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ABSTRACT. We apply the Tian-Todorov method, proving the Bogomolov
smoothness theorem (for deformations of compact Kéhler manifolds) to de-
formations of the regular part of a Stein space with a finite number of isolated
singular points. By the argument based on the Hodge structure on a strongly
pseudo-convex Kéhler domain or on a punctured Kéhler space, we obtain an
unobstructed subspace of the infinitesimal deformation space.

INTRODUCTION

In this paper, we will consider Bogomolov-type smoothness on deformations of
the regular part of a normal isolated singularity. In [B], F. Bogomolov showed the
following new smoothness theorem for the versal family of n-dimensional compact
Kéahler manifold: If there exists a non-vanishing holomorphic (n,0)-form, or if
there exists a non-degenerate holomorphic (2,0)-form and by = 0, then the versal
deformation space of that Kdahler manifold is smooth. G. Tian and A. Todorov
rephrased it in order to show the smoothness of the moduli space of compact Calabi-
Yau manifolds ([Ti], [To]). Our aim is to consider smoothness of this type in the
case of deformations of a normal isolated singularity. Since the smoothness of the
versal family is a problem of formal deformation theory and the formal deformation
theory of an isolated singularity is equivalent to that of its regular part if the depth
of the singularity is greater than or equal to 3 (cf. [S]), we will consider formal
deformations of the regular part of an isolated singularity. Let V be a normal Stein
space with a finite number of isolated singular points S := {p1,...,pr}, 7: X =V
a resolution of singularities, and denote E := 7—1(S). Then X is a strongly pseudo-
convex Kéhler manifold with an exceptional subset E. Let r : X — [—o00,400)
be a strictly plurisubharmonic exhaustion function such that E = (1)_, where
Qe :={z € X | r(z) < ¢}. We may assume that dr # 0 on Q, \ E and outside
for some a < b.

We consider deformations of U := X \ E. As was shown in [Ak-M], even if Ky
is trivial, the (formal) versal family of deformations of U is not necessarily smooth.
In fact, there might be an obstructed infinitesimal deformation class in H(U, Oy).
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So, in this paper, we will consider unobstructedness of a subspace of H*(U, Or),
where we call a subspace unobstructed if there exists a formal smooth family whose
infinitesimal deformation space coincides with that subspace.

The main reason for the failure of the analogue of the Bogomolov smoothness
theorem in the case of deformation of U is the non-existence of pure Hodge structure
on H*(U, C). However, since there exists a pure Hodge structure of weight > n+1
on H*(Q,C), n = dimV (cf. [D], [01], [O-T]), we can expect some effect on
deformations of U. The following is the main theorem.

Theorem A. Suppose that there exists an effective divisor D € | — Kx| with
SuppD C E or Kx is trivial. Then the subspace

Im(H'(X,0x(-D)) — H'(U,Op))
is unobstructed, where we denote Ox(—D) =0Ox if Kx = 1x.

Since any relatively compact Stein domain of V' can be completed to a projective
variety (cf. [Ar], [L]), we may assume that X is an open domain of a compact K&ahler
manifold X. Using the pure Hodge structure of weight < n — 2 on the punctured
Kéhler space X' := X \ E (cf. [02]), we also have

Theorem B. Suppose dimV > 4 and there exists a non-degenerate holomorphic
(2,0)-form w on U which is extendable to a non-degenerate holomorphic (2,0)-form
over X or to a closed meromorphic (2,0)-form over X' such that the component of
the local expression (wi;) of that meromorphic (2,0)-form has a holomorphic inverse.
Then the subspace Im(H (X', Q%) — H'(U,Qp) =~ H'(U,Ov)) is unobstructed.

We will prove these theorems in §§2 and 3. Our proof is an analogue of the Tian-
Todorov argument and depends on the Hodge structures stated above. Hence, in
81, we will derive the key properties for that argument from the Hodge structure
on Q. oron X (Corollary 1.4). In §4, we will mention briefly an example discussed
in [M].

