PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 125, Number 2, February 1997, Pages 323-327
S 0002-9939(97)03539-9

GROUPS WITH MANY NORMAL-BY-FINITE SUBGROUPS

SILVANA FRANCIOSI AND FRANCESCO DE GIOVANNI

(Communicated by Ronald M. Solomon)

ABSTRACT. A subgroup H of a group G is said to be normal-by-finite if the
core Hg of H in G has finite index in H. In this article groups satisfying the
minimal condition on subgroups which are not normal-by-finite and groups
with finitely many conjugacy classes of subgroups which are not normal-by-
finite are characterized.

1. INTRODUCTION

Let x be a property pertaining to subgroups. Many authors have investigated
the structure of groups in which only few subgroups do not have the property y, for
various natural choices of y. Here the affirmation that the property x does not hold
only for a few subgroups of the group can of course be interpreted in several different
ways, especially when the groups considered are infinite. A natural interpretation
is that of asking that the group satisfies the minimal condition on subgroups which
do not have the property x. This point of view was adopted in [7], and more
recently in [4] and [5]. In particular, the authors investigated in [5] the structure of
groups satisfying the minimal condition on subgroups having infinite index in their
normal closure. In the first part of this article we will consider groups satisfying the
minimal condition on subgroups which are not normal-by-finite. Here a subgroup
H of a group G is called normal-by-finite if the core Hg of H in G has finite index
in H. Groups in which all subgroups are normal-by-finite have been considered in
[3] and [10], where in particular it is proved that if G is a group with that property,
and all periodic homomorphic images of G are locally finite, then G is abelian-by-
finite. Moreover, the structure of groups in which every subnormal subgroup is
normal-by-finite has been studied in [6]. Here we prove the following theorem.

Theorem A. Let G be a group whose periodic homomorphic images are locally
finite. If G satisfies the minimal condition on subgroups which are not normal-by-
finite, then either G is a Cernikov group or all its subgroups are normal-by-finite.

The above theorem, together with the quoted results on groups in which all
subgroups are normal-by-finite, has the following obvious consequence.

Corollary. Let G be a group whose periodic homomorphic images are locally finite.
If G satisfies the minimal condition on subgroups which are mot normal-by-finite,
then G is abelian-by-finite.
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The minimal condition on subgroups which do not have a prescribed property
is closely related to the imposition that there exist only finitely many conjugacy
classes of subgroups which do not have the same property. Groups with a condition
of this type have recently been considered in [2], [4], [5], [9]. We obtain here the
following result on groups with finitely many conjugacy classes of subgroups which
are not normal-by-finite.

Theorem B. Let G be a group whose periodic homomorphic images are locally
finite. If G has finitely many conjugacy classes of subgroups which are not normal-
by-finite, then every subgroup of G is normal-by-finite.

Most of our notation is standard and can for instance be found in [8].

2. PROOFS

Proof of Theorem A. Let G be a group satisfying the minimal condition on sub-
groups which are not normal-by-finite, and suppose also that every periodic homo-
morphic image of G is locally finite. Let  be any element of infinite order of G.
Then there exists a positive integer n such that (™) is a normal-by-finite subgroup
of G. As (2") has finite index in (z), we have that also () is normal-by-finite in
G. Clearly the subgroup X generated by all infinite cyclic normal subgroups of G
is abelian, and the above remark shows that the factor group G/X is periodic, and
hence locally finite. Thus every periodic section of G is locally finite. Assume that
the set £ of all subgroups of G which are not normal-by-finite is not empty, and
let L be a minimal element of £. Then every proper subgroup H of L is normal-
by-finite in G, so that in particular H/Hj, is finite, and so all subgroups of L are
normal-by-finite. It follows that L is abelian-by-finite (see [10], Theorem 2). On
the other hand, L does not contain proper subgroups of finite index, so that it is a
radicable abelian group. Clearly L cannot be generated by two proper subgroups,
and hence it is a subgroup of type p> for some prime p. Suppose first that G is
not periodic, so that it follows from the first part of the proof that G contains an
infinite cyclic normal subgroup (a). Since (a) N L = 1, the chain

(a,L) > (a® L) > (a*,L) > --- > (a®*",L) > - --

is strictly descending, and hence there exists in (a) an element b # 1 such that
the subgroup K = (b, L) is normal-by-finite in G. Then L is contained in the core
Kg of K in G, so that K = K¢ is a normal subgroup of G. On the other hand,
K = (b) x L and so L is the subgroup of all elements of finite order of K. Thus
L is normal in G, and this contradiction shows that if G is not periodic, then all
subgroups of G are normal-by-finite. Suppose now that G is periodic, and hence
locally finite. If G is not a Cernikov group, by a result of Sunkov [11] it does not
satisfy the minimal condition on abelian subgroups. Thus G contains an abelian
subgroup A which is a direct product of infinitely many subgroups of prime order.
Clearly A can be chosen in such a way that AN L = 1. Since A does not contain
Priifer subgroups, it follows from the first part of the proof that every subgroup
of A is normal-by-finite in G. Therefore there exists in A a chain of G-invariant
subgroups

Ay > A > > A, > -

such that every A, has finite index in A. As ANL = 1, the subgroup LA,, properly
contains L A, 11 for each n, and so there exists a positive integer m such that L A,,
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is a normal-by-finite subgroup of G. But L is a group of type p*°, so that L is
contained in the core of LA,, in G, and hence the subgroup LA,, is normal in G.
In particular, L is contained in LA,,, and hence L¢ = L(A,, N L%). Since L is
not characteristic in LY, the intersection B = A,,, N LE must be infinite. As above,
it can be shown that B contains a proper G-invariant subgroup of finite index C'
such that LC is normal in G. Clearly B < LE < LC, so that B= BN LC = C.
This contradiction proves that, if G is not a Cernikov group, then every subgroup
of GG is normal-by-finite. O

Groups satisfying the minimal condition on subgroups with a given property x
are naturally involved in the investigations concerning groups with a finite number
of conjugacy classes of y-subgroups. This is a consequence of the following result
of Zaicev.

