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ABSTRACT. Let S = {(y,|y|*): y € R"1} C R™ and o be the measure
defined by (0, ¢) = [ga—1 #(y, |y|¥)dy. Let op denote the measure obtained
by restricting o to the set P = [0,00)" 1. We prove estimates on op * op.
As a corollary we obtain results on the restriction to S C R3 of the Fourier
transform of functions on R3 for k € R, 2 < k < 6.

81. INTRODUCTION

Given a submanifold S of R™ and a smooth measure ¢ on S, one may ask for
what values of p and ¢ the a priori estimate

(1.1) 1f Islza@o) < Coallflzomny,  f € SR™),

holds. Here f|g denotes the restriction of the Fourier transform of f to S, and
S(R"™) is the Schwartz class of smooth, rapidly decreasing functions. Estimates
of this type are known as restriction theorems. We refer to [S] and the references
contained therein for the history and general discussion of these estimates. When
S is the unit circle in R? (1.1) holds if and only if 1 <p < 4/3 and 1/q > 3(1—1/p)
(Fefferman [F], Sjolin (see [H]), Zygmund [Z]). Fefferman’s original proof of this
result was based on a careful analysis of the convolution gdo * gdo, where g is a
function defined on the circle.

On the other hand restriction theorems for the unit sphere and other nondegener-
ate hypersurfaces in R™ have been obtained by an entirely different approach based
on the observation by Tomas [T] that when ¢ = 2 the estimate (1.1) is equivalent
to the estimate

(12) 75 fll o mmy < ClS ey

where p’ = p/(p — 1) is the exponent conjugate to p. One can prove (1.2) for
p=7po =2(n+1)/(n+3) by analytic interpolation (see [S, Sz]). This value of p is
sharp when ¢ = 2. (Interpolating this result with the trivial L!-L> estimate gives
the optimal value of p when ¢ > 2.) But this approach fails to give new information
for ¢ < 2. The important problem of obtaining sharp LP—L9 restriction estimates
for the sphere in R™ (n > 3) is still open, although Bourgain [Bo] has recently made
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major progress toward the solution of this problem by showing that there exists
some p > po such that (1.1) holds for ¢ = 1.

Consider the hypersurface S, = {(y, |y|*): y € R""!} in R™ and the measure
dp = xdo, where (0,¢) = [g.—1 #(y,|y[*)dy, and x is a smooth cut-off function.
When ¢ < 2 and k > 2, it is possible to use the result for ¢ = 2 in the nondegenerate
case and a scaling argument to prove restriction estimates for Sy when p < pg =
2(n+1)/(n+3). (This fact was pointed out to us by a referee to an earlier version
of this paper. See [B].)

In this paper we prove (global) restriction estimates for Sy, when n = 3:

(1.3) I flsillLs/ot2).00 (o) < Cll fllLarsms)

ifkeR,2<k<6. (Here LP* is the weak LP space.) Since py = 4/3 when
n = 3, this is stronger than the result that can be obtained by the scaling argument
mentioned above. This weak type estimate implies sharp Lorentz space estimates
for the restriction of f to S, when f € LP(R?), p < 4/3. Our method of proof
is similar in spirit to Fefferman’s original proof for the circle: after an application
of the Plancherel theorem we are led to estimate the convolution op * op, where
op is the measure defined by (op,¢) = [, d(y, [y|*)dy with P = [0,00) x [0,00).
We show in section 2 how these estlmates on op * op imply (1.3), and prove the
estimates on the convolution in section 3.

A few words about notation. We let C denote a positive constant whose actual
value may vary. We use the symbol a < b to indicate that a < Cb. We write a =~ b
ifa <band b < a. LP? denotes a Lorentz space (see [SW]), and | F| is the Lebesgue
measure of the set F.

§2. STATEMENT OF RESULTS

Consider the surface S C R? given by S = {(y,7(|y|)) : y € R?}, where v satis-
fies the following hypotheses.
(2.1) Hypotheses on . We assume v: [0,00) — [0,00) is a C? function such
that v(0) = +/(0) = 0 and v'(r)/r is increasing for r > 0, and that there exist a real
number k > 2 and constants 0 < Cy < Cy < o0 such that C1rF=2 < 4"(r) < Cork—2
forr >0.
(2.2) Remark. It follows from (2.1) that +'(r) ~ r*~1, 4(r) ~ r*, and that v is
strictly convex and strictly increasing. Also note that the condition that ~/(r)/r
is increasing would follow if 4"/(r) > 0. (To see this note that if v"/(r) > 0, then
v'(r) = [y 7" (s)ds < ry"(r), and so v/(r)/r has a positive derivative.)