I would like to thank Professors T. Ohsawa and M. Tomari for helpful discussions
in this work. In particular, the proof of Proposition 1.3 is due to Professor T.
Ohsawa.

3 n—1,1 n—1,1
§1. O0-LEMMA AND Iy 7" = Hy

Let X be a complex manifold with dimcX = n. Consider the double complex
(AR?,9,0). The Tian-Todorov method heavily depends on the Hodge structure
about this double complex, in particular on the following two properties:

(1.1) Iy Y = Hy b

(1.2) (9d-lemma at Ay "?) If an (n — 1,2)-form is d-closed and d-exact, then it is
00-exact.

Here we denote by H%? the g-th Dolbeault cohomology group of (4%°, ), and

I%7 = Kerd N Z%7/0ART ' N Z%" with ZR7 = {a € A0 =0}.

In this section, we will discuss the property I8 = HY? and the d9-lemma on
a strongly pseudo-convex Kéahler domain 2. or on a punctured Kéhler space X .
The Hodge structure on Q. (resp. on X '), established in [01] (see also [D], [O-T))
(resp. in [02]), asserts the existence of P9 € ART (p+q¢=k,1 <v <hR? < +00)
satisfying the following (k > n+ 1 for Q. and k < n — 2 for X,):

(1.3) dgh? =0,
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(1.4) {[¥D}1<p<nra is a basis of H(X, QP), where [¢}7] denotes the cohomology
class of ¢2? in H1(X,QP),

(1.5) {[¢D Y} psqet,1<v<nza is a basis of H*(X,C), where [pP4] denotes the coho-
mology class of ¢P? in H*(X,C),

(1.6) {[@D1}1<p<nye is a basis of HP(X,Q9).

Remark. The condition (1.6) is superfluous; in fact, it follows from (1.3)—(1.5).

Lemma 1.1. Let k > 1 and suppose that there exist @29 € AR? (1 < v < hRY)

satisfying (1.3)-(1.6) for all (p,q) with p+q = k. If a?9 € AR? (p+q = k) is

O-closed and O-exact, then aP? € Dy g =k g AT

Proof. Throughout the proof, we use the notation ¢! as a linear combination of

{0 <y <nyr and y>* as an element of A%'. Note that A% = 0 unless s(s—n) <0
and t(t —n) < 0. Let a”? = 9yP~1%. Since daP? = 0, we have dyP~11 =
©P1—9yP 91 by (1.4). Since 9dyP9~1 = 0, we have QyP I~ 1 = ppTha-1_gyr+l.a=2
by (1.2) again. Repeating this argument, we have
ayp—Lq 4 d(yp,q—l 4 yp+17q—2 Lt ymm—q—n—l)
_ (p;mq 4 (pp+17q—1 N (pn,pﬁ-q—n'

On the other hand, applying the above argument to dyP—1:4, we have
5yp—17q 4 d(yp—27q+1 4 yp—3,q+2 Lt yp+q—n—1m)
—_ (pp—l,q-ﬁ-l + S01)—2414-2 S SDp-&-q—n,n'
Hence we have [@PT97™" 4 ... 4 P4 4 ... 4 omPT4—"] = 0 in H*(X, C). By (1.5),
we have (pp—17q+1 — (pp—2,q+2 — .. = (pp-i-q—mn =0 and
aPd = d(yp—Lq 4 yp—2)q+1 4+ yp+q—n—17n)'
O
Proposition 1.2. Under the assumption of Lemma 1.1, the d0-lemma holds at

ARSI for all (p,q) with p+q =k and r < q < n if and only if I}' = Hy' holds for
all (s,t) withs+t=k—1andr <t <n.

Proof. We use the same notation as in the proof of Lemma 1.1. Let a”? € AR?
and gP~14 ¢ AR (p 4 g = k) satisfy da?? = 0 and a?? = 3P~ 4. Then by
Lemma 1.1,

aPd = d(yp—Lq 4 yp—2,q+1 R yp+q—n—17n)'

: —n—1 —n—1
Since 15971 = gEHI"=" holds, we have

+q—n—1,n __ +qg—n—1n P+qg—n—1,n—1
yp q _(pP q _|_a,yp q .

