

(xl7yl) - (’UJ, Z) = (\/aa y1)7

(x27y2) i (ﬁ), 2) = (\/ﬂa yl)

we arrive at a covering of Y by two coordinate charts 1 and W which is exactly
of the type used in the proof of Theorem 1 and has the transition functions

®=f(w,2), 2=g(2),
given by
— w — -1
f(waz)_ma g(z)=2z2"".
The complete maximal family of relative deformations of C is described in this
chart by the equations (in the notation of the proof of Theorem 1) w = ¢(z,t) and
® = H(2, 1), with

¢(z.1) = iREQE) 2 B t) =iR(E)P() T,
where R(z) = t22 +t12 +to. Note that a useful identity P = 22Q — R? holds [P].
Now we have all the data to apply the machinery developed in the proof of
Theorem 1. Following that scenario one nds that the canonical projective structure
on M can be represented by the following torsion-free a ne connection

Mor = t1(1 +3tot2)(2 )71, Co1 = 122+ 7 + 2tt2)(2 )7,
Moo = ta(l +tota) ~, Moo = —tits 4

Moo = to(L +tota +3)(2 )77, Moo = —t1(L+ )2 ),

MY, = —to(L+tot2) 1, M, =totita 1,

My =—tgti(2 )77, My = —to(1 +tot2 +t1)(2 )

and all other Christo el symbols being zero. Here
= (1 + t0t2)2 + t%(l + Ztotg).

Note that 2 = R where R is the resultant of the polynomials in (10).

The conformal structure [g] on M is given by the condition for the curves to
meet to second order. Thus we may choose the following metric in the conformal
structure [P]

g = titadts + (1 + toto)?dt] + 42 (1 + t3)dt3 + 2t1t5(1 + tota)dtodty

(11) 9 9
— 4(1 + tl)(l + totQ)dtodtQ — 4t0t1t2dt1dt2.
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Since our connection V is projectively equivalent to the Weyl connection D it
satis es

(VQ)an = Qe gdpy + bﬁgav + bvgaﬁ

for some 1-forms a = Z?:o andt® and b = Z?:o bodt*. We may solve these equa-

tions and present the Weyl connection D in terms of the Levi-Civita connection V9
and the 1-formw =a —2b =) wadta,

1
D=Vg+§w#g—w®l;
see [PT]. We get

ap = 3t%t2(2 )_1, by = _3t%t2(4 )_la
a1 = —3t1(1 + tot2)(d )7L, by = =3t (1 +tot1)(4 ),
as = =3to(L +tot2 +11)(2 )7, by = —3to(1 +tota +11)(2 )7L

Thus using only the methods of the relative deformation theory of compact hyper-
surfaces we computed the full Einstein-Weyl structure on the moduli space.

Suppose we blow up a point s on the quadric and take a (1, n)-curve passing
through the point. Then in the blown up surface the curve will have self-intersection
number 2n — 1 and this corresponds to considering all the (1,n)-curves passing
through s. We may combine this with the branched covering construction. In [PT]
we considered the Einstein-Weyl structure associated to the (1, 3)-curves: rst we
considered the 2-fold branched cover which reduced the degree of the normal bundle
from 6 to 3 and then we blew up a point on the branch locus to get self-intersection
equal to 2. Again we may compute the Weyl connection or compute the connection
associated to any combination of blow up and branched cover. This will give non
trivial examples with normal bundle O(n) for any n.
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