We now state our restriction results.

(2.3) Theorem. Let o be the measure on R? given by (o,¢) = [52 &(s,7(|s])) ds
where ~y satisfies (2.1) for some real number k € (2,6). Then for all f € S(R3)
(@) 1f |sllpssoet2r.00 (o) < Cll fllLarsms);

(0) [IF1sllzar() < Cliflloms) for p € (1,4/3) and q = 2p'/(k + 2).
Moreover, (b) is sharp in the sense that it fails if the LYP norm on the left side
is replaced by an LY® norm for any s < p.

A simple homogeneity argument shows the relation ¢ = 2p’/(k + 2) is necessary
in Theorem 2.3 (see e.g. [T, Sz]). (For § > 0 take

fg(aj) = 66_7r(6$1)266_7‘—(6$2)27(6)6_7r(7(6)w3)2.



CONVOLUTION OF A MEASURE 465

Then ]?5(5) = e m(61/6) —m(2/6)* o=m(&3/7(8))°  which is essentially the character-
istic function of a box of dimensions § x § x v(§). Hence ||ﬁs|\Lq,m(g) ~ 62/9 and
[ fsllorsy ~ 8052/ 0P S0t | |5 ooy < Cllflloqre) holds for f € S(R),
then 62/¢ < C§(*k+2)(1-1/P) for all § > 0. Therefore it follows that ¢ = 2p’/(k + 2).
If the measure o is replaced by a compactly supported measure, then it is only
necessary that ¢ < 2p'/(k + 2).)

Let P =[0,00) x [0,00) and assume - satisfies (2.1). Define a function G: P x
P — R3 by

(2.4) G(s,t) = (s +t,7(Is]) +~(I¢])-
Then the measure gdop defined by (gdop,¢) = [, d(s,7(|s]))g(s)ds satisfies (see
[GS, p. 103))

(gdop * gdop, &) = /P /P S((E (D) + (5, 7(1s))g(s)ds g()dt

(2.5) - /P (G5 gl (D)dsde.

In Lemma 2.6 below we prove estimates on the mapping ¢ — ¢ oG, which therefore
imply estimates on gdop * gdop. We first state this lemma, and then show how it
can be used to prove Theorem 2.3. The proof of Lemma 2.6 is then given in the
third section of the paper.

(2.6) Lemma. Let G be defined by (2.4), where 7 satisfies (2.1) for some k €
[2,00). Then

(4) 1160 Gllua(pxr) < Clldllpossovs oy

(b) H(f)o GHLq,(k+2)q/4(P><P) < C||¢|‘L(k+2)q/4(R3) if 1 < q<oo.

Proof of Theorem 2.3. We first note that 2.3(b) follows from 2.3(a) and the trivial
L'-L> estimate by interpolation.

Also a straightforward generalization of calculations given by Sogge [Sol, applied
to the functions gs(s) = x(0,5(|s])|s|~%P(log 1/|s|)*/4, for small § > 0, implies the
sharpness results. We omit the details.

To prove 2.3(a) consider an operator T given by

To(€) = [ | emieeolDg(s) ds = (gda) (c).

where g € L1(R?) and ¢ € R®. By duality 2.3(a) follows from the following estimate
for T

(2.7) ||Tg||L4(R3) < Cllgllps/s-11(r2)-
Let op be defined by (op,¢) = [ ¢(s,7(|s])) ds, where P = [0,00) x [0,00) as
above. Observe that it suffices to prove (2.7) with T replaced by T', where
Tg(€) = [ ey s)ds = (gdop)(€).
P
In order to prove the estimate for T we may assume g is the characteristic function

of a Borel set E (see [SW, p. 195]). We have
ITxelFsms) = 1(Txe)l2ms) = |(xpdop * xpdop) |2 @s)

= |xedop * xpdop|| L2(rs)
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by the Plancherel theorem. To estimate the last L? norm we let it act on test
functions ¢. Holder’s inequality for Lorentz spaces (see [O]) and Lemma 2.6(b)
with ¢ = 8/(k + 2) give

(xedop * xudop, 8)] = \ [ s netnetds

<C|¢po G|‘L8/(k+2),°°(P><P)HXE(S)XE(t)||L8/(67k)’1(P><P)
< C||¢ o GHLS/“*z)v?(PXp)|E|2(6_k)/8

< Clll aro) Ixa s 6o .