Since dpPTa—n=Ln = () if we set

!
p+q—n—2,n—1 ._ p+q—n—2,n—1 pt+qg—n—1,n—1
Yy =y — Oy ;

we have dy Pa—n—2n-1 — () and Gy Pra—n—2:n-1 = gypr+a—n—2n-1 Repeating this
argument, we have a 4?7~ 1471 ¢ AP~1971 guch that
8(yp+q—n—2,n—1 _ g,yp—l,q—l) =0.

Therefore we have a?? = —90~+P~19=1. The only if part is proved by a standard
argument. O
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About Igslf = Héct for s +t = n, we have
Proposition 1.3. Igslf = Héct holds for (s,t) with s+t=mn and t > 1.

Proof (due to T.Ohsawa). We use the same notation as in the proof of Lemma
1.1. We introduce a complete Kahler metric over §2. associated to the Kahler form
w — v/=100log(c — 1), where w denotes the Kéhler form on X. Then it is proved in
[O1] that the following hold:

(i) For k > n + 1, the restriction B, of a 8 € Lf, .(Qcye) (€ > 0) is an L2-form
on (..
(ii) For k > n + 1, the natural homomorphism H* (., C) — H(’E) (Q,C) is an
isomorphism, where H (’“2)(Qc, C) denotes the L?-cohomology group.
(iii) The image of 8 : LT — Lgf“ is closed, where L¢;? denotes the space of L?
(p, q)-forms on Q..
Let o”? € AG? (p+4q = n,q > 1) be a 0-closed form. It is enough to find a
yPa=l e ABT satisfying 90yP4~! = daPd. Since HI(X,QP) — H9(Q, QP) is an
isomorphism, we may assume that o?*? can be extendable to X. By (i) and (ii), we
have that da?? is an L?-form, and da?? = dy for some C* and L?-form y on 2.
Let y = ¢%m + gyt 4. gyl g5t ¢ A;f N Lgf By (iii), we can find y%"~1 €
A?l’f_l N L?i:l_l such that 9*(y®™ — 97%"~1) = 0 and 9*y*"~! = 0 hold. Hence
On _ 5.0,m—1y _ PR 0 _ 3a0m=1Y — () _1
we have D({y ™ — 0¥~ 1) = 0. This implies d(y*"™ — oy~ 1) = (_), since O=5A.
If we set y 11 = yln=l — 9y0n—1 € AG" T A LG we have 9y "1 = 0 and
Byll’"_l = Oy'"~!. Here we remark that 9y%"1 ¢ L}Z’f_l holds, since y%"1,
0%~ and 9*y%"~1 are all L2-forms. Repeating this argument, we finally have a
A= Agf_l N Lgf_l such that dyP4 = 99?7~ holds. Next, by applying the
same argument to y™0, ..., yPT14=1 we have a 729" € Ag’f_l N Lfl’f’_l such that
yPt1a=1 = 992971 holds. Therefore, we have

35(711%—1 _ 7541—1) = QyPd + GyPTHal = 9P,

Therefore we have

Corollary 1.4. (1) 187 = H5? holds if p+q>n+1, orifp+q=mn and g > 1.
The 00-lemma holds at AG* if p+q>n+1,

(2) Ifc’/q = H;/q holds if p+q < n—2. The d0-lemma holds at Aié? ifp+qg<n-2.

§2. PROOF OF THEOREM A

In this section, we consider deformations of €. and their effect on deformations
of U := Q. \ E. We remark that, since the (formal) deformation theories of Q. and
Q¢ \ E are both independent of ¢ € (—o0,a) U [b,00) and we consider V as a germ
of complex space at S, we may consider (), instead of X; hence we may assume
that Corlllary 1.4 (1) holds on X. Then, the following analogue of the Bogomolov
smoothness theorem is clear.