Lemma 1 (see [1], Lemma 4.6.3). Let G be a group locally satisfying the mazimal
condition on subgroups. If H is a subgroup of G such that H* < H for some
element  of G, then H* = H.

Lemma 2. Let G be a Cernikov group with finitely many conjugacy classes of
subgroups which are not normal-by-finite. Then every subgroup of G is normal-by-
finite.

Proof. Assume first that G contains a non-normal subgroup P of type p> for
some prime p. Then there exists in G another subgroup @ of type p> such that
(P,Q) = PxQ. For every non-negative integer n let @,, be the subgroup of order p™
of @. Then the subgroups P@,, are pairwise non-isomorphic, and so there exists n
such that H = PQ),, is normal-by-finite in G. Clearly P is a characteristic subgroup
of the core Hg of H, and so is normal in GG. This contradiction shows that every
Priifer subgroup of G is normal. Let X be any subgroup of G. Then the finite
residual Y of X is normal in G, and so X is a normal-by-finite subgroup of G. O

Lemma 3. Let G be a group whose periodic homomorphic images are locally finite.
If G has finitely many conjugacy classes of subgroups which are not normal-by-
finite and every cyclic subgroup of G is normal-by-finite, then all subgroups of G
are normal-by-finite.

Proof. Let X be the subgroup generated by all infinite cyclic normal subgroups of
G. Then X is abelian and the factor group G/X is periodic, since every cyclic
subgroup of G is normal-by-finite. It follows that G/X is locally finite, and G
locally satisfies the maximal condition on subgroups. Thus G satisfies the minimal
condition on subgroups which are not normal-by-finite by Lemma 1, and hence by
Theorem A we have that either G is a Cernikov group or all its subgroups are
normal-by-finite. On the other hand, if G is a Cernikov group every subgroup of G
is normal-by-finite by Lemma 2, and so the lemma is proved. O

Proof of Theorem B. Assume first that G is periodic. Then G is locally finite,
and by Lemma 1 it satisfies the minimal condition on subgroups which are not
normal-by-finite. Application of Theorem A and Lemma 2 yields that in this case
all subgroups of G are normal-by-finite. Suppose now that G is not periodic, and
assume by contradiction that G contains subgroups which are not normal-by-finite.
Then by Lemma 3 there exists an element of infinite order x of G such that the
subgroup (z) has trivial core in G. Let p be any prime. Then there exist positive
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integers 7 and s such that » > s and the subgroups (zP") and (z?") are conjugate.
Let g be an element of G such that (zP")9 = (2P"), and put y = 27" and k = r — s.
Thus

()" = (y") = (@) = y*,
so that
(y) < (%) < (o) < -

and Y, = Un>0<y«‘7"> is a subgroup of G isomorphic with the additive group of
rational numbers whose denominators are powers of p. In particular, if p; and po
are distinct primes, the subgroups Y}, and Y,,, are not conjugate, and hence there
exists a prime ¢ such that Y is normal-by-finite in G. Thus the core A of Y, in G
is a torsion-free abelian normal subgroup of rank 1 of G, and AN (x) # 1.

Let B be a cyclic non-trivial subgroup of A, and for every prime p let A(p)/B
be the p’-component of A/B, so that A/A(p) is a p-group. If p and ¢ are distinct
primes such that the subgroups A(p) and A(g) are not normal-by-finite in G, then
A(p) and A(q) are both properly contained in A, and hence they are not conjugate.
Since G has finitely many conjugacy classes of subgroups which are not normal-by-
finite, it follows that all but finitely many A(p) are normal-by-finite. Let &k be the
number of conjugacy classes of subgroups of G which are not normal-by-finite, and
let # = {p1,...,pe+2} be a set consisting of k + 2 distinct primes such that the
subgroups A(p1), ..., A(pk+2) are normal-by-finite in G. Then also the subgroup
Ay = ﬂf:f A(p;) is normal-by-finite in G, so that the core X of Ag in G has finite
index in Ag. Clearly X N B # 1, and hence replacing B by X N B it can be assumed
without loss of generality that B is contained in X. The factor group X/B is a
7’-group, and hence XP' N B = BPi for every ¢ < k+ 2. Assume that the subgroups
BPi and BPi are conjugate. Then BP/ < XPiN B = BPi, so that p; = p; and ¢ = j.
It follows that the subgroups BP1, ..., BP*+2 are pairwise non-conjugate, and hence
at least two of them are normal-by-finite in G. Therefore B is normal-by-finite in
G. On the other hand, BN (z) # 1 and hence also (x) is normal-by-finite in G.
This contradiction proves that all subgroups of G are normal-by-finite. O
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