Thus HXEdUP * XEdUP”L?(R?’) S CHXE”is/(Gfk)(P)v and hence HTXE||L4(R3) S
Cllx&| /@1 (py, which finishes the proof of (2.7). O

83. PROOF OF LEMMA 2.6

We will deduce Lemma 2.6 from part (d) of the next lemma, which follows from
certain pointwise estimates (see (3.11) below) for the convolution op * op.

Notation. Write x = (2/,2) with 2/ = (z1,72) and 2 = x3. For £,y € R? let
Fely) = (1€ +y1/2) + (1€ = yl/2)-

(3.1) Lemma. Assume that «y satisfies (2.1) and let P, G and op be as above.
Then
(a) G(Px P)={z e R3: 2’ € P, 2¢(|'|/2) < z < ~(|2']) };
(b) op * op is absolutely continuous with respect to Lebesque measure in R?;
(c) opxop(z) =0 if x &€ G(P x P), and

1
(3.2) oprop() =7 [ IV E, () 1dS ()
R,/NF'(2)

if « lies in the interior of G(P x P);
(d) op x op € LE+2/(k=2),00(R3) 4f k > 2;
(e) op xop € L®(R3) if k = 2.
In (c) above dS denotes the arc length measure on the level curve F,'(z) =

{y: Fy(y) = 2z} and the gradient is taken with respect to y. Let us assume Lemma
3.1 for the moment and prove Lemma 2.6.

Proof of Lemma 2.6. To prove 2.6(a) we may take ¢ to be a characteristic function
of a set E C R3 (see [SW, p. 195]). From (2.5) it follows that

IxeoGllLi(pxp) = / x£e(G(s,t))dsdt = (op * op, XE)-
PxP

Hence, if k& > 2, Holder’s inequality and Lemma 3.1 give

HXE °© G||L1(P><P) = <0P * UP7XE'> < C”UP * UP||L<k+2)/<k*2)w°° ||XE‘HL(k+2)/4,1
< Clixellpe+2/aa.
This finishes the proof of 2.6(a).

Now applying the Marcinkiewicz interpolation theorem for Lorentz spaces to
2.6(a) and the estimate ||¢ o G| (pxp) < [Pl Lo (mrn) gives 2.6(b). O
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Proof of Lemma 3.1. We begin with a few observations concerning the geometry
of the level curves of the function F¢. Fix a nonzero vector & = (£1,&2) and let
n = (—£2,&1). First we note that (2.1) implies that F¢ is a convex function. Hence
the level curves of F¢ bound convex domains. Next observe that these curves are
symmetric about the line L¢ which passes through the origin and &, and also about
the line L, passing through the origin and n. (If 3’ is the reflection of y through
Le, then |y + €| = |y + ¢ and |y — €| = |y — €|, while if " is the reflection of y
through L, then |y” +¢&| = |y — | and |y” — ¢| = |y +§|.) The third observation
is that these level curves are “elliptical” in shape.

To be more precise, we claim that

(i) For each vector v # 0, the function r — F¢(rv) is a strictly increasing function
from [0, 00) onto [2(|£|/2), 0).

(ii) Fix z > 2v(|£]/2) = F¢(0). Let y_ be the point on the level curve FE_l(z)
which lies on the ray {r{: r > 0}, and y4 the point on this level curve which
lies on the ray {rn: r > 0}. Then if y is any point on this level curve, we have
ly—| < Iyl < ly4|-

To see (i) note that

(3-3) VFe(y) = (o= B)§ + (a + By,

where o = (1€ + y|/2)/(2[€ + y]) and 8 = 7(I¢ —y]/2)/ (2§ — yl). Also, (2.1)
implies that («— )z’ -y > 0, since £ -y > 0 if and only if |+ y| > | —y|. Therefore
VEFe(y)-y=(a=PB) y+ (a+p)y]> > 0ify #0.

Part (ii) follows easily from the following inequality. For y € R? define j =
lyln/In| and y* = |y|¢/¢]. Then

(3-4) Fe(y) < Fey) < Fe(y").

To prove (3.4), define a function ¥ (r) = v (y/r/2) for r > 0. Since ~'(r)/r is

increasing by (2.1), ¥ has an increasing derivative, and hence is convex. Therefore

20(1€1% + |y*) < (€7 + [yl — 26 y) + (€7 + |yI> +2¢ - y)
<€+ yl* — 26 y) + (€7 + [y + 26 - yF),

which is equivalent to (3.4).