Theorem 2.1. If Ky is trivial, then the space H'(X,©x) is unobstructed for
deformations of X.
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Theorem A for the case of Kx = 1x immediately follows from Theorem 2.1.
Next, we consider the situation that there exists a meromorphic (n, 0)-form w with
only poles D supported in E, and prove the following theorem:

Theorem 2.2. Suppose that there exists an effective divisor D € | — Kx| with
SuppD C E. Then the subspace Im(H'(X,0x(—D)) — HY(U,O)) is unob-
structed.

Proof. Since 1(¢) = w|¢, we have an isomorphism
L AT X (—D)) — AH.

Then by direct calculations, we have

(2.1) If ¢ € AL (T"X (—D)), then d¢ € AR*(T"X (-D)).

(2.2) If ¢,9 € A} (T'X(—D)), then [¢,9] € AY*(T"X (—D)).
And by the same calculations as in [Ti] or [To], we have

(2.3) O = 10.

(2.4) If da = 9B = 0, then ([t "L, . 718] = (L) B).

By (2.3), we have an isomorphism H%(X,0x(—D)) = HY(X,Q% ). By Corol-
lary 1.4 (1), we can choose {a? 1} <<y C Z% ! such that {[L_laﬁ_‘[l]’l]}lg,,gd
is a basis of Im (H*(X,0x(—D)) — H'(U,0y)). Then, by the same argument
of [Ti] or [To], we can construct a formal power series a(s) € A% "[[s1,.. ., 4]
satisfying

(2.5) da(s) — 20(:als)]a(s)) =0,

(2.6) a(s) = 2%_, an~bls, mod m2, where m denotes the maximal ideal of
Cl[s1,- -, 8d]]-

Hence if we set ¢(s) := 1~ !a(s), then it satisfies

(2.7) 99(s) — 5l(s), 6(s)] = 0,

(2.8) ¢(s) = 2521 1 "tan"bls, mod m2.

By restricting ¢(s) on U, we have a formal family of deformations of U whose
infinitesimal deformation space is Im(H'(X,O©x(—D)) — H'(U,©Oy)). Hence that
space is unobstructed.

This completes the proof of Theorem 2.2. O

§3. PROOF OF THEOREM B

In this section, we consider deformations of X " and their effect on deformations
of U. By Corollary 1.4 (2), the following analogue of the Bogomolov smoothness
theorem is clear. (Note that all holomorphic (2,0)-forms on X  are d-closed by
Corollary 1.4 (2).)

Theorem 3.1. If there exists a non-degenerate holomorphic (2,0)-form on X/,
then the space Hl(X,, © x) is unobstructed for deformations of X'

Next, we suppose that there exists a non-degenerate holomorphic (2, 0)-form w
on U which is extendable to a closed meromorphic (2,0)-form on X " such that
(wij) has a holomorphic inverse, where we denote the meromorphic (2,0)-form by
w = %Z” wijdzi A dz7, with local meromorphic functions w;j, with respect to a

local coordinate (z!,...,2") of X . Then we have
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Theorem 3.2. Suppose that there exists a non-degenerate holomorphic (2,0)-form
w on U as above. Then the subspace Im (Hl(X,, Q%) — H'(U,Qp) ~ H'Y(U, @U)>
is unobstructed.
Proof. Since t(¢) = w|¢p, we have homomorphisms
oA — AWNTX)
and
L L_l(A;?) — A;?.

