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L,-NORM UNIFORM DISTRIBUTION
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ABSTRACT. In this paper, the Ly-norm uniform distribution, which is a gener-
alization of the uniform distribution studied by Cambanis, Huang, and Simon
(1981), is defined for any p > 0. Then its marginal distributions and order
statistics are studied.

1. INTRODUCTION

The multivariate normal model is the earliest model derived and is the most
commonly used model even today. Most multivariate analysis techniques, e.g.
MANOVA, Multivariate Regression, Canonical Analysis, Discriminant Analysis,
and Factor Analysis, assume multivariate normal models which in practice may
not always be true. So people need richer families of models which may include
the normal distribution. As a generalization to the normal model, we have the
non-normal models such as spherical models. The L,-norm spherical distribution
has proven useful in Bayesian analysis and robustness studies (e.g. see Kuwana and
Kariya [6]), and has also been used by Box and Tiao for the analysis of self- and
cross-fertilized data (see Box and Tiao [1]).

In this section, we derive the Ly-norm uniform distribution (p > 0), which
is used in constructing the Lp-norm spherical distribution. The L,-norm uniform
distribution is developed from the p-generalized normal distribution (Goodman and
Kotz [4]) in the same way as the (Ls-norm) uniform distribution was obtained from
the normal distribution (Cambanis, Huang, and Simons [2], and Muirhead [7]).

The following lemma will be needed to prove the result.

Lemma 1.1. Let x = (21,%2,...,%,)" (n > 2) be an n-vector, x € R"\{0}. Con-
sider the transformation

yi = 2 /||1%|p, i=1,....n—1,
= |[x][p,

where ||x[|5 = Y71 |x? and p > 0. If Sy = {(z1,...,2,) € R" : x,, > 0} and
Sy ={(z1,...,2,) € R" : x,, <0}, then the Jacobians of the above transformation
in S1 and Sy are equal and are given by

n—1 (1-p)/p
(1.1) J(X =y, Yno1,r)) ="t <1—Z|yi|p> .
i=1
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Proof. Let

17 Yi > 07
A(yi)—{_l yi <0

Then |y;| = A(y:)yi, i = 1,...,n— 1. In the region S;, i = 1, 2,, the transformation
is 1-1 and we have

T = YT, 1=1,....,n—1,

T, = sign(x,)r (1 - Z?:_ll |y¢|p) e = sign(z, )r (1 - Z?;ll [A(yi>yi]p> v

Then the Jacobian of the transformation in S;, i = 1,2, is

n—1 1/p—1
Ji(x_>y17"'7yn—17r):Tn_1 (1_Z|yz|p> .
=1

Notice that J(x — y1,...,Yn—1,7) does not depend on region S; or Sz, so we
complete the proof of the lemma. O

Throughout this paper it is assumed that n > 2 and p > 0. Now the derivation
of the Ly-norm uniform distribution follows.

Theorem 1.1. Let X, = (X1,...,Xy,) , where the X;’s are i.i.d. random variables
with p.d.f.

pl_l/p
20(1/p)

Let Uy = X; /|| X|lp, i = 1,2,...,n. Then > . |U;|P = 1 and the joint p.d.f. of
Ul,...,Un_l 18

e~ l=I"/p, —o0 <z < 00.

flz) =

(1.2)

_ (1-p)/p
n—1 n—-1
p" ' T'(n/p) 3
p(ulw"7un—l) — 2n_1rn(1/p) 1-— |U/i|p )
=1

n—1
—l<u<l,i=1,2...,n-1) |uf <L
=1

Proof. Let u; = x;/||%|lp, # = 1,2,...,n— 1, and r = ||x]|p, where -1 < u; < 1,
i=1,...,n—1, Z?:_ll |u;|P < 1 and r > 0. Then the transformation is 1-1 in the
regions S1 = {(z1,...,2n) € R® 1 z, > 0} and Sz = {(z1,...,2,) € R" : x,, < 0}.
According to Lemma 1.1, the Jacobian of the above transformation in S;, i = 1,2,
is given by r"~1(1 — Z’ll_l lug|P)(2=P)/P_ Since the p.d.f. of X1,..., X, is

pn—’ﬂ/p

— £ —/pXT =P _ ) P
= e , o<, <00, 1=1,...,n,
27 (1/p)