To prove 3.1(a), first suppose that © = (2/,2) = (z1,22,2) € G(P x P). Then
there exist points s,¢ € P such that G(s,t) = (t+s,v(|¢t]) +v(s])) = (', 2), and so
' =t+sand z = y(|t]) +v(|s]). If we put v =t — s for these s, t, then z = F(v),
where F' = F,» and v = (v1,v2) satisfies |v;| < z; for j = 1,2. Since 2’/ € P, to
show that G(P x P) is a subset of the set on the right side of (a), it suffices to prove

2y(|2'/2) < F(v) < y(l2'])

for ' # 0. However these inequalities follow easily from (i) above and (3.4), since
29(|2']/2) = F(0) < F(v) < F(Jv|2’/|2']) < F(|a'|a"/]2"]) = F(2') = ~v(]a"]).

Conversely, if 2’ € P and 2v(|2|/2) < z < v(]z'|), then there exists b € [0, 1] such
that F(bz') = z, since F(0) = 2v(|2'|/2) and F(z') = v(|2’|) and F is continuous.
Now G((1 — b)2'/2),(1 + b)z'/2) = (¢, F(ba')) = (2',z). This shows (2, z) €
G(P x P) and finishes the proof of (a).

Next we prove 3.1(b). We need to show that (op x op, xg) = 0 for each set F
of Lebesgue measure zero in R3. The change of variables &; = t; + s;, y; = t; — s;
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(j =1,2) gives

«u)*ap,xE>::J/ x(Gls, 1)) ds dt
PxP

/ /y2|/ / XE (&1, &2 Fe(y1,y2)) dyrd€idéadys.

For each fixed y» and &, F¢(y1,y2) is a strictly convex function of y;. Hence the
change of variables y; — u given by u = F¢(y1, y2) shows that the triple integral in
(y1,&1,&2) is zero (for each y2), since |E| = 0.

The first assertion in 3.1(c) is obvious because of (a) and (2.5). To prove (3.2)
note that, in view of the absolute continuity of op * op just established, it may be
calculated by the relation

(op*op,xg,) =1 XQ. (G(s,t))dsdt a.e.

lim —
|Qa| al0 |Qa| PxP

where Qg = Qqu(z) = [x1, 21 + a] X [z2,22 + a] X [z z+a).
By the change of variables &; =t; +s;, y; =t; —s; (j =1,2),

op*op(x )—hm

1
Lwﬁ%@@m@ﬁ—;ééf%@Q@ﬂwf

1
:—/ / dy de,
4 Js, o JReO{y:2<Fe(y)<zta)

where Re = {y € R? : |y;| < &, j = 1,2} and Spo = {€ € R? 1 z; < & <
zj +a, j = 1,2}. By applying the coarea formula (see [Fe, p. 249]) to the y-
integral, for example, and then the mean value theorem for integrals, we see that

1 _dS(y)
— G ))dsd dud
|Qal PxPXQa( (s,1)) ds i = /ma/ /REF]F |VF§( )| ude

:_/ _d5(y)
4 ey (uo) [V Feo (0)

for some & € Sy,q and ug € [z, 2+ a]. Here dS = dS¢ ,, denotes arc length measure
on the level curve Fgl(u), and V is the gradient with respect to y. Hence taking
the limit as a | 0 gives (3.2). Thus we have

(3.5) op op(z) < i/ dS - max{|VF(y)|~1: F(y) = 2}.
F=1(2)

By (a), (b) and symmetry, to prove (d) and (e) it is enough to estimate op * op(x)

at points x = (2, ), where 2v(|2'|/2) < z < y(|]2'|) and 0 < 21 < z5.