Lemma 3.3. (1) o' =.710.
(2) If 0 = On = 0, then 71,07 ) = 0™ n). In particular, 71¢,071n) €
L_l(Al’?).
X

Proof. (1) is clear.
(2) Let (h™") be a holomorphic (n,n)-matrix satisfying (h®?) (w;) = (6%) and

(wiy) (A7) = (63) Suppose £ =}, 5 & pdz" A dz® and n = >is n; 5427 A
dz? satisfy 06 = 9n = 0. Since

_ _ 1 i1a 77 i ; a§i7
[ ) = 3 Z Z{(fﬂh sz 8J’Y6 h hwﬂj&azf)

a,3,6 4,4,y
17« 775 i 857,5
vipaje 2106 iy
<h hT €525 = W TR s 220 )
zah aj ahaz 9 i B
<h7 0z — v Az )(61[17736 éiéﬂjﬁ)}@@d?«’ﬁ/\d?j

and 0 = On = 0, we have

e —1g 1 i 87775 87775 (985 9,5
e n]_ikzﬁ:ﬁg'y " €Zﬁ _&5 - ok 18 T ok B

.ahaj ahaz
+ Wea (hw hI ) (&iam5 — §l5njﬁ)} dzF N dzP A dZ.

27 0z
On the other hand, since t™'¢]n = 5375 532, o h* (€505 — EisNag)dz’ A dZ°
and h*® = —h® we have

— at 8 ad aT]Of*
IUEEDY Z{h ( S g —swgf)

kﬁ&za

ia (985 9,5 Oh™ - _
1 (a5 = G ) + G (€t — ) 2 N

Hence (2) follows from the following

OhJ? Oh™I QR
g S N7 Bl
0zk ;wka (h 0z h 027 ) '

Claim.
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Proof. By h7t = Doy hiwyoh®* and dw = 0, we have
hﬂ &uk (90) k ;
37 o 2 ai
Zh ( 927 | 9o ) h

Hence the claim follows from 3~ wiah®' = 8 and 3. hVw.y = 6. O

Then by the same argument as in §2, we have a formal power series a(s) €
A; [[s1,--.,84]] satisfying

(3.1) da(s) — 20(:7a(s)]a(s)) =0,

(3.2) the linear part of . (s))y spans
Im (Hl(XQQ;,) — H\U,Q) ~ H\(U, @U)) :

where d = dimcIm (Hl (X', QL) — HY(U,Q}) ~ H'(U, @U)).
Hence, if we set ¢(s) := 17! ( s)|u, then we have

(3.3) D(s) — 3[0(s), ()]

(3.4) the hnear part of ¢(s) spans
Im (Hl(XQQ}X,) — HY(U,0L) ~ H\(U, @U)) .

This completes the proof of Theorem 3.2. O

§4. EXAMPLES (DEFORMATIONS OF QUASI-GORENSTEIN CONE SINGULARITIES)

We consider deformations of quasi-Gorenstein cone singularities as an example
of our argument. For detailed discussion, see [M]. Let ¥ be a projective algebraic
manifold and 7 : F' — Y a negative line bundle. We denote by X the total space
of F, by Dy the 0-section of F' and U := X \ Dy.

Example 4.1. We suppose that the canonical line bundle Ky is trivial. Then
Ky ~ F* for some p € Z.
(1) The case of Ky ~ F* (i > 1): Since H*(X,0x) ~ H*(X, Q% '(K') =0
([N]), the subspace Im(H'(X,0x) — H'(U,Oy)) is unobstructed.
(2) The case of Ky ~ F~* (u > —1): Since Kx ~ 7*(F~#~1), by Theorem A,
the space Im(H'(X,0x(—(u+1)Dy)) — HY(U,Oy)) is unobstructed, where
we denote Ox(—(u+1)Dy) :=Ox if p = —

Example 4.2. Let Y := P(T*P") (n > 2) and F the dual tautological line bundle.
We denote by X the associated P!-bundle and by D, the oo-section. Then X :=
X\ Dy is a special case of Example 4.1 (1) and X' := X \ Dy is a punctured
Kahler space. Since there exists a closed meromorphic (2,0)-form on X " which is

non-degenerate and holomorphic on U and having a holomorphic inverse on X /, by
Theorem B, the space Im(H (X', QL) — H'(U,0y)) is unobstructed.

Remark. In either case of these examples, the above unobstructed subspace of
H'(U,Oy) induces an unobstructed subspace of Ext!(Q,, Oy ), where we denote
by V the germ of a normal complex space obtained by contracting Dy.
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