p(T1,. .., 2p)
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the p.d.f. of Uy,...,U,—1 and R = | X||, is

n—n/p n—1 (1-p)/p
p n—1_—rP
p(ur, ..., un—1,7) ZWT e/ (1_Z|ui|p> )
i=1

n—1
—l<ui<lii=1...,n-1, ) |uP <1, r>0.
1

A straightforward computation will give the joint p.d.f. of Uy,...,U,_1 to be

— (1-p)/p
n—1 n—1
p" " T'(n/p)
p(ulw'wun—l):m 1—Z|Ui|p ;
i=1

n—1
—l<ui<lii=1...,n—=1,> |ul’ <1
=1

This completes the proof of the theorem. O

The random vector U,, = (Uy,...,U,)’ is said to be uniformly distributed on the
surface of the (L,-norm) unit sphere S;' = {(x1,...,2,) € R™ : 371 [24]P = 1} in
R™. U,, will be said to have an L,-norm uniform distribution, denoted by U(n, p).
It may be noted that for p = 2, U(n, p) becomes the Lo-norm uniform distribution
studied by Cambanis, Huang, and Simon [2]. For related work one can refer to
Fang, Kotz and Ng [3], and Gupta and Varga [5].

2. MARGINAL DISTRIBUTIONS

The marginal densities of U,, are derived in this section. However, first we give
a result on the Jacobian of a transformation.

Lemma 2.1. Let x1,x9,...,T, be n variables, defined on the whole real line. Let

yi = |z, i=1,...,n.
Then the Jacobian of this transformation in S(o1,...,0n) = {(x1,...,2,) € R™ :
sign(z;) =0y, i =1,...,n} is pin T, yHP=l where

1, Zf T; > 0, .

o; = ; i=1,...,n.
-1, ifx; <O,
Proof. Let y; = |x;|P, i = 1,...,n. Then the transformation in S(o1,...,0,) is 1-1,
and x; = Sign(xi)yil/p, i=1,...,n. Hence, the Jacobian in S(o1,...,0,), 0; = +1,
t1=1,...,n,is
9(x) -

1 _
‘_:ﬁnyz/p 17 Ogyi<oo,i:1,...,n. O
=1

(v)
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Theorem 2.1. If U,, = (U1,Us,...,U,) ~U(n,p), then
(1) the marginal density of (Uy,...,Ur) (1 <k<n-—1)is

(2.1)

pkr(n/p) k (n—k)/p—1
Pt ) = SR (= ) (1 X '””p) |

k
—l<ui<l =1,k |uf <L

(2) (|U1]P,...,|UglP) ~ Dk(z—lj, e %; "Tjk), where Dy(aq, ..., ak; arr1) is the
Dirichlet distribution with positive parameters aq, ..., , Qg+1; and
(3) |U;|P ~ Beta(— —), i=1,...,n, where Beta(a; B) is the Beta distribution

with parameters o > 0 and 8 >0.

Proof. Part (1) is proven by induction. Let k¥ = m — 1. Then the p.d.f. of
(Uy,...,Un—1) according to Theorem 1.1 is

10 0/p) (1-p)/p
(n/p
p(ut, ..., up1) = rin a/p) (1—Z|uz|> ;
—l<ui<lii—1,...,m=1, ) |ul" <1.

Now, assume (2.1) is true for k. Then the marginal density of (Ui,...,Ux_1) is
given by

(n—k)/p—1
e FT(n
p(ula”'auk—l) = ‘/;a QkI\k(lZ/)p)l—(\((/f) (1 - ;|UZ| ) duk

_ p"T(n/p) ¢ 0P — PR /p1 gy,
= ST Ry @ o

k—1 1/p
where a = (1 - Z |ui|p>

i=1

T /) (n=(k=1))/p-1
= ST (0 — (k= 1))/ ( Z'“l' ) ’