We will first prove an estimate for fF,l(z) ds. If 2v(|2'|/2) < z < v(|«’|), then
(1), (ii), (3.4) (with & = 2’) and the facts that F(0) = 2y(|2'|/2), F(z') = v(]2'|)
imply that there exists a unique A € (0, 1) such that y_ = Az’ satisfies F(y_) = z
and |y_| = min{|y| : F(y) = z}. It also follows from (ii) that the maximum value
of |y| on the curve F(y) = z occurs at a point y which satisfies 2’ - y; = 0. From
the relation z = F(y4) = 2v(/|2/|* + [y+[*/2) we get [y+[*> =4[y~ (2/2)] — |2'|*.
Since F~1(z) is a curve which bounds a convex domain and F~!(z) is contained in
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the annulus {y € R?: |y_| < |y| < |y+|}, we conclude that
(3.6) / ds < 27y, .
F=1(z)

Since 27(|2'/2) < z < y(|2']), (2.2) implies that z ~ |2'|F and v~ 1(2/2) =~ |2’|. By
the mean value theorem
ly+ 2 =4y (2/2) + |21/2] [y (2/2) = v (v(12'1/2))]
=4[y (2/2) + |2']/2)[z/2 = v (2" /2))/7' (v H(C))
/|k /|k—1

for some ¢ between y(|2'|/2) and z/2. Since ¢ ~ |2'|¥, we have v'(y71(¢)) =~ |z

by (2.2), and so
[y | ~ [P 72 [ = 29(a'| /2)] 2.
Hence
(3.7) / dS < Cla’[7H2]z — 24(a’| /) 2.
F=1(2)
Next we will prove
(3-8) max{|VF(y)| ™" : F(y) = z} < Cla/|'""*2[z — 24(Ja’|/2)] /2.
From (3.3) we have
IVE(y)]? = (@ = B)*[2'|* + 2(a+ B)(a = B)a’ -y + (a + B)*|y|*,
and so we have |VF(y%| > (a+0)|y|, since (o —B)z’ -y > 0. By the above argument

following (3.5), if F'(y) = z then
(3.9) IVE(y)| = (a+ B)min{ly| : F(y) = 2} = (a + B)ly-|,
where y_ = Az’ is as above. We will now obtain a lower bound for |y_|. Observe

that by the mean value theorem
2= 29(12"]/2) = Fy-) — 29(|2'|/2) = F(A2') = 2(|2'| /2)
= (L +N[2'1/2) = y(|2"]/2) ++(1 = N)]2'[/2) = 7(|2"]/2)
= A’y (w1)/2 = A’} (w2) /2
for some wy,we with |2/|/2 < w1 < (L 4+ N)|2/|/2 and (1 — N)|2'|/2 < we < [2|/2.
Therefore z — 2y(|2']/2) = [y (w1) — ' (w2)]A|2']/2 = (w1 — we)y" (w3)A|z'|/2 for
some w3 with we < w3 < wy. It then follows from (2.1) that z — 2y(|z']|/2) <
Na/| - |2'|F=2 - Aa’| = N2|2/|F. Thus A > C|2'|~*/2[z — 2y(|2’|/2)]*/?, and hence
(3.10) ly—| = Aa’| = Cla’|' /2 [ — 2(|2"|/2)] /2.
(This together with the estimate for |y, | shows that
ly—| = ly+| = [’ ' 742 [z = 24(|2"|/2)] 2.
That is, the eccentricity of the level curve F,'(z) stays bounded as the point
x = (2, z) varies.) Now (2.2) implies that
a+B=5"(12"+yl/2)/ 21" +y) + (12" = yl/2)/ 22" = y])
~ |.’L'/ +y|k—2 + |.’L'/ _ ylk—2 > |$L'2 + y2|k—2 + |$L'2 _ y2|k—2 > xl2c—2 ~ |$I|k_2.

From this estimate, (3.9), and (3.10), we conclude that if F(y) = z, then |[VF (y)| >
Cla'|F/2= [z — 27(|a’|/2)]*/2. This proves (3.8).
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Thus from (3.5), (3.7), and (3.8) we conclude that if 0 < z1 < 2, then
(3.11) op+op(z) < Cl'|PF <Cx27™% if 29(|2|/2) < z < y(J2']).

From this estimate, 3.1(e) is obvious. When k£ > 2 we have

Cel/R gy ay(l2))
|{£L’ER320P*0P($)>E}|§C/ / / dzdxdxo
0 0 2v(|z'(/2)
< Ce=(h+2)/(h=2)
for € > 0. This yields 3.1(d). O

Finally we would like to note that under the same hypotheses (2.1) for v, an
n-dimensional version (n > 3) of Lemma 3.1 still holds with a similar proof. The
estimate (3.11) should then be replaced by

(3.11) opxop(x) < Cl2/|" 77k if 2y(]2’]/2) <z, < y(|2)),
where ' = (21,... ,2p-1). The analog of Lemma 3.1(d) becomes

op *0p € L(k+”_1)/(k_”+1)’°°(R") if k>n-—1.
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