—l<u<l,i=1,...,k—1, Z|ui|p<1,

which means (2.1) is also true for k—1. By induction, (2.1) is true for 1 <k <n-—1.
This completes the proof of part (1).
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(2) Let Z; = |U;|P, i = 1,2,...,k. Then using the result of part (1) and the
Jacobian obtained from Lemma 2.1, we get the p.d.f. of (Z1,...,Z%) as

p(21,. .., 2k)
_ P*T(n/p) “ Nowwpi( Ly e
—(GIZM2krk<1/p>r<<n—k>/p> (l_;%)( B <p_ s )
(n—k)/p—1
_ '(n/p) - St s .,
—rm/p)r((n—k)/p)gi (1 2:: ) ’

k
0<z<lii=1...k > z<l,
=1

which is the Dirichlet p.d.f., and hence

1 1 n—k
(|UL[P, ..., |Uk|P) ~ Dy <—7...,—; )
p p p

(3) Let k = 1in (2). Then we have |Uy|P ~ Beta(%, "le) But from Theorem 2.1
we know that U; is defined as U; = X;/> i, |X;|P, i = 1,...,n, where the X;’s

are i.i.d. random variables. Hence Uj; 4 Ui, i1=1,...,n. Therefore,
1 n—1
IUilngUll”NBeta(—,” ) i=1,...,n. O
p p

3. ORDER STATISTICS

Some properties of the order statistics of U,, can be seen in this section.

Theorem 3.1. Let U,, = (Uy,...,U,) ~ U(n,p). Then the following two results
hold.
MHY=MN,...,.Y,1) = (U(l), U(Q)7 R U(n—1)>/ has the p.d.f.

_ (1-p)/p
n—1Dp" 1T (n s
p(yla"'7yn—l):( )p ( /p) (1_Z|yz|p> y
i=1

2n=1rn(1/p)

(3.1) .
—l<y <Y< <Ypo1 < 1,Z|yz‘|p<1-
i=1
(2) The (n — 1)-dimensional random vector (Wh, ..., Wy_1), where
WY =(n—1MP,
W3 = (n=2)|Yz[ — V1 [P),
(3.2) :

WP = YaaP = [Yaof?,
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has the p.d.f.

_(n_l)!pn—lr(n/p) n—1w§,_1 i wf 1/p—1
o) =t | ( j)

n—1 (1-p)/p n—1
-(1—wa> , 0<wi<l,i=1...n—1 Y wl<L
=1 =1

Proof. (1) Define y; = ugy, i = 1,...,n—1 and Sy, = {(u1,...,un—1) € R*"71:
ujy < -+ < ug, ,}, where (i1,...,i,—1) is a permutation of (1,2,...,n —1). In
Sris Yj = Uij, j =1,...,n— 1. So the Jacobian Jy, (u1,...,Un—1 — Y1,--.,Yn—1)
of the transformation is 1. Hence, the joint of p.d.f. of (Y1,...,Y,—1) is

(3.3)

PY1, - Yn—1)

/) (1-p)/
TL 'Y
Z n— ll"n 1/ ( Z|y1|p> J”"i(u17"'7un—1 _’ylv'”ayn—l)

Sr;
(1-p)/
_(n_1>|pn 1Fn/p 1_Z| |p m
- on— 11"77,(1/ Yi ’
n—1

—l<y < <ynr <1, ) lmlP <1

i=1
(2) Define
wy = (n—DylP,
wy = (n = 2)(Jyal” — [1al?),
Wy g = [yn-1l? = lyn—2|P.
Then Y0 'w? = ' '|yil? and the transformation is 1-1 in the region

S(o1, .. crn_l) ={(y1,---,Yn—1) € R* L :sign(y;) = 0;, i =1,...,n — 1}, where

o; = . i1=1,...,n—1.
-1, ify; <0,

It can be shown that the Jacobian of the transformation (3.2) in S(o1,...,0n-1) is

1 U)p 1/p—1
J(WY1,y ooy Yno1 — W1, .o, Wp1) = H Z J
{’/nT L\~ J
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for every (o1,...,0n-1), 0; = 1, i = 1,...,n — 1. Therefore, the joint p.d.f. of

(Wl,...,Wn 1) is
p(IU]_,.. 7wn—l)
ne (1-p)/
_ oy |esurerem (COF2 )T
( A T =4
013300 —1
1o et g e T
. 1 J
{’/n—l}] n—i; n—j
n— — 1 1/ -1
_(n=1)p" 'T(n/p) l_llw 3 wy ’
C Yn-Ir(tp) |ppn—i \n—y

(1-p)/p

n—1
1—wa ,
=1
w; >0, i=1,2,...,n—-1, Y wl <1
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